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a Find the price of this derivative at time 0

b Consider an investor that is replicating

or hedging this derivative Howmany
shares do they buy on Day 0 Give a

negative number if they should sell instead

Describe their portfolio at the end of Day 0

c Suppose the stock goes up on Day 1

meaning 5 So

How manyshares should they buy on Day1

Describe their portfolio at the end of Day 1

d Suppose the stock then goesdown on Day 2
How manyshares should they buy on Day2

Describe their portfolio at the end of Day 2



e Finally suppose goes down again on Day 3

Verify that investor's wealth on Day 3 matches

the

payoutofthederivative.mgi
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Start of Day 1
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Start of Day 2
mm

1
3g

shares its

End of Day 2 mm 335 147 95

fmmi
9fdollars 46it

shares

e 3 1 32 1 3 1 53 2

mm 945 54 4 8 dollars

shares 1

wealth 8 1 2 6 dollars

V3 I 1 1 6
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Ét 4 u 2 d iz r 4 p any

p g f as before

V3 5 537 Euro put option w K 5

Find vo.ph put at time 0

es V3 v3 S3

Will show that Un F a fume in st Un rn Sn

Backwards induction

Assume Unt rut Snp for some fume rat

Vn Fr punt E in 1 gun E En D

Unt Ei n 1 Une Sat E En 1

um 2Sn En Eu

um 25m



Unt is i nil v ne Sat E En 1

um Sn En Eu

um tsn

Un punt 25 q une tsn

define lvncst ftpvnnla grnt.tt
Then Kents
Vo v So vo 4

In this example r f p g Iz so

Vn S F Vn 25 une Es

Vo 4 V 8 E v 2

E v2 16 E V14 f F V2 4 Eva D

Is V2 16 25V2 4 v2 I

F V3 32 V3 8

V3 87 V3 2

IsV3 2 T E V3 t
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As a bonus this formula

one.ae i i e
becomes flinty where

Snes MEIIYI
18 cat vn l2s vn itts

I 3 3o 4 u 2 d iz r 4 p any

p g t as before

Mn max So Si Sn

V3 M3 S3
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VIII V3 v3 53Ms

Will show that n a func ns.t Vn vn SnMn

Backwards induction

Assume Vnt rut Snti Mnti for some func rut

Vn pVnt E En 1 g Until __ En 1

Snt En 1 Sn Snti n 1 25h

Mnti E En 1 Mn Mnti E En 1

In general Mn
Mn if Snt Mn

Sn if Snt M

Of Mnt Mn V Snt

So

Mnti Ey En 1 Mn V Snet E En 1

Mnv 25m
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grant Sn Mn

define

t
Vo vo 4 4

In this example

Vn Unt 25 Mr 1257 Unt ES m

Vo 4 4 v 8 8 3 V 2,4

Is V2 16 16 V2 4 8 V2 4,4 t V2 1 4
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As a bonus this formula

one.ae i i e

lsncs.mt31vnt12s.muFSmDf
Notevery derivative security can be analyzed this

way
We'll look more at this technique in

2.5

IHwiExer.TT
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Every random var on coin toss sp is a function

of The coin flips X X E En

É E É n E Ex en

EnEx is a function of only is En

En X En X E En

En X x xn E XIE Xi En xn
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aEnLXJtbEnLY

X X E En En XY X En LY

Men Em En X En Em X Em EX

Y and E En indep En Y ELY

X X E En and Y and E En indep

En f X y g X where go E fix Y

Porftistock
see above

ii money market
iii investor

The money market is modeled by a daily interest

rate r I satisfy the no arbitrage assumption

de ter su The investor's choices are modeled

by a trading strategy Xo D where XoEIR

and D Do D On i is an adapted process

A derivative security is modeled by a r.v.VN



The risk neutral probability measure is 630
D PE where y Edt The risk neutral

probabilities are the unique probabilities

satisfying put qd Itr or equivalently
En Sht Hr Sn

Under B the stock on average has the

same growth rate as the money market

We define Un En Lune and

call Un the no arbitrage price of the

derivative at time n

If we choose Xo Vo and

i
then the strategy Xo O will replicate Vn

Meaning Xn Vn In fact Xn Vn Vn



24Martingales

In this class a stochasticprocess is a finite

sequence of random variables Z Zo Zn

In general a stochastic process is any indexed

collectionof r v s

A stochastic process Z is adapted if Zo is

a constant lie not random and Zn is a

function of E hn for all n 0

Suppose M Mo MN is adapted If

En Mme Mn Un then M is a

martingalefundert If En Mnt Mn Un

then M is a seating If

En Mnt Mn Fn then M is a

sporting
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Show that M Mo MN is

a martingale under P

Sn is a function Enand r is a constant

so Mn is a function of E En Thus

M is adapted

Én Mae nÉn Snr É s

n Sn Yner puff
n Sn Mn

They If M is a mart under P then

En Mm Mn

msn.PEEquiv to En Mnek Mn k 31 True

by defn for k 1 If true for k then

En Matkt En Ent Mnt Itk

En Mat Ma


