
 

3 260
041,94 4 7,11 ideal

malt rule PLAn B PIA P BIA

can extend e g
P A n B n c n D

PIA P BIA P C IAMB P DI A nB nC

More general malt rule Axiom II

P AnBIC PIAIC P BIA nd

L key is in left pocket
R right

P L 0.4

P R 0.4

PALLY



PIRIE PIYA
Since R K that means RCL

So R n I R

P Rnc P R 0.4

P Lc 1 PCL 1 O 4 0 6

PIRIE f
7

A The first flip lands on heads

B At least one flip lands or heads

C Both flips land on heads

I H H CH T CT H T T

D equally likely
a PCIIPC.CI

B



A H H CH T

B H H CH T CT to

CH H

a pal A PHIL Patty

II
b PCC IB PEET PCYggd

8 spades Consider NIS a

w s spades singingsimplify the



F NIS get 8 spades
E E gets 3 spades

I all ways to choose 26 cards for NIS
and B cards for E3

P equally likely

PCE IF

PIE IF PETIT

PCF It
1 1 E E

9
give Nls give E

13 of

26 cards
the remaining

cards



IFK 8 38 28
T T T

give NIS giveNIS give E B of
8 spades 18 non the

spades remaining

I I cards

lent 8 E 3
p

give E
T
give E

3 of the lo of the

remaining remaining
spades non spades

PH 45
18
34331

Pleat IF
1

1,83131

PIECE PETIT



1
141 3 1 t

4 É

C Celine takes chemistry

A Celine gets an A in her selected

course



PIA Cc L
PCA C

PIC I

Plenty
PCC na PCOPCAIC

mile I 3

2 balls
R First ball is real

Re Second

PCR n Ra



a par 4 E
P Rz IR Fy I

PCR n Rz PCR PCR21 Re

I 3

b P Ri Faw
P Ra IR IE
PCR n Rz PCR PCRa Re

Ete Ia

wtf



A All four aces are in separate piles

PA

SOLI
B The aces ofspades hearts diamonds are

in differentpiles
C The acesofspades and hearts are in

different piles

D The ace ofspades is in a pile

A B C D

ie A C B C C C D

A A n B n c n D

P A PCA n BAC n D

P D P CID PCB I E PCAIBEI



PCA P D PC CID BIC PC A B

PCD 1

PCC D

qt
apades

ace ofheartsequally likely to be any of the

other 51 cards 39 of those are in a

differentpile
P CID 37
Paid g

aceof
hearts

offends

E
Fades



aceofdiamonds equally likely to be any of the

other 50 cards 26 of those are in a

differentpile
P BIC Yo

PA 1B GE
aceof

hearts

cards

i
Yds

cards

didmonds

aceof clubs equally likely to be any of the

other 49 cards 13 of those are in a

differentpile
P AIB By

PCA 1 4É 49 1 5.59

FEI



SOLI
the previous solo illustrated the topic in

this section but here is anotherway
D all ways to split 52 cards into 4

piles numbered 1 43

PCA It
121 13,1 13,13

4

48
1A1 1 12,12 12,12

T
placeeach place the
ace in itsown remaining

cards

pile into the piles

PLA 441,151T t.FI E

I



3

ants

Tmntexcl J

P A PLANB t PLAnBYZ
maltrule

PIA PCBPCAIB P BSP AIB

More generally

Bi Bn form a partition if they are mutexcl

and P B U Bao VBn 1

ftp.s.i.Rnformapartition.thenlyFY
P A É PCB PCA1B

odds iAfP
conditional odds of A OIA1B Itf
PCA B PITI gate

0ft 1B o ca Ppffify

likelihood



A The new guyhas an
accident in the 1styear

B The new guy is
accident prone

PCAIB 0 4

P A1B 0.2

P B 0.3

Pla

PCA P B PCA I B PCB PCA B

0 3 0 4 0 7 o 2

O 12 0 14

0.260



A The new guyhas an
accident in the 1styear

B The new guy is
accident prone

P AIB 0.4

P A1B 0.2

P B 0.3

P BI A

P By
P B Thistrick effectively

allowedus to switch

B A to AlB

I pay is unknown

but PCA B
isgiven

BFB
Mattie

I
etat



A Student knew the answer

B got the right answer

Pla p Fifty five
what the teacher knows

P BI A I before grading the test

P BIA Im
prob that A is true after

PY1 gnd seeing the
student

got it right

want toswitch
these around

P AIB PHIL
P pÉ

To
P B PCA PCBI A T PLAY PCBIAS

p I t Ci p Im MPII



Plain qt lmYt

Manse intuitioncheck

p small m moderate

P AIB I MFF still small

If I knew the student was very unlikely to

know the answer moderate number of
alternatives would notprovide a good indication

