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fix É Pm U Xm

log x logx2 log x flog xy

g x n
PmhmXm

4 w 1T Zw Iff p p 2

pm4m P WM G wm Pccom 4 Is m

g x x t Xt Xs t 4

Vf x XVg x becomes 4 equs

2 x x 5
2 29 E x x

Ex 24 E x 7

8 28 xy 3
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Fifth eqn is g x Xo or

X that X T Xy 4

Sub H into this

4 35 35 35 4.7
100

5036,50252 2326,5 25 361 9 7 4

x Nz x 5g X

X2 wm Xm

Xz 1 1 17
Xii 1

Xlt D 55

X2C 1 1 25

Step Now replicate to find 0 Same as before



Approach the general optimalinvestment problem

in this way
I In w WM M Is 1 2N

Xm Xnwm pm P Iwm

Gm scam Eff In Egg
so that pmGm In Pwm

Maximize ECU Xu E pmU xm fix

Constraint Xo nElXn E XmBloom

pmGmXm ga

Fy X 3hm pm U xm Xpmhm

U xm XGm U xn yg
solvex

I U'T Xn I XE

pluginto constraint

Xo go E GX n Egg
soWfor



Plug X into Xn I Xs and replicate

Using this idea we will present a theorem about

the soln to the optimal investment problem

First let's rephrase it in more common

mathematical language

Let D be the set of adapted processes
D Do ON Given X E R and D E D

let X be the wealth process generated by
the trading strategy x D Let

Voix E U XX
and

V x Egg Voix

The optimal investment problem is an example of

an optimalcontrol problem The process D is



our control By adjusting it we can adjust

the payoff function Voix The maximum

possible payoff is given by the value function

Vix

Our problem is given Xo find Lt ED sit

Vox Xo V Xo

Our first observation was that we could

optimize Xn instead In other words we changed

the optimization problem

If W is a v.v let Caw Ow be the

unique replicating strategy that leads to Xn W

Note that xW at ECW For x EIR let

Wix be the set of r v s W with xW x

For WE Wix let

VwCx ELU W

and



Tix wife Twixt

In this problem we seek W EWCA St

Tw x Tix

Lemma3.3LI For any X EIR we have VIX Tex

If Vox x Vix and WH XYY then

Vw x Vix Conversely if TW x T x

and I out then Va x Vix

PE Let OED Ix Define Wo XI E Nex Then

Voix ELU XX ELU Wo

Two'd twentyTW x Tix

This is true for all DE Dex so

VIA JEE VOM E Tax

Now let We Wix Note that W XY so that

TWIN ELUIW E UIXEN

Vow X E
may Voix Vix



This is true for all We Wal so

Tix Wint Vw IN E Va

Together this shows Vix Vix

Now suppose Vox x Vix and let

W Xt Then
Twx IN ELUCW I ELU XIE

Vox x V x T x

Next suppose Tw x Vix and let I out

Then W XT so

Va IN ELUC XII ELUSWA

Twx x Y Ix V x E

With this lemma in place we can focus on solving

the second optimization problem Before doing

that though we need more assumptions

on our utility function U



1160We will assume that U is continuously

diffble strictly increasing strictly concave and a o

Let moo U 10 glimo U x 0,0 Let

Ma U a glioma U x E Moo a Then

U a 0 Moo ma is a strictly decreasing

bijection Let I Moo ma an be

its inverse function Extend I to 0 x by
defining Ily a for ysma and I ly so for

y Mo

Lem 3.8

Let a l r5Na Foreach e 90,0

there exists 10,0 sit ECG I XG x

Moreover for any such we have 7h Mo

Pf For Xe 0,0 define J X E GI 1 5 It

can be shown that since I is continuous

J is continuous Also JCO 0 and



JK ELLI Cos a ELE a EEZ a

Hence for any axe do d thereexists Xe lo d

St J x x

Now suppose 79Cw Em for some w Then

I XE w D Since P w no we have

J x E GI XG a a contradiction I

with y X9i
U Ily y Ily 3 Ufc ye

Pf First suppose y e mama Then y U't for

some te Casa Assume c t Then U U e

giving Uct Uk U'G t d which implies

UCH U'let Uld U'CHC CA

which is Next assume tic Then

MILI U ch giving U K UCH U t c t

which again implies xx The case c t implies



110trivially Thus x holds Hy e Ma Ma

Now suppose y ma If c e a then Uca a

so H holds Wemay therefore assume c sa

By the limitof the previous case

U Ily U c U Isma UK

Mal I Ma c Ma Ily c

But I ly a and c sa so Ily c is a negative

real number Thus

UCIlyn Uca y Ily c

whichis equivalent to I

ThmN3.3IO solutionto optimalinvestment problem

Let U be a utility function satisfying all of the

assumptions in this section Let Xo ao be given

Let X 0 satisfy J X ELLI X2 Xo

Define W I Xs and I OW Then

Vox Xo V Xo



PE Note that

Fn ECW'S ELLW I ELGIN

J X Xo

Thus W e WCXo By Lemma 3.3.4 it

suffices to show that VW Xo V Xo Let

WeWao bearbitrary We want to show that

E LUIWAT ZE UCW

By Lemma N 3.3.8 79 Mae We may therefore

apply Lemma N3.3.8 with y XG and c w to get
U wit XyW UCW 7GW

Thus

ELUCWH U W ELUCW 1GW UCW 7GW

ELXG w W

Z El XG W W

X fin ÉLW W

X Xo Xo 0 I
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t.rs
U x log x X 4

Find Δ that maximizes E U X2

a 07 or

U is strictlydear strictly concave cont diffible go
U x for x E 0,00

Mo U 07 0 mg U o 0

I Cyl U y Mo Mo a a

o n 0,00

y U'ex x fy
I y ty for y 0,00

I 10 0 I 07 0 I Syl no y o

do n a 0

Xo 4 a

Solve E G I 115 4 for 1 0 Ex


