
 

How we think
some declarative sentence about events
w a truth value

A outcomes where that How we work

sentence is true with events

Translation safety self
A B AMB
AaB AUB

A B AEB

I assumptions ofmodel

all possibleoutcomes

Probability model A

function mapping A B to P A B

ALL PROBABILITIES ARE RELATIVE
or conditional

Shorthand P A PAIR PCA B PCA R R



Ax II If BEA then P A B 1

Ax III If CE CAMBS then

PCAUBIC P AIC PCB C addition

Ax II If P AIC 0 then

PIANBIC P AIC P BLANC III

Ax I If A E A E As then

P É An leg PCA
continents

Ax 2 P r 1

Ax 3 If A Az are mut excl then

P An 9 Plant
gives add rule
and cont rule

Defn If P B 70 then

PCAIB 19
at



4112ms
n of ways to permute n objects

of ways to choose r from n

when order matters

f
of ways to choose r from n

when order doesn't matter

n n
of ways to break n objects into

r distinct groups of sizes his hr

requires n t hr n

P

n n n D for integers n 1

If n r are integers

7 I r
if o r n

O O W

n.I.nu n.in r
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2.5

Prop 2.4IR All 1 PIA

Prop 2.4tt AEB P A P B

B P A P B P AND excision

Cando w more than 2 events

P A vAzUAsUA4 If pA
stophere

andityg.to

stophere
and if.PCA.ci

itstoo
small 1 P Ain Ajn Ak

P A n Azn As nA4

If r is finite and all outcomes are equ likely
then

P A
filaments
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Chapters

Defn of cond prob P BIA
P

Matt rule P AMB PCA P B A

Extensions of mult rule

P AnBn C PCAPCB A PCC AnBI Chats S

P AMB C P Ald PCB Anc

Lawof total prob If B Bn is a partition

then
P A PCB P AIB

Special case P A P B PIA B P B P AIB

Defn of independent

A B indep if P AMB PCA PCB

Alternative conditions

A B indep if PCA B PCA

A B indep if P BIA P B



A An indep if for every subset J 1 sn

PC A Is PCA

A Az indep if for every n A An indep

Combos of different indep events are indep E g

if A A are indep and

B A A AanAGY

Bz Az VA

then B and Bz are indep

The function P IC satisfies the axioms

i can add conditioning to any them
E g

P ARB P A P BIA

becomes

P AMBIC P AIC P B ANC

A and B are conditionally indep given C
if

P AMBIC P AIC P BIC MY ffetvents
Of P A BMC P AIC as above

P B An C P BIC
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chapteryhoexpesfpwonvlessect.ms

whose

value is uncertain

Expl X the number of watermolecules

in my body

bebywhnese
denoting a number

Formal def
A raindance is a function X S IR

Shorthand

P EA P EXEA PCEI.fi ff
distributionfunction FxCxz PCXex

Notation FCA fig fish
defined for all xer

FC a Fis

F X 1 fix Fis



P.NET
nondecreasing and right continuous

F o 1 FC a 0

P X x F x

P X x F x F X

able

massffatin Px q
P X x

defined for all EIR

expectedalue ELX
PEX x

an
event

Er If
t if A is true

0 if A is false

ELIAPAT



alternate
formula ELX E w P w

PIETI Ee Gen
PIX x

E CX CELX

E X Y ELX ELY

3
8h variance var x E X EX

alternate
formula Var X E X E X

5 standarddeviation SD x Varat

Titan avarca iÉ
Var X c Var X

Var Y Se Var x Var y d
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Bernoulli p P X 1 p