p close to 1

P AIB I I 1

If I knew the student was very likely to

know the answer the test won't
tell me

much
m very large
P AIB E Mnf 1

If there are many alternatives
and theyget it

right then it's very likely they
knew the

answer



A The personhas the disease

B The persontestspositive

P B I A 0.95

P BIAC O O1

P A 0 5 0 005

i EI



Io E
P AIB

go.it i EiE

iactfIt
gotta 4

232.3

Before doing the problem most people

think PCA1B will be much higher

A The suspect isguilty

B The criminal is Kffhystpidifed one for
concreteness



These are probabilitiesfrom the

P A 0 6 investigator'sPOV before
discovering the handedness of

P BIA 0.2 the criminal

Assumption if the suspectis innocent
thecriminal is equally likely to beany other
member of the population

p AIB
o 6

PIA I B Pfaff PATHET
P BIA I Wemust assume that it is known

or can be easilyverified that the

suspect is left handed

P B PETYA PIEPCBot.AT

P B 0 6 t 0 08 0 68

P AIB 08.11 668 EI



A Theycheated

E They played hand 7 according tothe

transcript submitted to the British

bridge league
I made up the hand number

and the idea
that there was a transcript in order to
make this more concrete

Under what conditions should we call

E evidence toward A

The prosecutor says the
condition is simply

that A and E don't contradict one

another

In symbols his condition is PCAn E 0

i.e it is possible that A and E are both true



In myopinion
the condition should be

the evidencemake

PCA I E SPCA A morelikelyto be
true

This is equivalent to

odds
TO A IE OCA

OCA PETIT OCA

YEA a

PCEIA P IE IAC

In other words it is only evidence toward

themcheating if they would be more likely
to play that way whenthey're cheating

than

when they're not



A The plane is in Region i

Bi A search of Region i succeeds

PCA P Az PCA I
1 Bi P Bil Ai

P Ail Bi

PCA 1B PLAYTEX

Éttittat
P Bil Ai 1 PL B I Ai

P B I A I B

P B I A PCB IAz O



P Ril Ai
tf if i 1

if i 2 or 3

P Bi I PCB

A Az As is a partition of the

sample space exactly one of them is

true O

PCB PCI.PT AItPEIPCB.A
q

law of total PYIPCB.ttprobability

f Ci Bi
P Bi 1 311 B B

Putting it together



PCA 1B tPEII.tt 3

PCEIe

27
if i 1

Ip if i 2 or 3

Makessenset intuition check

B small very hard to
overlook plane in

Region 1

PIA Bi I 0 if not found in Region 1

very unlikely to be there

P Az Bi I if not found inRegion1

roughly 50 to be in Region Z

or Region 3



B close to one very easy to overlook plane
in Region 1

PCA list Ets
failed search tells us very
little

P Az Bi I t

A The upper side of the chosen card is red

B The chosen card is the red black card

P B

PCAI B I assuming both sides

equally likely to be put
upward

P BIA

PCBI A
P IIÉ



P CA

C The chosen card is the red red card

D a blackblack n

P c P D

B C D is a partition
exactly oneofthem is true

PCA PEBBLED I PIC REPAID
t t t I

P BIA III

A The mother is seen walking with a daughter

B The older child is a girl
The younger child is a girl



msn.is II i
t

granted in this example

PCB no lA

Let's name theseevents to simplify
notation

D BAC

Dz Bad

D Ben C

D4 Bence

PCD I A HIIIII
Da Da Da Da is a partition

PCA PIDDPIDI PEA PLAIDS

PIPPA
IDs
Pty Plata



PCD IA
f
fpcaiÉ

PA

i P3

This is as far as we can take it To progress
further we need more assumptions

If we assume P AID P AID3

then the answer is

If we know the mother lovesgirlsandalways prefers
to walk with one then maybe
PCAID2 P AID I and the answer is f

Or maybe we know the older child is an adult and
will only walk when he or she is visiting the
mother Maybe we also know that sons visit
theirmother with a higher frequency than
daughters Based on all that maybe we're

assuming PCA112 F and PCA ID3
In that case the answer would be 213



A The car is behind door j

B The host showed me a goat behind
door 3

These are probabilities
PCA P Az P As Is from my Pov before

the host shows me
Is PCA IB P Az B the goat
P A IB P Az IB or

PCA I B PCAz IB

H Az Fnapatitia

PCA B pqppasia.EE Ifi zpcis
3

pasil.tt cisi



We're meantto assume the host always shows

you a goat never shows you whats
behind your

chosen door and if you picked the car he
chooses

one of the other doors withequal probability So

P BI A E
P BI Az I

P BI Az O

PCA I B IET
MEN

PLAY pqppasla.EEEEifI ypcsa
pasil.ttcisi

So P A I B C P Az IB

Youshouldated



This is called the Monty Hall problem
Whatever you do don't listen to theexplanation
in the movie 21 Those screenwriters don't
knowwhat they're talking about Bigsurprise

