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Show that M Mo MN is

a martingale under P

Sn is a function Enand r is a constant

so Mn is a function of E En Thus

M is adapted
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They If M is a mart under P then

En Mm Mn

msn.PEEquiv to En Mnek Mn k 31 True

by defn for k 1 If true for k then
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Think If M is a mart under P then

E Mn Mo kn

PI E Mn E Mn Mo I

NOTE Analogous thins are true for sub supermarts

Expf
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show that Misa submartingale under P

S is adapted so M is adapted
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TYÉÉ o be any trading strategy
Let X Xo X Xz Xn be the wealth

process determined by Xo D Define

Mn Ifn Then M Mo MN is

a martingale under P

PI Xo is a constant

Xa tr Xn onSn OnSnt

X depends on

IgG Idepends
on E

So X is a function of E

Suppose Xn is a function of is En

Xn
depending Épends

one Ent



So Xna depends on is Enti

By induction Xn depends on E En

for all n So X is adapted and

hence M is adapted
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By Them N 2.4.2 a martingale has

constant expectation So

Xo ELIF ELIF ELEA

Two probability measures Q and Q are

equivalent if for all events A we have

Q A 0 iff CA 0

ThmN2.4.3_ In the binomial model P and P

are equivalent

PI Recall that p g 0 by the assumptions

of our model Also I Ird Since

de Itr u we have p eco D so that

F q O also Thus P w paidqN
an

o

U wer and few fan qN am o f wer

Hence P A 0 iff A p iff 5 A O I



We call 5 the risk neutral prob measure

It's also called the equivalentmartingale

measure since it's equivalent to P and

makes the discounted stock price into a

martingale

thgyggmdgherm.ge
is no arbitrage in the

model

PI Suppose that Xo 0 is an arbitrage

strategy Let X Xo Xi Xn be the wealth

process determined by Xo 07 Since PCXn 07 0

and Xn is discrete thereexists x o sit

P Xr x O Since P and I are equiv
this means P Xp x 0 Since P XN 07 0

this means Xn 0 and therefore

Xn 3 XnI Xn x X I Xn x



Thus since ET is a B martingale

we have

O X CI ELFIN

ÉELXN IN É xIEXn x

FIND Xx O

a contradiction I

ProofofthmNI 2.41thestat gyx.tt

replicatesvrisunique Let Xo 0 X o

both replicate VN Let X Xo Xn and

X Xi Xi be their wealth processes so that

Xu Xi Vn Let me l in Since II is

a P mart

É E.LI J En YE
whichgives Xu nÉ Vn Similarly



Xi g nÉn VN So Xu Xi An In

particular Xo Xi Solving
Xue itr Xn OnSnl Dnsnt and

X'm itr x'n Dsn Dnsnt

for On and In and using Xu Xi th we

get on on tn I

ThmNZ.tt Let Vn be a derivative security

and V Vo Vi Vn its price process Teen

It is a B martingale Consequently

Vn Ha En Vn Tn

In particular Vo CINE Lvn

PE Let Xo D replicate Vn Then Xn Vn Fn

Thus IF ate is a B martingale I



hflow is like a derivativesecurity but

instead of paying at time N it payssomething

at every time n It is modeled by an adapted

process Co Ci CN where Cn represents

the payout at time n Cn couldbenegative

Derivative see is special case 0,0 O Vn

Imagine you can buy and sell them on

Reddit Some of the cashflows on Reddit are

officially approved by Portfolio Inc for use in

their Portfolio t app



Ki

What you see next and then again every morning

CURRENT YILLEEo paying
today's

cashflow
Fito

CASH FLOW OYFIAy if today isDay n
this is Cn

bank acct

Can't doanything until paying cash flow



This is a new model MM balance changes

because of cash flow

Xu value of Portfolio before paying cashflow
on Day n

in man at end of Day n Xu Cn DnSn

of shares at end of Day n On

Xm Itr Xn Cn O Sn on Snt A

Define

un E E Ea EEEE.IT
and VN CN

on i it
Vn is the no arbitrageprice ofthecashft
at time n



Thm2.4SI If Xo Vo then the trading strategy

Xo Δ determines a wealth process according to

that satisfies Xn Vn n

Pf See book
At the end you have Xn Cn make final

payment and you break even

52.5Markovprocesse.in
this class a Kensionalstochasticpocess

is a finite sequence of IR valued random

vectors Z Zo Zn

Expl

Mn ray Sj
M S Mo So M S Mn Sn is a

2 dimensional stochastic process
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proc that is adapted Then Z is a Marke

process if for all nonnegative integers n and

all function f there exists a function
g such

that
n and f

1 MEGgfEjIanaeradmP Use
Enfor

ThmNZ.SI An adapted process Z is a Markov

process iff for all n and A

P Zn EA E En P Zn EA Zn 9
This is what is

PI Beyond the scopeof the course usually called
the

Markov
property

ThmNZ.SI If Z is a Markov process f is a fun c

and m n are nonneg ints w n em then Fa fue g sit

En f Zm gutzmandepend
on

n m f
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depends on f and ntl
so on f and n

Enchant 9f depends on h and
so on f and n

Induction I

Expl2.5
Show that S CIi.sn is Markov under P

S is adapted

En Ef Sun
Eg
Ef Yup Sn

conditioningon indepof
function of

E En
Ei i n i n

Eff Yn s gist En f Sun g Sn

Not needed but

gli p flush qFlds

S is also Markov under P
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Mn May Sj Show that M Mo MN

is not Marl P

Suppose it is Let n 2 fix x

Then there is some g such that

Ez M3 EnEf Mnt g Mn g Ma

Notice that

g Mac 1 D g 4 g Mz 1 1 11

Thus

Ez M3 1 D Ez M3 C I D

However

Ez M3 C I 1 ELM E 1 32 1

ELM C I I E3

p M3 f 1 I 1 q Msft 1 1

3 8 t 4 2



and

Ez M3 Ft 1 pMz Fb 1 1 qM C b b 1

3 4 t 4 13 4

a contradiction Er Also not Markovunder E

Élowhat
Into is Markov under P

adapted

En f Snes Mnt EnEf Yn Sn Mn v Smi
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if
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Not needed but
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Also Markov under P



ThmN2.53_

Let Vn be a derivative security Suppose there is

a proc Z that is Markov under P and a

func un sit Vn Vn Zn Then for all n

there is a function in st Un rn Zn

PI By the pricing formula and our hypothesis

Un Ent EnLVN MiseEn un Zn

By the Markov prop Vn about g Zn
for some g that depends on rn n and N

Then rn Cz Fung z I

We compute the Un's recursively backward

starting with Vn

IF is a P martingale

FI Enl



Vn En Vna EnErna Zn

Thisiste some function of Zn

key to the
recursive

computation

EELgs.tt z.a t.r t.p any
Was3 before

Mn max So Sn VN Mn SN

Zn Sn Mn Z is Markov

Vn vn Zn vnls.mil m s

ByThem V2.5.3 Vn vn Zn for all n

Find a recursive formula for vnls.im in terms

of

vnti.vnÉn Vn ÉnEvn Sn i Mnt

EnLune Ynt Sn Mnr Ynt.sn

Vn SnMn where


