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Notation arb Max a b a belR
arb min a b

9807

1A x
t if XEA

O if A
A is a set

incorfuction of A

f pobabilityspa.ec 2 P

D is a finite set P 22 0,1
C powerset of 1 i.e
set of all subsets of h

P must satisfy the axioms of probability
P is called a

probabilitymeasuresis called the samplespace



w E r
outcome

Acr
Ceres

shorthand PCW PLEW

1PH E d
needonly specify
these values

randonvariable X

fay just
IR here

if Xlw c Yw er then can think of
X is a constant constants as r.rs

R X range of X

X Y means X w Y W Vw es

massfunctionof pyx P xx Vx ER

I also called the
distribution

sometimeY

Expectedrate EPIX Eg Xo Plus



Useful property EP 1A PIA

Variance Var X EP X Ex

Alternate formulas

EPIX age XP Xx

Var X EPIX EP xD

Q or Ettore if txay.tt eco D
E Xx l Xy Xlix t CI 7 Ily

I
i a

a um f xx CiDy

JensengjFMI
g EP x EEP 41 7

txt Use 91 3 6 Then EPIX EEP X



conditioninsmpi.ITICIE
PIA O

EE XIA Go pox a

say
Ensensiaf

IÉ jÉgjxxly y it pays o

1EPlxIY
gaD where

1

Y can even be a vector

e g Y Y Yz Yz

EPIX I Y EPLXI Y Ya Ya



First compute

g y gly y ys
EP X Y y Yz Yz Ys Ys

then plug in

EPIX Y Yz Yz g Y Yz Yz

ip I times Heads L
sample
space 1 13N

w ESL w Wi wn each wje 1,1

α w n Wn 131

v.v of heads

N α w of tails

Een w won
riv result of nthflip



Pick a p e o i

I probability of heads on one flip

PP w paws i p
N ans

Ta probability measure

Can P is a finite probability space that
models flipping a coin N times with probability

p of heads on each flip and the flips are

independent

Expl
2 23 X L 4 3 a

T of heads I of tails

P p213

distributions of X and Y on G P

t 0 I 2 3

Px E E E E

Pyce E E E E



D p z

distributions of X and Y on G B

t 0 I 2 3

Px 14 I 8 3 I
Pyce I 8 3

EPIX É KP X K E t 2 3 E 2

EPIX É KP X K 3 2.38 3 t 1.5

XI Y under E X Y under P
Tequal in distribution

Y w Y win WN

Y w Y E w Enos

y Y E Er
v.v I function of coinflips

Y is both



e g Y EP 14

Y g E where g x EP X

g 1 EP XIE I

91 1 EP X E 1

But Y and g are actually the same

So we can write

I EP XIE I

Y C 1 EP X E 1

or even This is the

will use If the

LEEE.si EE EiTfra ii
you just focus
on understanding
this notation

Another example

IEPEXIE523CI D EPEXIF1 EEI



Yet another example

EP X E 52 1,52 g 1 2

lwheregixnxa

EIXEX.in ii aying
1fddforstockpri

timtafhtii.EE'cepts

Time is discrete

Possible times 0 1 2 N

Sn price of stock at time n

p probability stock price goes up between
times n and n 1

q 1 p

u upfactor Snt usu when stockgoesup

d downfactor Snt dSn when stockgoes down



i
ii Choose So 0

iii Choose pe 0,1

iv Choose a and d so that 0 d u

Let S In and P PP

For 1 n N define

Usn if En 1

Sn dsm if En 1

Sometimes it helps to separate out the
random factor

u if En 1

Yn d if
and Sn YnSni

This is called the binomialmodel

NOTE Sn Sn _En
Sn dependsonly on
the first n coinflips



Properties of conditional expectation
oncointossspace

NEN p e lo D D In P p

X a r r

Latin EP X EPIX

ER X E XIE an

linearity

ER Lax by aER X BERCY

factor out what's known

If X X E En then

ER XY X EREY

special case of last rule

EPN X X

rule for independence

if X X Ent En then

ER EX EPIX



rule for nesting

if n em then

ER LEI X ERLEREX EREX

Jensen's inequality

if 4 is convex then

Q EREX E ER ELP

ER X g E En where
i

EREX EPIX E En g Ei n

where

g x xn EP XIE x En xn



Remember that X X E En so 130

g Xi xn

EPIX E in Ent En E x En xn

i

EPChiu V U u EP h u V

glx xn EP X lx xn Ent Er

and that gives use the formula

Expt
in binomial model ER Sat

ER Sat ER Yn Sn defnof Snl

SnER Yn factor out
what's known

Sn EP Yn independence



Sn u PAL died
Su put qd

1EI Sn 3 fputqd
In the next 3 examples we use the

binomial model with

N 3 So 4 4 2 d f p

ExplI ER Sa

Sold Use the last example

EP Sz Cpu q d S

E z t t S

It f s 85 41.551
Solid Use the definition

EP Sa EPLSa E gCED where

g x EP Sal E x



g x Need to find g i and g D

g i EP 521 1

EP 52 E 2 13 1

Thefs EP S2 1,52

1

Ten

g 1 16 4 3251 12

91 1 EP S E 2 19 1

EP S2 1 2

pS2 1 1 852 1 1

4 3 1 3



Another way to write this

EP 52 i EP 52 E 1 12

EP Sa C 1 EP 521 E 1 3

Putting it together

E P 52
12 if E 1

3 if E 1

But

5
8 if 1

2 if E 1

So EP 523 1.55.1

Expl E 5,52 D

EFs.sc S E Sa EatsEtown
EPES 52 D EPEST

12 from lastexpl
1961



VÉES Sz D EP Sisz 151 1

EP 5 E 52 5 2 13 1

EP 52 1,92

8EP 52 1 2

8 pSz 1,1 852 1 1

8 33 16 4 8 12 96

Expl3 EP E 53 1

STEP EP 53 E
P
53 Testify

E P EP S3 1 EP 53 1

EP 5315 1

EP S3 E 2 3 13 1

EP 53 1 52 3



p S3 1,1 1 pqS3 1,1 1

qpS3 1 1,1 q S3 1 1 1

f

32

16

8 8

451

EII
E P EP S3 D

32 7 8 8 2

12893212
162
9 1181

S

xÉE S3 X X E 2

EP EP 533 D EPEX CD

EP X E 1



EP X E 2 13 1

EP X 1 2

p X 1 1 q X 1 1

33 1 1 3 1 1

1 1 E 53 1 1

EP 53 14 1 2 1

EP Ss E 52 53 1 52 1

EP 53 1 1,33

p5311,1 1 q 53 1,1 1

3 32 8 24

1 1 EI 53 1 1

EzP 53 E 52 3 1 2 1

E 53 1 1 3

p 53 1 1 1 853 1 1 1

8 3.2 6



Put it together
E EP 53 D 24 6

16 2
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