Notice I conditioned on

The hostshowed me a goat behinddoor 3

There is a goat behind door 3

Those are not the same statements Yes I know

thesecond one is true butyou mustalways
condition on everything youknow

Similarly in Expl 3m I conditioned on

Themother is seen walking with adaughter

MI
At least one of thechildren is a girl

This kind of precision can make or break your
solution Be verbose Write out all of yourevents
as statements with a complete sentence



BayesThem If B Bn form a partition then

BIA gÉ is

Don't memorize Just understandthe
method

in the previous expls

3 tt ndependentEvents

If plan o and P B 30 then
IIffrowing are equivalent

PIA B P A

P BIA P B

P An B PCA P B

Ingeneral A and B are independent if PLANB P A PCB

They are dependent otherwise

f a die A The result is prime

B The result is less than 5

D I 63 P equ likely

A 2 3 5 B 1,2 3,43 A n B 2,33



P A 3 12 PIB

PIA P B I 33 3
Plan B É 3
So A ardBareindep
Ingeneral if PIA 0 ar Pla 1 then A

is independent of everything

A B and C Teidpadtif
Plan B a c PCASPIB PCC

P An B PCA PCB

Plan c P A PCC

P Bnc P B PCC

For A B C D to be indep need

PLANB ACAD P ATP B PLOP D

all combos of 3
t all combos of 2

And so on

A Az Az are indep if An An are inelep
forevery n



If A Az A are indep then

thingy It are indep

builtfrom J

Same principle applies toany indep
collection

An Thenthtrial is a success

A Az indep

Plan p An

a Ak A or Az or or An

At least I success occurs in the
1st n trials

P I AR

PC AK I P CY AI

I P I Aid indep



I II P AI
I II CI EAD

I III
b A There are exactly k successes in

the 1st n trials

t.EE EIIE i
mate

thereare
B2 SSFS

133 n sess
431 4

By is FSSS
events
here

PCA P E BK ISPCBk

PCB P A naan A NAE

PIPE PIA PÉ
p3 i p

P B2 p p Ci p p p c p



PCBs p i p p p p i p

P By
i p p p p p Ci p

P A Y EGILF
each onehasthisofBic's same probability

For general k and n there are

1 different events making up A

each one has probability pka py
t

Pla Fat
o E All trials are a success

E É A

indep

for
infinitelymany

PÉAn p
can'tdothis

events



Bm I An
B 2 Bz 2 B 2

By cont from
above

mtg P Bm PC R Bn

TEE
P Bm P I A n

II PAI
pm

PIE mling P Bm

if I



Ai component i functions

A Az A n i ndep

P Ai Pi

Ai At least one component functions

The systemfunctions

P I ÉA

P E A I P E AT
I P É II indep
I II PCAi

iii

man



An The nth roll is a 5

Bn The nth roll is a 7

Cne The nth roll is neither 5 nor 7

Cn At n Bi

A A 5 occurs before the 1st 7

PLA

S
É aq ist n e rolls are neither 5 nor

and the nth roll is a 5

Er Ez Es nut excl

A E En

P A P I Er FIEPCEn
countableadditivity

PIED P

Eggman



PCEn PCC P C P Cn i P Aa

Forany k 3 9

Pl Ak 463 at I

P BK 34 I
Was
P CK P AI n BI

Tofindep

P AKU BI
P IAÉmÉIexd

I Pt
Pk

I I Yg
or count the

squares
in the

PCEn E t



PIA E PCen

E 8 at

P A PIA PCA IAD T P BDPCALB

P CDP Al C

A A so P Al A 1

B A so PCA IB O

C

If the first roll is neither 5 nor 7 then

the game effectively start over

É Pfos at start
rolling

something ofgame



P A PI PAID PAPIN
PEIPCIE

P A I Yg PCA

1 Eg P A

PCA IIE t

Modern peoplemight not understand this example

Change coupon to Pokemon card

Each pack youbuy has one card

It's a type i card with probability pi
There are n possibletypes

Youbuy k packs

Ai youget at least one type i Pokemon card



a Bm The nth pack has a type i card

Bi Bk indep
P Bm pi

Ai WEBm

PCA P YBm I P É Bm
I P É Bi
I II term l

b Cm The nth pack has eithertype i or typej

Ci Ck indep

P Cm pi t p

Ai VA E Cm
PCA VA PCE Cm

I II PCCin

ftci pip.tl



Ca P Ail A PlApif

PCA in A

PCAi VA P Ai PCA P Ai nAj

I CI pi p I Ci pi t l G p Plain Aj

P Ain A I i pi i p
t i pi p

Phil n
1 KPI111111pi.pt

3 5.10,16.20,26,30,35,431

44.585555 ng
46 52158 63cal y p g

mistake

Should have been

Ch 3 5 10 17 21,28 32 37 45
16 20 26 30 35 43

46 52 58 63197 74 77 81

44 50 53 58 a 70 74 78


