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Then 4.2.2 shows that the time 0 price

cannot be greater than Vo If the price

were Vo the seller could sell the

derivative for x pocket x Vo and use

Xo Vo to replicate with nonnegative

consumption If the buyer exercises at

time t the seller will have V2 GI

The seller will pay the buyer Gt keep

Vn Ge 30 and keep any consumption

prior to I

But what if the price were Vo

How can the buyer create an arbitrage from

this Based on what we saw with European

derivatives we expect that they would

capitalize on the cheap price by using



160the strategy C X O C The

initial wealth X means that at the

start Portfolio Inc puts Xo dollars into

their bank account They could use x of

it to buy the American derivative and

pocket the rest But now they have

the American derivative They have to

decide when to exercise it So they pick

a stopping time t At time t they will

get Ge and have wealth Ve for a

net of Ge Ve Thus they must pick t

so that Gr Ve 70 Is this possible

Even if it is there's another problem

Their consumption process is C Since

Cn o th this means their consumption is

always either negative or zero They don't



want negative consumption since that

would mean depositing more money Maybe

this could also be solved by picking the

right t After all they can quit trading
after they exercise the American derivative
So they'll be all right as long as

Cntense o Un Exhertisented optiongestated
theday's consumption

In summary if the price is less than

Vo then the buyer can form an arbitrage

provided they can find a stopping time e

such that Ve E Ge and Cnt no O Un

Thm4.4.5tcoptimalexerise

Let G Go Gn be the intrinsic value process

of an American derivative security and V Vol Vn

its price process Let Xo o c be the trading



160strategy that replicates V Define

min n Vn Con

Then the def of Vo

ÉÉÉÉ a

Cii Ve Get when co and

never exercise in

a

Vn 0 when to a 1,17 1
Cnt next O Un wealth is Vn O

PI We first prove it By Them 4.4.2
Vn Cin Con Thus either Vn Con or Un Con

Therefore Un Gn when net and Vex Get

when a When 2 0 we have NCE

Therefore VN GN when D But Lemma N4.4.1

implies UN Gf Guv O If VN Con then

we must have VN O

We next prove it By Them4.4.3
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Un Gnu En Until

Thus n t Vn Gn Vn Encruti

ByThen V4.4.2 Cn Un En Unt 0

Hence Cntenant 0 and this prove Citi

Lastly we prove cis Let Mn InnaUnna
We will show that Mn is a F mart

Én Mnt ÉnLI z n Mnt t I en Mnt

ftp.ttenltygammf
ÉnLI z n WEEVenti net

ELISE n Nrf Unt

Én Én the n Nrf Vm



Iet n 1 1 Een t
Éoffffstonly

on

is k k E n

So I ex n depends only on 3 n

CA Én 1 A n Nrf EnCnn

Recall that Tt n Vn Gn

Vn Gnr Entune Gn

Vn EnLune

En Ige n in

En Iet n Citrin Vinet
Én I get n Mn I it n Mn

I ÉnLI yen WEEVenti net
Énl1 yen Int Unnet
Én 1 yen Mn I Ten Mn



Én Mm It I

I get n Mn I Ten Mn

Mn

Mn is a F mart

We therefore have

Vo Mo ELMN

E InnaVernet

by I Ef team HMV net

Ef team Fave

Ef team He Get

Ef teen He Get El



45Americancalloption

Tm4SI Suppose G Go Gn satisfies

Con g Sn where g is convex and g 107 0

Let V Vo VN be the price process of

the Amer deriv sec w intrinsic value G

Then

Vo El IT Euro deriv W

proof later

Ext
Amer call w strike price K n

6 on K 91st
gist s K

glo O



remodel

Gn Sn KI g Snl

gist G K t

to

convex

9107 0

tunffassumptions of Them 4.5.1

EI is a F submart

PI adapted

gtcs gls v0 gtfo 0 gtis o ts

g dat it b E Agfa l X g b bigamy

Xgtcal i x gtb and

O E 11

g't at l X b s Igt a i x gt b
so gt is
also convex



a s b o gt Xs E xgtest ts

Ir

Én EÉ Ent gtismi

by Iata El g SI
Join L.I gt ELSE

ngt tri En Et
d.gggI otI rngt art

Hn gt su Ifn I

I 5 u

keepsgetting better

path
Yependent v Effigy

discountedpayout

no reason to

exerciseearly
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PI I I N I G o t ConEO

Vo Years E f t stay e Ge

E f t stay e Ge

Eft an o In Gn ELEIN
Now let Ze So be arbitrary Then

1 7 Ef tea e Ge

Eft sea ne Gnn

Eftsensate Gif
El Ina Gif
ÉEffgn

optional sampling
since

EI is
a F submat



Vo neg CHE ELGIN a

Gfiggination
strategy CX 8 C

Xo initial wealth

D O One portfolio process
adapted

C Co Cn p consumption process

Xm Hr Xm Cn Ons n OnSnee

G Go intrnsicvalue process of
Amer deriv Sec

Special ease Con g Sn non path dependent

stopping Fiero N3u 03

such that the 0 in is teen depends only
on E i n
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ff fft.tk submart under P and
super

T is a st time then Unna nÉ is a

submart and El Une E E Un
super z

Xo O C X XoXn_
if Cn o th then It is a B supermart

E sub

sina.Wnadptd.FCX.to c

replicatingstrategy
St Xn Wn Hn Namely

Xo Wo

Cn Wn En Wnt

If IF is a F sypft.MG Etn
IWntfwn Eqwnt.is En 11
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Given G Go Con define

Un Yes Effectorssurf Ge
Csttimes w een

priceprocess of Amer deriv

Then4.4.3 Vn Cont and

Un Guv En Unt

for Con g Sn Un un Sn where unis gest and

Uncs gas v punt us gunsCds

Thin 4.4.2

city is a E supersmart can be hedged

Vn Cont isenoughto cover the seller

if Xo O C is st Cn O and Xn Got
then Xn Vn is the mostefficient

hedgingstrategy
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If the price were greater than Vo the

seller could produaarbitrage

hedging strategy whenCon g su

Snes untagged
Cassi Un s punt us Gunt Ids

É
C optimal exercise time

Them 4.4.54

It is a maximizer in the defr of Vo

To Ve Get
p Vn 0

CnIgnaz 0 Un
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If price is less than Vo buyer can create

an arbitrage by using C Xo 0 C to

hedge V and exercising at time I

T is optimal because it prevents the seller

from
consumingwhhwauldbarbitrage

Con g su

g convex EYE is a E submart
g o o

eeg Amer can
v ELGIN
Tfa the

t y.io

Fm
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Ch 5Randomwalk

5.1Introductionn.se

56 1 130

w wi wz __ each wn 1 or 1

En w con

Choose pe 0,1 Let q t p

P a prob meas that makes

E 52 iid

with P En 1 p P En 1 q

Mo 0

Mn E
M Mn 0

stock proc adapted each Mn depends only
on is n


