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University of Washington
Abstract

Variations of Stochastic Processes:

Alternative Approaches
by Jason Swanson

Chair of Supervisory Committee:

Professor Krzysztof Burdzy
Department of Mathematics

The work in this dissertation consists of three main parts. The first part generalizes some
of the results of Grannan and Swindle [14] regarding the scaled limit of transaction costs by
investigating the scaled limit of the p-th variation of a Brownian martingale, then applying
this to a portfolio process with p = 1.

In the second part, it is shown that the scaled median of n independent, standard,
one-dimensional Brownian motions converges weakly as n goes to infinity to a continuous,
centered Gaussian process. An explicit formula for the covariance of the limiting process is
derived.

Finally, in the third part, the solution to a certain stochastic heat equation is considered.
This solution is a random function of time and space. For a fixed point in space, the resulting
random function of time (call it F;) has the same local behavior as a fractional Brownian
motion with Hurst parameter H = 1/4. The process Fj, therefore, has infinite quadratic
variation and, hence, is not a semimartingale. It follows, then, that the classical Ito calculus
does not apply to F;. Heuristic ideas about a possible new calculus for this process lead,
in a natural way, to the introduction and study of the “signed” quadratic variation of Fj.

This signed variation, as a process of ¢, is shown to converge weakly to a Brownian motion.
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Chapter 1

INTRODUCTION

The work in this dissertation consists of three main parts. Each of these can stand alone,
yet they are all related in that they all stem from one original question. In this introduction,
I would like to describe this question and explain how the three projects arose out of its
consideration.

Consider a stock market that consists of N independent, identically distributed stocks
dx\) = oxPaw, x§ =1

(where 1 <i < N, o > 0, and Wt(i) are independent, standard one-dimensional Brownian
motions) and a unit bond

1.

x(©

Let M; denote the median of Xt(l), cees Xt(N) and my = N~! Zf[ Xt(i) the mean. Consider

a European option with expiration time 7" = 1 and value at time T given by m;. Let

a; = (agl), . ,al(tN)) be given by agi) = N~!. Then

1
1+/ a; dX; =mq a.s.
0

and, thus, a; is the portfolio that hedges this option. Since the portfolio is constant, there
will be no transactions involved in implementing it. It is in this sense that the mean is the
“easiest” option to hedge.

Now consider the same option, except this time its value at time T =1 is given by M;.
Let a; be the portfolio that hedges this option. To get an idea of what a; looks like, we
can consider the much simpler situation where we are trying to hedge the maximum of two
stocks. Or, even simpler, we can consider hedging the maximum of one stock and a constant

q, i.e. a European call option.



In this case, the “naive” portfolio is simply a; = 1¢x,>4). This of course fails due to
local time. The Black-Scholes equation gives that the correct portfolio is

1 q
ov1—t o1 —tX;
where ®(z) = (2m)~1/2 I e /2 du and pi(t,x) = (02t)"2log(z/q) + to2/2]. Now,

ai = Dlpr (1 — 1, X)) + ' (ps (1 — 1, Xy)) - ' (p_(1—t,X1),

X1 > g implies that py (1—¢, X;) — oo ast — 1 and X; < ¢ implies that py (1—¢, X;) — —o0
as ¢ — 1. It’s not hard to show, then, that a; — 1{x,>4} a.s. In some sense then, we can
consider a; to be a smoothed-out version of a; and use a; to get a heuristic idea about the
behavior of a;, at least for times ¢ near 1.
Returning to our NV stock model and the European option with terminal value M7, the
naive hedge is simply
al) = Lix_any
If the true hedge is qualitatively similar to this, then we see that for N large, this portfolio
will require a very large “number” of transactions. (Actually an infinite number, and this
is one of the problems that make it so difficult to quantify this statement.) This stands
in sharp contrast to the transaction-free method of hedging the mean value of the stocks.
Moreover, when N is very large, we might expect the mean and median to be very close, so

that these options, which generate very different hedging portfolios, will in fact have very

similar terminal values. This leads to the following question:
Question 1 Is there a sense in which the median is the “hardest” option to hedge.

Measuring the difficulty of hedging an option in this sense amounts to measuring the
amount of transactions involved. This is exactly the challenge faced when trying to incorpo-
rate transaction costs into a financial model. In this case, the transaction costs are related
to the total variation of the portfolio process, a;. However, unless a; is constant, it will
be of unbounded variation, making this impossible. The first chapter of this dissertation
approaches the problem of transaction costs by using scaling.

A second question one can naturally ask in this situation is the following:

Question 2 What is the limiting behavior of the median of N independent, standard one

dimensional Brownian motions as N — oo ?



The work of Harris [15] suggests that the median should behave, in the limit, like a
fractional Brownian motion F; with exponent 1/4, i.e. E|Fyar — Fy|? ~ |At|'/? for At
small. His model looks at the “median” of infinitely many particles distributed on the real
line according to a Poisson distribution.

Question 2 is answered in the second chapter of this dissertation. It is true that, in
the limit, the median behaves locally like a fractional Brownian motion. Globally, however,
it behaves like a Brownian motion. If we write M}¥ for the median of N independent,
standard one-dimensional Brownian motions, then v/N. MtN — G+ weakly, where Gy is a

Gaussian process with covariance

Vst

This process has the property that E|Giia; — G¢|> ~ |At|'/? for At small. However, for

E[G.Gy] = Vst sin~! (8 ”) .

t — s large, E|Gy — Gs|? = |t — 5.

The work in the third chapter of this dissertation is motivated by the results obtained
in studying Question 1. These results suggest a way to measure transaction costs based on
the scaled p-th variation of a Brownian martingale. The analysis of the variations (partic-
ularly, the quadratic variation) of martingales is at the heart of Ito’s stochastic calculus.
This calculus is now a deep and rich field of mathematics that is used in a wide array of
applications including economics, engineering, telecommunications, hydrology, biology, and
many others. The power of this calculus is its ability to give meaning to and to analyze
differential equations driven by random noise. An Ito stochastic differential equation is
driven by what is often called a “white” noise, which is the derivative, in a certain sense,
of Brownian motion. However, in many applications, Brownian motion may not be the
most realistic process to use. Brownian motion has independent increments, whereas most
real-world processes do not. An alternative to Brownian motion in these applications is
fractional Brownian motion. In this case, though, Ito’s stochastic calculus cannot be used,
since fractional Brownian motion is not a semimartingale.

Many approaches have been taken to constructing an alternative stochastic calculus for
fractional Brownian motion. Heuristic ideas about a possible new calculus for this process

will be presented in the third chapter of this dissertation. These ideas lead us, in a natural



way, to introduce and study a new kind of variation for the process: the “signed” quadratic
variation. It will be proven that this signed variation converges, as a function of ¢, to a

Brownian motion.



