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Thio Let T R IRM be a linear

transformation Let

A Teil Tie Ten infix
Rector in IRM

Then TxI̅ Ax for all x ̅ ER Moreover

A is the unique matrix with this property

PE let x ̅ 112 be arbitrary Then

x ̅ In x ̅ ee es e E

x e yet xien

Therefore

TCA T x e xien

X T et XnTien



Tee Trent En A x ̅

Proving the uniqueness of A is Exer 1.9.41
unassigned

The matrix A in Them 10 is called the

i iii.IE maintEeftT

iR2 1123 be linear with

Tie Tied

TEIEEI.at
A Tie Tréal É I
Éf be the dilation transformation on IR

T x ̅ 3x ̅ Find the matrix for T



Tié 3é 3
T e 35 3 9 9

A Tied Treal 39I
É be a real number Let T IR IR be

the transformation that rotates a vector

counterclockwiseby 4 radians
The transformation T

is linear Find the matrix of T

1jgp.tw Tce

Ties 19

C since costs A Tle Treat



Lookat Tables 1 4 on p 78

A function T IR IRM is onto if

the range of T is IRM

OR for all to IRM thereexists attestone
xe̅R

such that TxI̅ 5

surjective is a synonym for
onto exjutes.sn

A function T IR IRM is one toone if

T x ̅ Tly implies x ̅ 5

OR x ̅ 5 implies T xI̅ T 51

or for all BEIR there is
atfiqgtngg.in

such that T x ̅ 5

injective is a synonym for one to one

bijective means one to one andonto

Expl Let T be the linear transformation

w matrix

A

Is T onto Is Tone to one



T x ̅ D is the same as Ax ̅ 5

For every t Ax ̅ 5 is consistent no row of the

form o O 5
1

so at least one soln

Tison
inqkfiytedForeveryt.Ax

5 has a freevariable x

so there would be infinitely many
solutions

Tisnotone Ho

TinI.LetT.ir IRM be linear Then T is

one to one iff x ̅ 0 is the only soln to

T x ̅ 0 i.e Ax ̅ 0 has only one soln

PE First note that T 8 0 because T is

linear Now assume T is oneto one This means

that if x ̅ 0 then T x ̅ TO or

TEXT 0 So x ̅ 0 is the only soln to

The 0
For the converse assume x ̅ 3 is the

only soln to T x ̅ 8 Assume TCE TCT

for some w̅ FER Since T is linear

T a w̅ Tfa TCT 0



Thus w̅ 5 0 and so ñ v This

shows that T is one to one

Think Let T IR IRM be linear w matrix A

a T is onto iff the cols of A span
IRM

b T is one to one iff the cols of A are lin indep

Let U be the range of T and
write

A a an For any vector
IE IRM

B E U iff there exists XER w T x ̅ B

iff in A x ̅ 5

iff it x.at Xian B

iff Be Span a tn

Thus T is onto iff U IRM iff Span at an IRM

Span at an range of T

b

Tis one to one iff x ̅ 0 is theonly soln to T x ̅ O

iff i A x ̅ 0

iff x xz xn O is the only soln to

Xia Xiaz t xan 0



iff a an are lin indep I

T x y 3xty 5 7 x 3y Show

that T is a one to one linear transformation

Is T onto

T IR IR

x ̅ Text
4 Y

T x ̅ Ax for all x ̅

So TislinearTv
Cols of A

not multiples so lin indep

ITisone toone.TV
rangeof T Span

Tim Let A be an mxn matrix If man

then the cols of A do not span IRM



Pf ByThem4 sect 14 the cols of A

span IRM iff A has a pivot position in

every row But A has only n columns so

can have at most n pivot positions And yet
there are m n rows so this is impossible

Since A is 3 2 and 3 2 the cols of A

don't span IR and Tisnotontof


