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Syntax

L extralogical signature
set of extralogical symbols

constants relations
functions

Var uncountable set of variable symbols

logical symbols A



Terms

J set of terms

constant CEL is a term

Xe Var is a term

function feL and ti tn terms
ft tn a term



Formulas

L set of formulas
s t e I SFit a formula

relation re L and t tn terms
atomic
formulas

rt tn a formula

GEL e Var 4 x4 L

I L countable AI EL

Use shorthand for other formulas



Evariables

free 4 set of free variables in 4

free X Vex free 4

2 set of sentences formulas w o free variables

4 t x substitute each free w te T

t is free for x in 4 no variable in t becomes
bound after substitution



Inductivestatements

an inductive statement

X Q p LIS FLO 2 0 1

for P LIS

ante P X 2 X Q p EP for some 9 p



Deuctivecalculus

Q 4

Q and XE X X 4

X 4 and Xt e 4

X 9 4 and X 4 4 4

X AI Xt for all EI

x4 act x when t is free for x

free X and X 4 Xt x9

t t for all te T

X set 9 t x 4 t x when t is free for x



Logicalequivalence

Y X 4 for all 4EY

9 4 4 4 and 4 4

X Y Y and Yt X

9 4 4,9 4 and X.tt



Deductivetheries

X is consistent if X 4 for some HEL

T 2 is a deductive theory if

The GET for all 4 2

for 2

T X Tx YEE 1 9 theory generated by X
smallest theorycontaining X

4 iff GET X



Inductivecalculus

R1 vuleoflo_gialequivalence

lX 4 pl P X X Q 4 X 9 p EP

X Q p X Y p E P p p

If P satisfies R1 can write

P 6 X p instead of X Y p EP

sffhox.is pea v44

P 9 P 410

P 4 X exists means X Y p EP for some p



i one

EE it i t paen t

time
X ante P X X P 91 x 1 P Q 1



Rs

T us consider the eq
P ev4 X P Y X P 4 X

If two of these probabilities exist
then so does the third and the eq holds

I.FI
me

P any X P a X P 4 X 6

If two of these probabilities exist and are positive

then so does the third and the eq holds

71
Y stsand centene for all n then

P Vn4n 1 X him P cen x



Let P E D L Then P is a completion of P if

P satisfies R1 RT

P 6 X P 4 X exist P 9 4 X exists

X X U anteP P 16 X exists

asstitiffitineiian P

then P Q X p

can
t i i x storanoes

then use ante P and P 1 X S P IX



Q LIS is connected if there exists EQ sit

every x ̅ ante Q is countably axiomatizable over

a common Xo ante Q

Xe ante Q x ̅ US for some x ̅ e ante
and some S E GEL x ̅ 1 EQ

In this case To T Xo is unique and is called

the root of Q

P LIS is an inductive theory if

it satisfies R1 RG and is connected



Q LIS is consistent if it is connected and

can be extended to an inductive theory

For consistent Q

P Q IQ smallest inductive theory containing Q

Q X Q p means Q is consistent and IQ 91 X p



C is an inductive condition if E is a set of

inductive theories w a common root To

To is called the root of C

C is consistent if e

For consistent C

e Be largest inductive theory in Ne

Ct X 9 p means C is consistent and Ee 4 X p



CoinFlipExample

ci.cz h t all constant symbols

40 h t

Qi cifihvci.at i 1 2

To T 40 41 92

Q To.ci h 5 1,23

Can show that IQ C t To

i e Q t To C Fit



C set of inductive theories P w root To

set Q P and

P Ca h To c h P Camh To

Can show that Pe c Ca h To

i e Et To c ca h



1 set

w a structure with domain A

For SE L S is an actual object relation in A

2W 5 SEL

w A LW

V Var A

Extend to V I A assignment into w

w E 4 V3 means 4 is true in w when free variables
are assigned according to v

strict satisfiability



D set of structures

model P r Σ IP

1 Vw we s assignment into P

For REL

41132 WER wE4 Vw

PFG I iff 4 132 Σ and TP9 132 1

For GELO

an WER WEE

PFG iff GEE and TPG 1



E L is satisfiable if for some P I

PF4 I for all YEX

X is consistent iff X is satisfiable

is satisfiable iff every countable subset of X
is satisfiable

F 4 means for all P K

if PF 411 for all YEX

then P 9

Q iff X 4



P F X 9 p Its if for some Y 4

X YU 4

PFY

Left P

P F Q E LIS if P F X Q p for all X Y p E Q

Q is satisfiable if P F Q for some P

Q is consistent iff Q is connected and satisfiable



Q consistent w root To

TQ 0 20 for all P
if P F Q and P To then P F

To is a consistent deductive theory w To TQ

Q F X Q p means

Q is consistent

X is countably axiomatizable over some deductive

theory T with To E T TQ

for all P if P F Q then P F X Y p

Q t X Q p iff Q F X 9 p



C an inductive condition

P F C if P FP for some PEC

E F X Q p defined as above

C is consistent iff C is satisfiable

t X Q p iff E F X 9 p



Embeddingthers

S T V probability space

Ri Ti ie I measurable spaces

Xi SL Ri random variables

2X lie I

S T V X is a measure theoretic probability model



CoinFlipExample again

A 0,13 D wo we we we Σ 72

P or Σ IP

w hw to c can IP w

Wo 1 0 0 0 1 9

W I 0 0 I 2 9

We 1 0 1 0 2 9

Ws 1 0 1 1 4 9

Can show that PF Q To show PFC let

P X Y p ELIS P F X Y p and To

Can show that P is an inductive theory and PEE



one to one proper embedding

S P v X P 2 E IP

outcomes structures
ES WER

events sentences
UET GELO

set membership strict satisfiability
U WEE

random variables constant symbols