Chapter 2

SCALED VARIATIONS OF BROWNIAN MARTINGALES

2.1 Introduction

It is a fundamental fact of the Ito calculus that the quadratic variation of a stochastic
integral, M; = fg 0sdBs, where By is a Brownian motion, is given by (M), = fg 62ds, and
that this is the limit, in probability, of the sum of the squares of its increments. More
precisely, if IT = {tp,...,tn}, 0 =1ty < --- <t, =t denotes a partition of the interval [0, ¢],

|III|| = max(t; —t;—1) is its mesh size, and
n
%(p) (H) = Z ‘Mtj - Mtj_1 |p’
j=1
then given any € > 0, there exists & > 0 such that
PV — (M)| > €) < e

whenever ||II|| < 0. Note that this does not depend on the particular choice of partition,
only that its mesh size is sufficiently small. As a consequence, if p > 2, Vt(p )(H) tends to zero,
and if p < 2, V;(p ) (IT) tends to infinity. Nevertheless, for values of p other than 2, V;(p ) (I1)
will tend to a finite, nontrivial limit, provided that it is properly scaled. This time, however,
the limit is not independent of the choice of partition. Exactly what the appropriate scaling
is, what the limit is, and how it depends on the partition are the subjects of Theorem 2.2.1.

The application to mathematical finance is as follows: Let X; denote the price process of
a stock or other risky asset and let a; denote a portfolio process, i.e. a; specifies the number
of shares of the asset to be held at time ¢t. Let us assume the presence of proportional
transaction costs. If a; is of bounded variation, then the cost of maintaining the portfolio
is proportional to the total variation of the process (; = fg Xsdag. Typically, however, a;

is a semimartingale with nontrivial martingale part, and therefore (; is of unbounded first



variation. According to Theorem 2.2.1, we may appropriately scale the discrete approxi-
mations to the transaction costs in order to reach a finite, nontrivial limit. Theorem 2.2.2
develops this idea in the case that a; = g(t, X;), where g is a sufficiently smooth function.

Theorem 2.2.4 is primarily a special case of Theorem 2.2.2, where g is taken to be a
partial derivative of a solution, h, to a Black-Scholes type PDE. The conditions on g in
Theorem 2.2.2 are reformulated in Theorem 2.2.4 as conditions on the terminal values,
u(x), of the PDE. The results of Theorem 2.2.4, under more restrictive conditions (namely,

the concavity of u and a strict boundedness condition on h), are given in [14].

2.2 Results

The following definitions will be used throughout the remainder of this chapter. Let
(Q,F, P) be a probability space and {B;, F;} a standard, one-dimensional Brownian mo-
tion, where J; is the augmentation of the filtration, 77, generated by B;. Let {6;, F;} be
a progressively measurable, real-valued process and f a C!, increasing diffeomorphism of

[0, T for some fixed T > 0. For each n € N, define t; = ffl(%) for 0 < j <n.

Theorem 2.2.1 Let p € [0,00) and suppose that fOT\98|pVst < oo, P-as. If My =
[ 05dBs, then

(%) ity P, [0 s
j=1

in probability as n — oo, where C, = E[|P, £ ~ N(0,1). Moreover, z'fEfOT 05]?PV2ds < oo,

then convergence is in L?.

Definition 2.2.1 A continuous function, g : [0,T") x (0, 00) is of class C™"™(]0,T") x (0, 00))
if for every 0 < j < n, 0 < k < m, the partial derivatives 6,?9 and 0%g are of class
C((0,T) x (0,00)) and have continuous extensions to [0,T) x (0,00). Similar definitions

hold for C™™((0,T] x (0,00)) and C™™([0,T] x (0,00)).

Theorem 2.2.2 Suppose g(t,r) € CH2([0,T) x (0,00)) and dX; = uX;dt+0XdB;, o > 0,
Xo = x. Fort € [0,T), let o1 = g¢(t, Xy) + uXegz(t, Xi) + %UQngm(t,Xt) and 0; =



0X19.(t, Xt) so that

t

t
g(t, X¢) = g(0, Xo) —i—/ wsds +/ 0sdBs, t€[0,7T) (2.2.1)
0 0

If either

(a) there exists ¢ > 2 such that EfOT (lps|? 4+ |05]9)ds < o0, or

(b) g € C2([0,T] x (0,0)),

then
595, 0| VF)

T — 3 [T,
72th’9(tj>th)—g(tj—hth_l)] — o\ — X; 3

in probability as n — co. Moreover, if (a) holds, then convergence is in L.

Definition 2.2.2 A function, u : (0,00) — R, is of class S* if u € C*¥((0,00)) and there
exists a,C' > 0 such that [u® (e*)| < Ce*! for all x € R.

Let P denote the risk-neutral probability measure on (2, F) so that dX; = o XdBy,

where B; is a Brownian motion under P.

Lemma 2.2.3 Ifu € S*, k > 0 and w € C([0,T]) with w > 1, then there is a unique
h(t,z) € C([0,T] x (0,00)) N C2([0,T) x (0,00)) that satisfies |h(t,e*)| < Ce®| for some
a,C e R, forall (t,x) € [0,T] xR and solves

%? - 102w(t) 22;; = 0 (t,z) € [0,T) x (0,00) (2.2.2)
hT,z) = wu(zx); z € (0,00) (2.2.3)

Moreover, h(t,z) = E, [u(Xsr))], where s(t) = ftTw(u)du, and satisfies

(a) h € C%*([0,T] x (0,00)), and

(b) 3b, K € R such that for all (t,z) € [0,T] x R and all 0 < j < k, |9%h(t, e¥)| < Keblel.
Theorem 2.2.4 If u € S% and w(t), h(t,x) are as in Lemma 2.2.3, then

T
\/;Zthmx(tj,th)— (LLJ 1,th 1 |_>O‘\/7/ X2
j=1

in L? as n — 0.

f(s)ds (2.2.4)




2.3 Proof of Theorem 2.2.1

The idea of the proof in the case where f(t) = ¢ is simple, though the details are somewhat

tedious. Informally, we have

T\ &
<n) Z|Mt1*Mt]‘fl|p =
j=1

Q

Q

The general case is treated by a time change.

The formal proof requires three lemmas, the first of which uses the following nota-
tion. Let IT = {tg,...,tn}, 0 = to < -+ < t, = T denote a partition of the interval
[0,T] and |[TI|| = maxi<j<n(t; — tj—1). We will say a simple process, ((t) = (olyoy(t) +
> i1 Gi—1l, ;) (t), where (; € F;, is supported on II.

Lemma 2.3.1 Let o € (0,00). If there exists K < oo such that

P( sup |6 gK) =1,
t€[0,T]

then given any sequence of partitions, {Il,}, with ||IL,|| — 0, there exists a subsequence

{Il,,;} and a sequence, {¢W)}, of simple processes that satisfy
(a) ¢Y9) is supported on I,

(b) P(supciory (€9 (1) < K) =1, and



(¢c) E [T 16, — ¢ (t)|*dt — 0 as j — oc.

Proof. Let F; = fg 0sds and for each m € N, Ht(m) = m(Fy — Fu—1/mvo0)-

Now fix m € N. Given n € N, write IT, = {fo,...,t} and define 6."™™ = 6™ 1;0(t) +
Z§:1 Gij"f)ll(tjil,tj](t). Since 0§m) is continuous, fOT \Hgm) — Hgm’n)\adt — 0 as n — oo, P-as.
Thus, by bounded convergence, EfOT \Ht(m) - Ht(m’n)\adt — 0 as n — oo.

