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But in Ch 2 could we have replicated

any wealth process If Wo WN is

a stock proc is there a way to trade

so that Xn Wn n No not in general

When we trade our discounted wealth is

a P mart So if IF is not a

P mart then we can't replicate it

But can we replicate any such process
in the model of Ch 2 Suppose

W Wo WN is a stock proc sit

is a P mart Is there a way
to trade so that Xn Wn n Yes

Just replicate WN Then since IF is

also a P mart we get
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Xn Cars Ya Ctrl Én Yen
Hrs ELIE Art If Wn

Now though in Ch 4 we have

consumption so the situation is different

By Cor N4.3.2 if we trade w nonnegative

consumption Then IF is a P supermart

But what if Wo Wn is a stock proc

sit YI is a P super mart Can

we find a way to trade with non neg
consumption so that Xn Wn ta Yes

That's the next theorem Every process
whose discounted version is a P supermart

can be replicated with nonneg consumption
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TÉYf w Wn be an adapted stock

proc Define Xo Wo

i
and

Cn Wn En Wnt

Then the trading strategy Xo O C produces a

wealth process X St Xu Wu Yn Moreover

if YI is a P supersmart then Cn o th
sub s

PE Induction Xo Wo by defn Suppose

Xn Wn Then

Xn Itr Xn Cn OnSn OnSue

On E tr Sn Itr Xu Cn
TntSn Wn inductive

step
On Tnt itr Sn t ter Wn Cn
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Now

a

W e Ée
so

Δn Ynt itr Sn

Wnt E En 1 Wm E En D Y f
Also by the defn of Cn

Itr Wn Cn En Wnt

pWnt En 1 Watt E n t

Adding thesetogether gives

Xn p
Yn Wn En 1

q Yn
Wnt e Enid



But p Edd and q É so

Xn Y Wnt E En 1

Ift Wnt E En 1

When Ent I the right hand side Rts equals

Wnt i En 1 Wnt E n Ent When

When Ent 1 the RHS equals

Wnt E En 1 Wnt E En Ent Wnt

So in any case the RHS equals Why

showing that Xnt Wnt By induction

Xn Wn Fn

Now suppose ME is a P supermart
sub

Then
En Wnt An En fig

Arteta Wn
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showing that

Cn Wn En Wnt

E O I

Thm4.41 justifies callingUn the price
from seller's POV

Let G Go Gu be the intrinsic value process

of an American derivative security and V Vo Vn

its price process Then

sit IF is a P supermart so V can

be replicated with nonneg consumption

Iii Un Cont tn and

Ciii if Xo D c is any trading strategy with

Cn o and if the resulting wealth process

satisfies Xn Gut tn then Xn Un Un
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i adapted

Elegit
niÉn meanEnt teen IET Ge

ntÉn Ent teeny tern Ge

choose eSm that maximizes

nÉn then ternGet

In tears En then tern Ge
because I eSn also

InnVn

ii Vn YES En teen att Ge

Let me n Then T E Sn so
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Un Én t EN CHEN Ge

É Con Con

Let 72 00 Then Tze Sn so

Vn 7 Én t En CHEN Ge 0

Thus Un Gn and Vn 30 which implies

Vn max Con O Gi

Iii Let Xo o c be a trading strategy

with Cn 0 In and suppose that Xn Cont Vn

ByCor v4.3.2 É is a B supermart

By Then 4.3.2 IIF is at supermart

Fix n Let ee Sn be arbitrary Then



100LEEEN GT I TEN GNne
E IEEEN Gina

Gina E Xue

Thus

En teen en Gr

Ctrl Enf teeny Inn Gt

Cert E LEFT
Ctr gift

E supersmart

Ctr If Xn

since Ze Sn

Since Te Sn was arbitrary
Vu mas En teen tn Ge

E Xn I
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So V Vo Vn is the right price
and Them N 4.4.2 tells us how to replicate it

But to applyThem N 4.4.2 we have to be

able to calculate Un The defu of Vu is

not very good for calculating

É Go Gn be the intrinsic value process

of an American derivative security and V Vo Vn

its price process Then VN Cont and

Un Gn v Enunt

PI Define Zn Cont and

Zn Gn v EntEnt

We want to show that Vn Zn kn



We first show that

ET i a P supermart 1 1

Z Zo Zn adapted

By the defn of Zn
Zn 7 Enfant

Thus

En III E ftp.citrizn g g

so x is true We can therefore find a trading

strategy Xo O C with Cn 30 and Xu Zn Un

We next show that Xn Zu Cont tn

For n N we have Zn Cont

Assume true for nel Then Zn Cont 70

so Enl Ent O and hence

Zn Gnu Ir En Zn Convo Cont
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This proves that Xn Zn 3Gt Un

ByThen 4.4.2 Xn Zn Vn Vn

To finish the proof we must show that

Zn E Un Un By Lemma N4.4.1 Vn Cont

Thus ZN VN Assume Ent E Van

Then

Én Zan E En Unt

en El
smart bytum4.4.2

Ctrl Yg Vn

Also by Them 4.4.2 Vn Git Thus

Un Got V Elza Zn a

Proofoftm4.2fr
Let Con g Sn Consider the American derivative

with intrinsic value process G Go Con Let
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Vo Vn be the price process We

will prove that Un un Sn An For n N

we have Vn Got g Sn rn Sn Suppose

Vat Une Snes By Them 4.4.3

Un Gn v Enunt

g Sn tr EnLune Sun

g Sn tr EnLune Tnt Sn

g su v punt usu gun dsn

un Sn

Let Xo D C be the strategy from Them V4.2.2

so that Cn O Fn and Xn Vn Vn

Xo Vo Vo Sol it suffices to verify that

On Salsa tn and Ca ca lsu for all n

which is straightforward I
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Then 4.2.2 shows that the time 0 price

cannot be greater than Vo If the price

were Vo the seller could sell the

derivative for x pocket x Vo and use

Xo Vo to replicate with nonnegative

consumption If the buyer exercises at

time t the seller will have V2 GI

The seller will pay the buyer Gt keep

Vn Ge 30 and keep any consumption

prior to I

But what if the price were Vo

How can the buyer create an arbitrage from

this Based on what we saw with European

derivatives we expect that they would

capitalize on the cheap price by using