at P X 0 t p

of successes in
n indep trials

Binom aip

P K pk 1 p5k k oil n

E X hp Var X np i p

Poisson

P X k e
1 K 0.1.2

ELX X Var X

Poisson approximation

Binom n p Poisson np

largte small



of trials until first success

Geom p P X k 1 p p K 1,2 3

Co D

E X Var X 1T

Poissonprocesslinsectin4TT
Counting rare events

rate of occurrences per unit time

N E of occurrences in time interval
0 t

N NCH t 0

N is a Percolate if

N O O

Doisson t s

N c'urrences
in Cs t

N has independent increments

occurrences in nonoverlapping
time intervals are independent
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continuousr.v.scsections5.1 5IS
7

is continuous if it has
a density

P a x b f fx fishes
to 1

P XE x Δ fx x Dx

can find f by

Ff fx finding F and

E X f c d
differentiating

E g X f g x

fxlxldxlfxzoiELXJ
SJPIX

tlfRCXJ

50 li 2 E X PCX n



Nan stributionssectus5.3 5be

1fiqd beanywhere inland

Unif a β
α β

fx x
BI if α x β

O O W

ELX If varix BIT

ftp.fff
bdin

WILL GIVE
TABLE OF

fza If 5
42 I VALUES

distribution function I x f e du

o x 1 x

E Z 0 Var Z 1
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ELX M
Var X 02

Z NO D µ oZ NG o2

NYTIMES.IEat
read

µ ge zgyym



Exponey.tnffettonsecutive occurrences

in a Poisson process w rate

Expo
30

fix
if so

O O W

E X Var X

P t e if too

memoryless

property P t.tt to P X t
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coammaf.FI xaedx

12 0

P 1 1 T att 2712 f n n 1

coammadistributionx

coamma.EE

fix
C é if so

O.co

where C

E Var X

covered in

Gamma 1 7 Exp x section
6.3.2

Gamma n X sum of n indep Exp x
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0 density f dist func F

hazardratefunct.cn te Iff
P X t Δt t E Ot

P X t exp ft tends if too

t for all X Exp x
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J stibSectn6 IS

t.fi si ationtnction
Fix g P X x Y y

Fx x Fox g

Fy y Like Fixing

it aisaete

joint mass function

p x y P X x Y y

Px g
pay

pyly 41



intimations
joint density

function
q

P X Y ED f f x y dA
f

P E x 0 3 Ye y y by f x y ΔxΔy

fx x f f x y dy

fy y fix g dx

Miyata cont

P X Xi YEA Saf xi g dy

Px Xi f x y dy

fy y Eg
Xi g



Independentr.us Sections6.2.6.3

Xi Xz are independent if

A XzEAz are independent

for every choice of Ai
Az

Combos of different indep v v s are indep E g

if X X are indep and

Y f X Xo X

Y g X2 Xs

then Y and Yz are indep

All of these are equivalent to independence

F x y Fx x Fy y any two r.us

p x y Px x Py y discrete case

f x y fx x FY continuous case

f x y g x h y

f x y Px Xi fy y mixed case



X Y cont and indep

fx y
2 fx z y fy g dy

Gamma a X

Y Gamma B X
Y Gamma α β x

indep

X Xn Exp x it Xn Gamma n_X

indep

N Mx 04

Y Nlely of
Y N MxMy 8

2
05

indep

Biron nip
Y Binom mip

Y Binom ntm p

indep

Poisson X1

Y Poisson x2
Y Poisson x X2

indep
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alt formula Cov X Y E XY E X ELY

special case Cov X X Var X

correction pixin

always in 1 1

X Y uncorrelated if p x y 0

independent
uncorrelated

Jitnormaldstriblioninsecinos
X and Y are jointlyfrmal if

a by has a normaldistribution

whenever a and b are real s not both 0

X and Y jointly norm
is normal and

Y is normal

indep normals are jointly normal



WILL GIVE WHOLE PAGE
X Y joint normal

joint density

alternate form

1T
2147 exp 1T ñTQ i n

where T Y ñ Q 0 05

conditional density

fxly ily 7 e
a 51202

where µ Mx p ly My o 0 1 82



ton naldstibut.ms Sectins6.4.6.5

Pxiy xly
discrete case

fxly xly
continuous case

Pxix exity
mixed case
discrete Ycont

fyixtylx.it
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reviewxpls7
IE atinsofSums