As in part (b) of the proof of Lemma 3.2.4 in [17], EfOT |9t(m) — 0|*dt — 0. Thus, we

may extract a subsequence, ¢\ (t) = GEmj i ), with n; > nj_;, that satisfies the conditions

of the lemma. [

Lemma 2.3.2 Ifp € [1,00), then
(a) laf” — [b?| < pla —b|(la[*~" +[bP~1), Va,b € R

P
<nPEYTN ) fanlP, Ya, € R

() |31 e

(o) [ 70t < (b =yt [215(0)Pdt, V1 € L ((a,b)
If p € (0,1}, then
(d) ||alP — [b]P| < |a —bJP, Va,b e R

p
(¢) Sy lanl? < P[0 lanl|, Van € R

(1) J215@lPdt < o —a)' = 217, vf € L'((a.0))

Proof. For (a) and (d), we may assume, by symmetry, that |a| > |b] > 0. Set t = |b|/|a| €
(0,1). Since, for every p € (0,00), t — (1 —tP)/(1 —t) is monotone on ¢ € [0,1], and
(1—-t)/(1 —t) - past — 1, we have (1 —t?) < (pV 1)(1 —t). Thus, |lalP — [b]P| =
aP(1— ) < (pv D]alP(1 - 1).

Thus, for any p € (0, 50), [|alP—[bl?] < (pVD]aP(Ja|—[b]) < (P 1)la—bl(|aP~"+bP),
which gives (a). If p € (0,1], then ||a[? — [b]?] < (Ja|(1 — )1/P)P < (|a|(1 = t))? < |a — b},
which gives (d).
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Parts (b) and (c) are just Jensen’s inequality; (e) and (f) are derived by applying (b)
and (c) with 1/p. |

Lemma 2.3.3 Letp > 0, 1 < r < 2. Let g, vp be progressively measurable processes and

. ) 1-2
set AMj = [7 pgdBs, AN = [7 vdBy. Let Xo = (§) 2 X5, [|AM[P — |AN;PP).

n
Suppose oy is progressively measurable and |p| < oy, |v| < ay. Then there exists C' < oo,

depending only on p, r, and T, such that

r/2
(a) BIXJ" < C (B ) lns —mlds)" ifp <15
T 9 r(p—1)/2 T 9 r/2
(b) E|Xal" < C (B Jy lo[ds) (B S s = mlPds) ™, if 1 < p < 2/r;

(p—1)/p 1/p
(c) E|X,|" < C (E s |ozs|p’"ds) (E I s — Vt\p’”ds) ifp>2/r;
Proof. First, by Lemma 2.3.2(b),

EXn["

IN

T r—pr/2 . n
E) IS YIS
j=1

n
= PPN EAMP — [AN; P
j=1

where ky = T"P"/2,

Now suppose p < 1. In this case, Lemma 2.3.2(d) gives

n
E|X,|" < win?/> PN E|AM; — AN;[P"
J J

j=1
n t pr
= /anpr/Q_l ZE / (s — vs)dBs
j=1 [/t
n t; pr/2
< rynPT/2 Z KE / s — vs|*ds
j=1 tj—1

by the Burkholder-Davis-Gundy inequalities, where K depends only on the product pr. By

the assumptions on p and r, pr/2 < 1, so Jensen’s inequality followed by Lemma 2.3.2(e)
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gives
n pr/2
BE|IX,[" < mEnP?71Y"

j=1

t; 5
E/ |ps — vs|“ds
t

-1
pr/2

n t;
k1K ZE/ |ps — V5|2d8
j=1 tj—1

T pr/2
= mK (E/ |ies —1/5|2d5)
0

Now suppose p > 1. In this case, Lemma 2.3.2(a) gives

IN

n
E|X,|" < sin?"?71 Y " E(p|AM; — AN |- [[AM; P!+ AN P
j=1
Using Hélder’s inequality with the conjugate exponents p and p/(p — 1) gives

n
E|Xo[" < mp'nP27H > EIAM; — AN

j=1
p—1
n p
(S B+ ANty
j=1
Now note that
t; pr
E’AMj‘pr = E/ psdBs
ti—1
) pr/2
< k| [ s
ti—1
t] pr/2
< KE/ v |%ds
tj—l
and similarly,
t; pr/2
E\ANjWSKE/ s |2ds
ti—1
Thus, using ||a| + |b]|? < 29(]al? + |b|?), we have
n L pr/2\ »
BT < mp 2 (SOKE| [ - s
1 tj—1
J_
n tj pr/? ijl
S 2o VKE| [ fadds ,
j=1 tj—1
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i.e.

/2\

n pr p

EIX,|" < wnP?TH [N E
j=1

£y
/ v |?ds
t

j—1

tj
J/ s — vs|*ds
ti—1

P
pr/2 p

(2.3.1)

n
E:E
7=1

where kg = r1p" K271/,

If p < 2/r, so that pr/2 <1, then Jensen’s inequality followed by Lemma 2.3.2(e) gives
T
E|Xn|r < /{,2np7"/2—1 nl—pr/? E/ |:us - Vs|2d5
0
T pr/2\
E/ v |?ds
0

mm)é
. (nl—prﬂ
T T(P2—1) T z
= Ko (E/ |as|2ds> (E/ |u8—1/s|2ds> .
0 0

If p > 2/r, so that pr/2 > 1, then Lemma 2.3.2(c) applied to (2.3.1) gives

1
n T pr/2—1 t; P
E|X,|" < ’f2npr/2_1 Z (> E/ lps — vs|P"ds
P tj-1
p=1
n — . p
T pr/2—1 t]
SE) B[ taras
j=1 " tj—1
T L T 5
= K3 <E/ \aslprds> <E/ |us—1/s]prds>
0 0
where k3 = roTP"/271, |

Proof of Theorem 2.2.1. In this proof, several different cases are considered.

Case 1: M and 6 are bounded, f(t) =t.

Suppose there exists K < oo such that, with probability one, |M;| < K and |0 < K,
vt € [0,T]. Tt will be shown that

T\ 72 & T
<n) Z | My; — My, | — Cp/ |0s[Pds
j=1 0



13

in L? as n — oo.

By Lemma 2.3.1, it may be assumed without loss of generality that for each n € N,
0<j<n, 3" € F suchthat | < K as. and ;") = & 1oy (1) +3701 &7 1,0 (0)
satisfies F fOT |0 — 0§n)|2pwdt — 0 as n — oo.

Now write

(%)

XM 4 x™M 4 x(m
Z|Mt — My, P c/ 05|Pds = X, + X5 + X,
7j=1

where

& ™ 2SN
<n> Z |Mtj - Mtj71|p - <Tl> Z ’é-tj,)l‘p|Btj - Btjfl‘p7
7j=1
(n) T\'"2 & p v (TN e
"= (- thj 1By = By P = Cp () DI,
j=1
T
Cp(n)z@ Py [ s

It will be shown that each X](n) — 01in L? as n — oo.
First, X;E,n) = Cp fOT(|9§n)\p —105/P)ds. If p < 1, then Lemma 2.3.2(d) gives |X§n)] <
Cp fOT |9§”) — 65|Pds. Hence, by Lemma 2.3.2(c),

T
EIX(? < C2TE / 60 — 0, ds
0

which tends to zero as n — oo.

If p > 1, then Lemma 2.3.2(a) gives
X< 0y [ 109 00+ 0 s

< C’/ 100" — 6,|ds
0

where C' = 2pCpr_1. Thus,
T
Elx{M? < CQTE/ 160 — 6,|2ds
0

which also tends to zero as n — oo.
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Next, X2 = 7 D1 ]§§n) ]pY.("), where Y.(") = (%) /2 |Bt; — By;_,|P — Cp. It k > 4,
then Y( ") i independent of ]ftn fgn) \pY(n) and ()~ 1/2 (Bt; — By, _,) is normal with mean

zero and variance one, so that EYk( ") — (). Therefore
T KQP
BIX{V = — ZE (I Py, R) < == S B,
7=1

But E\Yj(n)]2 is just a constant which does not depend on j or n. Thus, E!Xén)|2 < % and
XQ(n)—>OinL2 as n — 00.

Finally, for X f ") write M fo dB and adopt the notation AM; = M;, — My, _,
and similarly for AM j( ), so that

1—
()
n

Applying Lemma 2.3.3 with r» = 2 gives that if p < 1, then

T p
ExX™P2 < (E/ 0, — 9g">2ds>
0

S (1AM — |AMP),
j=1

[NiS]

and if p > 1, then

p—1 1
T > T ;
EXp < C(E/ K2pd5> <E/ |98_9gn)|2pd5>
OT l0
= p
(e )
0

—0in L? as n — oo.

(n)

In either case, X,
Case 2: EfOT |0s|?PV2ds < o0, f(t) =
For k € N, let 0 = —kV (0, Ak) and 7, = T Ainf{t € [0,T] : ]fg o ap
M® = [ gPaB, = (19N dB,, where 6 = 0"1y,(t). Note that, with probability

0
one, éﬁ’“)

s| > k}. Define

— 6, pointwise on [0, 7).
Now write

(AR " "
( ) S My — My, P —c/ 16,[Pds = XM + x{mP) 4 x (P

n
7=1
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where

1-2 n
n,k T 2 k
X = (T) T qanl - janp),
j=1

" T\ % X2 T
X = (D) A -, [ s
j=1

T
XM = ¢, /0 (109 — (6,]P)ds.

By case 1, XQ(n’k) — 0in L? as n — oo for each fixed k. Also, E|X§k) 2 — 0 by dominated
convergence.

It will be shown that there exists h(k) such that
(i) h(k) — 0 as k — oo, and
(i) E|X"F 2 < h(k) for all n € N,

from which it follows that
T 1—§ n T
<> Z [ My; — My, [P — Cp/ 1057 ds
n = 0
in L? as n — oo.

As in case 1, Lemma 2.3.3 shows that if p < 1, then
T B P
Elx"™M)2 < <E/ 10, — agk>\2ds>
0

and if p > 1, then

T ijl T %
Elx"Mp2<c (E / \9512pd3> <E / 10, — égk>\2pds) :
0 0

Since EfDT |6s|?Pds < oo, this completes the proof of case 2.

Case 3: f(t) =t.

Let 7, = T Ainf{t € [0,7] : []0,"¥%ds > k}. Let 0" = 6;119,,y(t) and M =
JirmgaB, = [16FdB,. Note that P(r, = T) /' 1 as k — oo and M, = M, 6, = 6
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on {7, = T}. Hence, since

T 1-£ n T
— AM;P — Os|Pds| >
P <n> ;’ il Cp/o |0s[Pds| > €

1-£ n
< Py <T)+P <> Z|AM(k 0/ 10 |Pds| > ¢

it will suffice to show that for each fixed k € N,

T\'"% &
()

T
S jamPp - ¢, / 168 Pds
j=1 0

in L', and therefore in probability, as n — oo.

Fix k € N and for each I € N, let 6" = —1v (6" A1) and M"Y = [1oVaB,. Write

T\t & k) ! !
() S jamPp C/ 0P Pds = x (™D 4 x5 4 x )

n -
7j=1

where

[SiS]
3

" T\'"
x{mh = <n> ST (amPp —janp

T
- Cp/ wgk’l)‘pdsa
0

T
X0 = G, [ (00p—0r)as

"),

By case 2, for each fixed [, Xé"’l)

1)

— 0 in L?, and therefore in L', as n — oco. By

dominated convergence, Xg() — 0in L' as n — oo.

It will be shown that there exists h(l) such that
(i) h(l) — 0 as I — oo, and
(i) E|X{™Y| < h(l) for all n € N,

which will complete the proof in this case.
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Applying Lemma 2.3.3 with r = 1 shows that if p < 1, then

T £
E|X£n’l)\ <C <E/ |9gk) _ ng,l)|2d8> ;
0

if 1 <p <2, then

z T 2t T 3
Elx"<c (E / \9gk>\2ds> (E / 16) —egkm?ds) ;
0 0

and if p > 2, then

T p=1 T 1
p P
E|X§”’l)]§C<E / |egk>|pds) <E / \egm_egwds)
0 0

As before, since EfOT \Hgk)|p\/2ds < k, this completes the proof of case 3.

=

Case 4: General case.
Let X; = fot V/f'(s)dBs, so that (X); = f(t) and, hence, B; = Xy(1), where g = 1, is
a Brownian motion with respect to the filtration, G; = fg(t). Define N; = fot goSst, where

o1 = O\ 9'(1).
Claim: Nt = Mg(t)-

Proof of claim: Let {Y;,G;} be a continuous, square integrable martingale, so that
t
W) = [ ediBy).

0
t

= /0 Og(5)V ' (5)d (X, Yy ())g(s))
g(t)

= [ TR Vi),

= {2, Y())gt)

/9 dX /HdB—Mt

Thus, (N, Y); = (M, Y5))g(t) Mg(,), ) Since Y was arbitrary, this proves the claim.///
Now note that for any p € (0, 0), fo lps|Pds = fo 047 (f'(s))' ~2ds. Since f is a CL,

where

increasing diffeomorphism, f’ is both bounded above and bounded away from zero. Hence,

T 05|PV2ds < oo, P-a.s. By the previous cases, then,
0o 1¥ y P

_bp
2

T
( > Z ‘Nf Nf(tjfl)|p - CP/O ’@s‘pd‘g?
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i.e.