ER 94 PAY abstrete

1 19 ixpfixpdxdy
Tithonus

gex.my

yyggggyga any

other related facts

Y ELX ELY

a EX a

7 4 Covariance.Varianceofsums.at
Correlation

X Y indep E XY E X ELY

Cor X Y Cov Y X

Cov X X Var X



Cor ax Y a Cor X Y

Cov Ex E Y É CorCX X
Var E Xi Varix EE.LK

2E CorCXi.X

Special Case

Var X Y Var x 2Cov X Y Var Y

If X Xn are uncorrelated then

var EX E Var Xi
7.5Conditionalexpectation

ELX Y y
FIX 4 9 if X isdiscrete

I xfyy xty dx if is continuous

ELX Y y is a function of y



E X Y g Y where gly E X Y y

Warning g Y ELX Y Y

Have to compute E X Y y to get an actual
function

P A X x E 1A x

P AIX ELIA X

um ypy.my
EIXJ

ELEIXIYIIELELXIY
E g Y where

g y ELX Y y
will be a sum if Y is discrete

integral if Y is continuous



Y discrete

EIX
y
E X Y y P Y y

continuous

ELX E XIY y fyly dy

Versions for probabilities L
PA AlY y P Y y if Y discrete

PCA PCAIYylfyapdyffff.gg
anktt

If X Y indep then

Elfix.MY yJ ElfIX.N

Special cases

X Y indep E XIY E X

X Y indep P X Y ED Y y P X y ED



Otherhelpfulfact

E CX Y CE 14

E YIZ E XIZ E YIZ
Can pull out known quantities
E f Y Y f Y E Y

Special case E f Y Y f Y

Rules for nested conditioning

E ELZI X Y I ELZIX

ELE Z X 1 X Y E ZIX

30 E XIX 20 doesn't require
independence

Eff X Y Y y E f x y Y y

I.YI.IEEITI
Var X Y E X Y E XIY totila

Varx Elvar X1X VarCEIX



nÉ EiI e
domain of Mx is all t's such that the

expected value exists it fails to exist when the

series or integralis divergent

Always exists for t 0 and Mx 07 1

I
If X and Y are indep then

MxtyeMXWMK

ythmi.it X and Y have the same

MGF then they have the same distribution

Can use MGF to figure out distribution

compute MGF and look it up on the tables
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8 Limittheorems

Modesofconvergenc.ee

Xn pointwise means

wer Lim Xu w w

X atmostseely for a s means

P liz Xn X 1

infbability means

E o Iso P IX e 0

Xn X indistribution means

x at which Fx is continuous

Fx Ix Fx x whenever F



Theme Consider the 4 possibilites

a Xn pointwise

b Xn X a s

c Xn X in probability

d Xn X in distribution

Then a b c d

The If Mxn t Mx t then

n in distribution

m

P x a Eff
Prop 2fr Chebyshev's inequality

Suppose X has a finite mean Let µ ELX

Then for all k O

P IX a K Vy

Prop21 If Var X 0 then P X EX 1



i
mean Let µ ElXn Then

Xit.in µ in probability

Th thstrongawoflagendmbers

Suppose Xi X2 are i i d and have a finite

mean Let µ ElXn Then

Xt
µ almostsurely

Thm hcentdlimttheorem CLI

Suppose Xi X2 are i i d have a finite

mean and a finite positive variance Let µ E Xn

and 02 Var Xn Let Z NOD Then

ñ m oz in distribution

Alternate.SI sZindistibntform



LLN says µ Sn nµntargeT

CLT says 1 z

CLT is a higher order approximation

Can now use normal approx on more than binomial

Only use cont correction when approximating

discrete r.us