T 1—% r T 1 p
(n> S0, =i, P = Gy [0 ) s
j=1

in probability as n — oo. If EfOT 05|?PV2ds < oo, then EfOT los|*PV2ds < oo and conver-

gence is in L2. |

2.4 Proof of Theorem 2.2.2

In this section, let g; = g(t;, Xy;), Ag; = gj — gj—1, and T, = \/%Z?:l Xi;|Agjl. As
before, the idea of the proof is straightforward: ignore the bounded variation part of the

semimartingale, g(¢, X;), and apply Theorem 2.2.1. Informally,

IT & IT &
EZXt]-‘Agﬂ ﬁZth—l‘Agj’
j=1 j=1
T n
\V =D X
njgl " tj—1
IT S| [t
— — X;. .0.dB
’I’L; /t]-_l tj—1Ys s
IT & /tf
— X.0.,dB
n ]2 b sVs s

T
. 01/0 X041/ F(5)ds

5 [T
:a[/Xf
™ Jo

It should be noted that condition (a) in the statement of Theorem 2.2.2 is sharp in

Q

tj

Q

0sdB;

Q

Jg
%(57 XS)

V f(s)ds

the sense illustrated by the following example: Let T' = 1/4, p = 1/2, and ¢ = 1. Let
h € C=(R) satisfy |h| <1, h=0on (—00,0], and h =1 on [1,00). Let f(z) = h(z)e® ~*
and define g(¢,x) = f(logx). With these choices, g(t, X;) = f(B), so that 8, = f'(B;) and
@1 = 2 f"(By). It can be shown (see, for example, section 4.3 of [17]) that ¢ — E|6;|? and
t — Elpy|? are continuous for ¢ € [0,1/4]. Thus, in this example, EfOT (1052 + |ps|*)ds <

Q.
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On the other hand, there is no n € N for which T}, € L?(£2). To see this, assume that
T, € L?*() and observe that for 0 < s <t < T,

X, |2
E|th(37XS)‘2 = E ft E‘XSf(BS)P
Xt o2 )|2ew/2 >
— T X Sda,:
(% (@) e
1 Xy / 2 2x—x2/2s /OO 22222 /2s >
= E|l— z)|%e dr + e dx
B|% ( 7@) 1

is finite if and only if s < T" = 1/4. Thus, for any j < n, X;,|Ag;| € L*(Q). Since
T, € L?(Q) by assumption, it follows that X;, |Ag,| € L?(Q2). Therefore,

[Xrg(T, X1)| = Xt (9(tn, X)) = 9(tn-1, Xt,, 1) + 9(tn—1, X, 1))

S th’Agn| + th|g(tn_1’th—1)’
implies that X7g(T, X7) € L?(Q2), which is a contradiction.

Lemma 2.4.1 If Z; = fg asds + fg BsdBs with EfOT(]asP +|Bs]")ds < o0, v > 2, then

there exists C' < 0o, depending only on vy, such that for any e < 1,
t+e
ElZue =2 <CE [ (aul + |8.)ds
¢
Moreover, if supg<;<p(Eloy|" + E|B]|7) = M < oo, then
BE|Ziye — Z,]7 < CMeY2.

Proof. We have

t+e Y t+e v
E\Zye = Z]7 < 27 <E / asds| +E BsdBs )
t t
t+e t+e v/2
< 2 gHE/ |as\7ds+K7E'/ |Bs|%ds
t t
l+e t+e
< C (a’”E/ ||V ds +57/21E/ |68|7d5>
t t
where C' = 27 max{1, K} and the lemma now follows. n

Proof of Theorem 2.2.2. First observe that if either condition (a) or (b) holds, then
(2.2.1) is valid on the entire closed interval, [0, T].
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Now, assume (a) holds. Write T,, = Zizl T, T(Lk), where

TV = /= Z _)IAgjl,
tj
T® = 1LZ | Xi,_ Agil — | Xy, 0sd B
njzl tj—1
T n tj
3 _
W = g (e e
=

A
n ts
T = «/ZZ /7 X.0.dB,|.
n 4 b
j=11"%=1
T T 2/q T 1/r
E/ | X0,]%ds < <E/ \98|qu> <E/ XS|2Tds> < o0
0 0 0

where r is such that % + % = 1, we may apply Theorem 2.2.1 with p = 1 to conclude that

)

X05dBs
1

)

Since

295, X0)| V)

T T
1o | |Xseswf'<s>ds=a\/5 | xl
0 ™ Jo

in L? as n — oo. It will thus suffice to show that for k = 1,2, 3, T,gk) — 01in L? as n — oo.

For qul), Lemma 2.3.2(b) gives

n
E’T£1)|2 < TZEHth_th—1|2’Agj|2]

j=1
. 1/r " 2/q
< T(DEX, - X ) | DD ElAg)f
=1 j=1
By Lemma 2.4.1, there is a constant, C', such that
" 1/r " " 2/q
P <or (Yot -t | E [ (8 eands
j=1 j=1 “ti-1

which tends to zero as n — oo since r > 1.
For T7§2), we have

2
n
ET®)? < TY E

t
Xt;_y / psds
j=1

tji—1




Let X* = supg<;<7 | X¢|, so that

tj
/ psds
t

j—1

E’Té2)‘2 < TZ(E’X*‘%)I/T (E
j=1

q) 2/q
2/q

n t;
< Ot S =t [ s
j=1 tj—1

Since f~! € C[0,T], we may write
2/q
- i tj
EIT?P?2 < Cnl?/a an_qE lps|9ds
j=1

ti—1

A T 2/q
- ¢ (E / \@S\st)
n 0

which tends to zero as n — oo.

Finally, for TT(LS), we have
2

n ts
BTOR < TS F /J (X — X1, ,)0sdB,
7j=1

ti—1

n t;
— TZE/ X, — Xy, [*|0s]%ds
j=1 7t

ti—1

IN

n t]. .
TZ/ (B X, —th71|2f)1/ (E|0,])% ds.
j=17%

tia

By Lemma 2.4.1 and the fact that f~! € C'[0,T], we can write

T
BrdP < © [ (slorpids
0

C T 2/q
< Y i-2/q (E/ |¢93qu>
n 0

which tends to zero as n — oo, and this completes the proof of (a).
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Now suppose (b) holds. We may assume without loss of generality that Xo = 1. Let
7, = inf{t > 0 : X; ¢ [1/k,k]}. Choose compactly supported ¢*) € C12([0,T] x (0, 00))

such that g*) = g on [0,T] x [1/k, k] and define 9§k), (pgk) as in (2.2.1).
(k

First note that cpgk) = glgk) (t, Xy) + %,uthm) (t, Xy) and ng) = athg(ck)

since g(k) has compact support, part (a) implies

[T & 2 (T
T7(lk) =/ Zth|g(k)(tj,th) — g(k)(tj_hth_l)! — \/;/0 |Xt9t(kr)‘ /f/(t)dt
j=1

(t, Xt) Thus,



22

in L? as n — oo. Next, note that 7, / oo a.s. and on {t < 7.}, g(t, X}) = g(k)(t,Xt),
0 = Gt(k), and ¢; = Lpgk).

Now let € > 0 be given and choose k sufficiently large so that P(T" > 73) < e. For this

25) < €.

particular choice of k, choose ng such that for all n > ny,

T
P ( T - \/f | X

It now follows that for any n > ny,

P < 7, - \/E/OT|Xt9ty¢th)dt

25) < P(T>m)+

g

< 2e

9 T
T - ﬂ /0 X0 P (D)

)

which proves (b). [ |

2.5 Proofs of Lemma 2.2.3 and Theorem 2.2.4

Proof of Lemma 2.2.3. First note that for u e S¥, k > 1,

‘u(kfl)(ex) / etu® (e)dt + u(kl)(l)’
0

< C

T
/ ete““'dt’ + K
0

T
/ eb“dt‘ LK
0

||
= C/ eldt + K
0

< C

= %(eble -1+ K

¢ |g ©
b

¢ ) JHlal

where K = u(k_l)(l) and b = 1+ a. Thus, S¥~! c S*, and by induction, S7 c S* for all

IN

K —

0<j<k.
Now, define h(t,z) = E, [u(X4(t))] and note that

gz _ost),

h(t,x) =g <s(t), - 5
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where g(t,z) = E;[f(Bt)], f(z) = u(e”™). Since

/ efb$2|f(x)|dx < C’/ e07% a0l g0 < oo

for all b > 0, it follows that g(t,z) is well-defined, has derivatives of all orders, and satisfies
9t = 39ze on (0,00) x R. Moreover, since f is continuous, g € C([0,00) x R) with g(0,z) =
f(z). (See section 4.3 of [17].) Consequently, it can be verified that h € C([0,7] x (0,00)) N
CH2([0,T) x (0,00)) and satisfies (2.2.2) and (2.2.3).

Moreover,

l9(t, z)| < Nors ealyl=(@=9)*/2t gy,

¢ ao|z| > ao|v| 7v2/2td
—€ & (& V.
v 27t S

Since t ﬁ e e lvle=v?/2t gy is continuous on [0, oo)7 there exists M < oo such that

lg(t,z)| < Me@ll for all (t,z) € [0,5(0)] x R. Thus, for all (t,z) € [0,T] x R,

ht,e)| = \g(

_os(t)
2

- 082( D

< Mexp(

< Mell,

where M = M exp(ac?5(0)/2).

Furthermore, if A is another such function, we may set §(t, z) = h(z(t), exp(cz+02t/2)),

where z = s71

h=h.

, in which case Tychonoff’s Uniqueness Theorem gives that § = ¢g and, hence,

Finally, fix j € {0,--- ,k}. By induction, there exists ¢; € R such that

ch Jaxg< >10gx_as2(t)>.

Now, applying integration by parts to the results of problem 4.3.1 in [17] gives

‘ 1 o< s
dg(t,x) = \/2775/ f(l)(y)e( y)2/2tdy

N \/%/ [an(egy)u(n)(eay)] e*(x*y)2/2tdy
o | &
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for some polynomials, p,. Since u € S™ for all n < k, each p,(z)ul™ (z) € SO. Therefore, as
above, each dig € C([0,00) x R), so that d2h € C([0,T] x (0, 00)), which proves (a). Also,

as above, there exists M,,, a, such that

1

’ V2rt

for all (¢,x) € [0,5(0)] x R. Hence, |0.g(t, z)| < N;ebl*l for all (t,2) € [0,5(0)] x R, where
b; = max{ai, - ,a;} and N; = My + --- 4+ M;. Finally, then, for all (¢,z) € [0,T] x R,

/ pn(eay)um)(eoy)e(wy)?/%dy‘ < M, el

J
; i r os(t
01h(t,e®)] < e ]leciNieXp (bi = - 2()D
1=
J -
< el Zﬁiebilrl
i=1
< Neblel
where b = j +max{by,--- ,b;} and N = Ny + --- + N;, which proves (b). |

Proof of Theorem 2.2.4. By Lemma 2.2.3(a) and Theorem 2.2.2, it will suffice to show
that

T
E/ (0|7 + 05]7)ds < o0
0

for some q > 2, where 6; = 0 X;h,,(t, X;) and

1
Yt = h:ct(ty Xt) + /J'Xthwac(ta Xt) + 50'2Xt2h:m:ac(ta Xt)

Note that
h:vt - (ht>$
1
= <—a2w(t)x2hm>
2 X
2 1, 2
= —c“w(t)xhy, — 30 w(t)x*hyrs
so that

1
or = (1 — ?w(t)) Xihao (t, X;) + 502(1 — w(t) Xhpre.
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It will thus suffice to show that for any p1,pe > 0 and j € {2, 3}, EfOT XPYOIh(s, X,)[P2ds <
0o. To see this, observe that by Lemma 2.2.3(b),

0in(t )| < KMl
< K(ebloga: +e—blogx)
= K(2®+270).

Thus,
T T
E/ XP10Ih(s, Xs)[P2ds < KPZE/ (XPrtbez 4 xP1=tp2)gg,
0 0

which is finite. n

2.6 Conclusions

What follows are three topics I find interesting and worthy of further investigation. They
represent possible directions for my continued research in this area.

To apply the results given above to the field of mathematical finance, we could utilize
Theorem 2.2.4, taking for h the solution to the Black-Scholes equation, which is none other
than (2.2.2) and (2.2.3) with w = 1. We could then estimate the transaction costs incurred
as we try to hedge the option u(Xr). However, in the presence of transaction costs, h no
longer succeeds in hedging the option, since our wealth at time 7" will be u(X7) minus
the overall cumulative transaction costs. In the case that u has a strictly positive second
derivative, the absolute value bars in the integrand of (2.2.4) disappear, and Grannan and

Swindle [14] show that in this case, the appropriate h to consider is the solution to (2.2.2),

(2.2.3) with
wi) =1+ 24/ 2 /7).

and that the terminal wealth, V},, obtained by a discrete hedge (and subtracting the scaled
transaction costs) converges in L? to u(Xr). (It should be noted that the case considered
in [14] is actually not quite this general. There, it is further assumed that u is such that

the function, h, which solves their equation satisfies

L O"TPh(t, x)
g = sup ;50 < o

0<t<T
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for all nonnegative integers m, n, and p.)

When u is not convex, the appropriate h to consider seems to be one that solves a non-
linear PDE involving |92h|. Questions that come to mind are whether or not this PDE has
a unique solution and whether or not the discrete hedges converge to the desired limit.

Another important question is what can be said about the rate of convergence in all of
these various situations and how does it depend on f. Not only is this important because
actual transaction costs cannot be made arbitrarily small, but also because the freedom to
choose f implies the freedom to make the limit in (2.2.4) virtually anything we want. Again,
in [14], results are given on the rate of convergence of the V;, under the special restrictions
on u.

Finally, an interesting question not considered in [14] is what happens when we let f
be a random function. Certainly, in applications, we would have the ability to choose our
partition as we go, so we should require nothing more of f than that it be adapted. In fact,
it might be even more interesting to eliminate f altogether and consider partitions that
consist of increasing sequences of stopping times. In either case, the mesh size would be a
random variable, which could converge to zero in different ways, making it unclear as to

what the “right” way is to even formulate possible new theorems.
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Chapter 3

THE MEDIAN OF INDEPENDENT BROWNIAN MOTIONS

3.1 Introduction

Define the median function, M : R" — R, as follows: given x = (x1,...,2,) € R", let
7:{l,...,n} — {1,...,n} be a bijection such that y; = z,(;) satisfy y1 < --- < yy, and
define M(x) = yx, where k = [(n +1)/2]. (Here, |-] denotes the greatest integer, or floor,
function.)

Let {Bt(j )}?‘;1 be a sequence of independent, standard, one-dimensional Brownian mo-
tions and for each n € N, let Mt(n) = M(Bt(l), . ,B,Sn)) and Xt(n) = \/ﬁMt(").

The space of continuous, real-valued function on [0,00) is denoted by C[0,00), and is
endowed with the metric of uniform convergence on compact intervals. Namely, for wq,

wg € C[0,00), the metric is given by

o0
1
dlnen) =3 o g (ka(®) =01 A ).
n—=
The o-algebra generated by the open sets in this metric space will be denoted by B(C|0, 00)).
The random variables, X (™ = {Xt(n) : 0 <t < oo}, take values in this space, and it will be

shown that they converge in distribution to the process described in the following theorem.

Theorem 3.1.1 There exists a continuous, centered Gaussian process, X = {X;:0<1t <

oo}, with covariance

E[X,Xi] = p(s,t) = Vst sin”! (};) ,

where sin~! takes values in [—7/2,7/2], and which is locally Hélder-continuous with expo-

nent vy for every v € (0,1/4).

The proof of this theorem will be postponed until after we have investigated the conver-
gence of the finite-dimensional distributions of the scaled median processes.

The main result of this article is the following.
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Theorem 3.1.2 Let X be as in Theorem 3.1.1. Let {X™}2, be the scaled median
processes as in the discussion preceding Theorem 3.1.1. Then {Xt(znﬂ) :0 <t < oo} <

{X;:0<t< oo} asn — oo.

The restriction to odd integers in Theorem 3.1.2 is for convenience only. The probability
estimates we shall derive are “one-sided”, i.e. we shall derive an upper bound for P(Xt(n) -
Xﬁn) > ¢), but not for P(Xt(n) — X§") < —¢). The latter estimate follows from the former
in the case that X™ £ —X‘(n), which holds if n is odd. Clearly, analogous methods can
be used to separately derive the latter estimate in the case that n is even and remove the
restriction from Theorem 3.1.2.

The chief difficulty in proving the main result will be in establishing tightness. Let us

first give the definition of tightness.

Definition 3.1.1 Let (S, p) be a metric space and let 11 be a family of probability measures
on (S,B(S)). We say that 11 is tight if for every e > 0, there exists a compact set K C S
such that P(K) > 1 — ¢, for every P € II. If {Xy}aca is a family of random variables,
each one defined on a probability space (o, Fo, Pa) and taking values in S, we say that this
family is tight if the family of induced measures {Po X }aca is tight.

The proof of Theorem 3.1.2 will rely on the following result, which is Theorem 2.4.15 in
[17].

Theorem 3.1.3 Let {X (n) 1> | be a tight sequence of continuous processes with the property
that, whenever 0 <t; < --- <tz < 0o, the sequence of random vectors {(Xt(?), e ,Xt(:)) 4
converges in distribution. Let P, be the measure induced on (C[0,00), B(C[0,00))) by X ™).
Then {P,}o°, converges weakly to a measure P, under which the coordinate mapping process

Wi(w) = w(t) on C[0,00) satisfies
(X X)L (W W), 0< 8 <o < tg < oo, d>1.
By Theorem 3.1.3, the main result will follow from the following two theorems.
Theorem 3.1.4 For every 0 <t; <---<tg<oo,d>1,

t1 0"

n d
X)L (X Xy
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Theorem 3.1.5 The sequence {Xt@nﬂ) > . is tight.

n=1

The finite dimensional convergence, Theorem 3.1.4, is easy to establish. However, the
tightness for {Xt(znﬂ) 10 <t < o00}92, is much harder to prove. The major portion of this

chapter is devoted to establishing Theorem 3.1.5.

3.2 Convergence of Finite Dimensional Distributions

The starting point for the proof of Theorem 3.1.4 is the following result, which is a special

case of Theorems 7.1.1 and 7.1.2 in [22].

Theorem 3.2.1 (Multi-Dimensional Median Central Limit Theorem) Let £ € RY, n € N,

be iid random wvectors. Let Fj(x) = P(§J(-1) < z) and Gij(z,y) = P(fl-(l) < x,fj(-l) <wy). Let
n n 1 n

M™ € R have components M]( ) = /\/l(ﬁ]( ), . ,§§ )) and p;j = G;45(0,0) — 1/4. If

(i) F(0) = 1/2 and F}(0) > 0 for all j; and
(11) Gij is continuous at (0,0) for all i, j,

d . . . .
then /nM () & N, where N is multi-normal with mean zero and covariance o, where

Pij
0ij = EN;N; = ——————.
N T F(0)F(0)
Corollary 3.2.2 If €M) @) are iid, mean zero, multinormal, R%-valued random vec-

tors with covariance o and M™ € R% has components M](n) = M(fj(l),...,&](n)), then

d . . . .
VMM S 7 where Z is multinormal with mean zero and covariance

C_E77 — 5o sin) Tij
Tij = BZ;Z;j = /0405 sin ( U”U”) .
\ A2V N]

(Here, sin™! takes values in [—7/2,7/2].)

Proof. By Theorem 3.2.1, v/nM () 4 7 , where Z is multinormal with mean zero and

covariance
F{(0)F;(0)

Tij
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where p;; = P(ﬁgl) < 0,5](-1) <0)—1/4 and

1 x
Fj(z) = P(gj('l) <) = / 1212055 gt

\/27T0'jj

Since F;(0) = (2m0;;) /2, it remains only to show that

T L sin~! i
P o NG
For notational simplicity, let X = fi(l), Y = 5](1) and define

Uij

VTii0jj

at = 1+

. 1 1 1
Xt = X + Y),
V2a* <\/<m VOiji >

so that X+, X~ are independent standard normals. Since

X - f (Vaar X+ + vaa X°)

v = YO (Vaar Kt - Vaa X)),

we have that X < 0 and Y < 0 if and only if (X*, X~) lies above the lines in the plane
through the origin with slopes ++/a*/a~. This sector of the plane has an angle, #, that

satisfies
1—at/a .
cosf = a’/a S , 0€0,7].
1+a+/a— \/0ii0jj
Thus,
P(X<0,Y<0) = 4
’ o
1 ..
= —cos ! <— i )
2 N
4 27 \/0ii05;
where sin~! takes values in [—m/2,7/2]. [ |

We may now prove Theorem 3.1.1, after which Theorem 3.1.4 is an immediate conse-

quence of Corollary 3.2.2.
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Proof of Theorem 3.1.1. Let p(s,t) be as in the statement of Theorem 3.1.1. Let T
be the set of finite sequences t = (¢1,...,t,) of distinct, nonnegative numbers, where the
length n of these sequences ranges over the set of positive integers. For each t of length
n, let Ny = (Ny,...,N,) be a multinormal random vector with mean zero and covariance
EN;N; = p(ti,t;). (By Corollary 3.2.2, with () < (Bgll),...,BS)), such an Ny exists.)
Define the measure Q¢ on R™ by Qt(A) = P(N € A). The family of finite-dimensional
distributions, {Q¢}ter, is clearly consistent, so there exists a real-valued process, X, on
[0,00) that has the desired finite-dimensional distributions. It remains only to show that
this process has a continuous modification, which is locally Holder-continuous with exponent
~ for every v € (0,1/4).
By the Kolmogorov-Centsov Theorem (Theorem 2.2.8 in [17]), it will suffice to show
that for every a > 4 and every T > 0,
E|X; — X,|* < Cr|t — s[*/*
for some Cr > 0 (depending only on 7') and all 0 < s <t <T.
First, observe that X; — X, is normal with mean zero and variance
(s, t) = B(X;— X;)?
= EX}+ FEX?-2EX;X,
= T T v ( j>‘
An application of L’Hopitals’” Rule shows that

—1

as ¢ — 1. Hence, for some constant C, —sin"lz < CV1— 22 —m/2 for all 0 <z < 1. Now
let z = s/t. Then

o?(s,t) = to?(z,1)

=t [g + gx - Qﬁsin_l(ﬁ)] )

Using the above observation,

o2(s,t) < t [g + gx N (Cﬂ— g)}

S [gu - \/:E)2+2C\/Em] .
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Since 1 — /x <y1—xfor0 <z <1,

o?(s,t) < (g—i—QC’) tV1l—x
= (g+20> VIV —s
< Crlt — s|'/?

where Cp = (% + ZC) VT.
Now, for every a > 0, there is a constant K, such that if N is normal with EN = 0,
then E|N|* = K,(EN?)%/2. Thus, for any a > 4,

EIX, — X,|* = Ku|o?(s,t)|*/?

IN

Ko Gyt — s/

= CT|t — S|a/4

where Cr = Kaé’%ﬂ. [ |

3.3 General Tightness Criteria
The following result is often used to show tightness.

Proposition 3.3.1 Let {X(”) 1 be a sequence of continuous stochastic processes X)) —

x™ . <t< oo} on (Q,F,P), satisfying the following conditions:
{X; ying 9
(i) sup,,>1 E|Xt(n) — Xs(")]a <Crlt—s'*P, VT >0and 0< 5,1 <T,
(ii) sup,=1 E|X{ | < oo

for some positive constants o, 3, v (universal) and Cr (depending on T > 0). Then the prob-
ability measures P, = P(X™)~1 n > 1 induced by these processes on (C[0,00), B(C[0, 00)))

form a tight sequence.

This proposition is Problem 2.4.11 in [17], which has a worked solution. An inspection
of the proof reveals that condition (i) can be weakened. The version we shall employ here

is the following.
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Proposition 3.3.2 Let {X(”) o1 be a sequence of continuous stochastic processes X)) —

{Xt(") :0<t<oo} on (Q,F,P), satisfying the following conditions:
(i) sup,,>; P(|Xt(n) —Xgn)\ >e) < Cre®t—s"P, YV0<e<1, T>0,and0<s,t<T,
(ii) sup,sy B|IX{M ) < oo

for some positive constants «, 3, v (universal) and Cr (depending on T > 0). Then the prob-
ability measures P, = P(X™)~1 n > 1 induced by these processes on (C[0, 00), B(C[0, c)))

form a tight sequence.

Proof. By Theorem 2.4.10 in [17], the measures P, form a tight sequence if and only if
(a) limytoo SUP,>1 P(|X | > \) =0, and
(b) limsyg sup,s, P(mT(X™,6)>€)=0 VT >0and e >0

where, for f € C[0, c0),
m"(f(-),8) = sup |f(t) = f(s)|.

jt—s] <
s,t€[0,T)

Since P(\X(()n)\ >\ <FE \X(()n)\” /Y, condition (a) follows from condition (ii).
Now fix T'=1, e > 0, and n € N. Let n > 0 be arbitrary. It will be shown that there

exists mg € N, independent of n, such that for all § < 27™0,
P(m"(x™,6) > ) <,

which will prove condition (b) in the case T' = 1.

For [ € N, let

_ (n) _ (n) ym
= m {1%%?2(’” ’Xk/Qm X( /Qm‘ <27 } )

m=l

where 0 < v < /a. By (i), since 0 < 277 < 1,

<™

m maog—m(1l+
(|Xk‘/2m T (k- 1/2m| > 2" 7 ) < 012’7 2 (1+8)

= (2~ m+B—a)
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Hence,
(n) O (n)
o n —ym _ _ n —ym
P(&i)ém’xk/zm K=yl 22 ) = P(}E_Jl{’ka Xi“aym| 22 }>
< Clg—m(ﬁ—cw)'
and thus

P(Qf) <Y Cyzmmimen),
m=l

Since 0 < v < (B/a, we have f — ay > 0 and we may therefore choose | € N such that
P(y) <.

Now, for each m € N, let D, = {k/2™:0<k <2™} and D =J.._, D
Claim: Fix w € ; and m > [. Then for every h > m,

X (@) - XMy <2 Y 2
J=m+1

whenever s,t € Dy, and 0 <t —s < 27™,
Proof of Claim: The claim is trivial for ¢t — s = 0, so suppose t — s > 0. If h = m + 1, then
0 <t—s < 2™ implies that t = k/2" and s = (k — 1)/2" for some 1 < k < 2". Thus,
w € and h > [ imply that max;j<on |Xk/2h — X((k 1)/2,L| < 277" and the claim holds.

Now suppose the claim holds for all h € {m +1,m +2,...,M — 1}. Let h =
and suppose s,t € Dy, 0 < t—s < 27™. Let s; = min{u € Dy_1 : u > s} and

t1 = max{u € Dy;—1 : u < t}. Then
XM (@) = X ()] < 1X M (@) = X ()] 41X (w) = XD ()] + 1X (w) = XD ().

Now, if #; = ¢, then | X\ (w) — X (w)| = 0 < 277 Tf t; # ¢, then t = k/2M and t; —
(k —1)/2M for some odd k with 1 < k < 2M — 1. Thus, as above, w € ; and M > [ imply
that |Xt(n) (w) —Xt(ln) (w)| < 277 Similarly, |X5(7f) (w)—XS(n)( )] < 2_7M By the induction
hypothesis, since 0 < ¢t; —s1 <t—s < 2™™, we have \Xt(ln)( ) — ( )| < QZJ m+1 277
and this proves the claim.

By the claim, for each fixed w € €; and m > [,

sup \Xt(n)(w)—Xén)(w)\ < 2 Z 277

|t—8|<27m i=m-+1
s,teD J

< 27
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where £ =2/(1 —277). Since t — Xt(") (w) is continuous and D is dense in [0, 1], we have

sup X (w) - X[ (w)] < €277,
[t—s|<2™™
5,t€[0,1]

Now choose mg > [ such that £2770 < ¢ and suppose § < 270, Then

Pm(x™0)>¢) = P[ sup X - Xx"|>e
[t—s|<o
s,t€[0,1]

sup XM - x| >
jt—s|<2-™0
s,t€[0,1]

IN
T

By the above,

O C sup |Xt(n) — Xg”)| < €270 L sup |Xt(n) — XS(”)] <ey,,
[t—s|<27™0 [t—s|<27™0
s,t€[0,1] s,t€[0,1]

so that P(mT(X.(n), d) > ¢e) < P() < n, which completes the proof for the case T' = 1.
By observing that
m(f().8) = sup [f(t) = f(s)l

jt—s/<s
5,t€[0,T

= sup |f(Tt)— f(T's)|
jt—s|<o/T
5,t€[0,1]

= m'(f(T-),6/T),

the general case now follows. |

For any real number ¢ > 0, M(cx) = eM(x), so that the median processes inherit the
scaling property of Brownian motion; namely, {Xc(f) 10 <t < oo} 4 {ﬁXt(n) 10 <t < oo}
In applying Proposition 3.3.2, we should like to make use of this scaling property. To this

end, we once again reformulate the tightness criteria as follows.

Proposition 3.3.3 Let {X(”) o1 be a sequence of continuous stochastic processes X —
{Xt(") :0 <t < oo} on (QF,P). Suppose there exists r > 0 such that for every ¢ > 0,
{Xéf) 10 <t < oo} 4 {CTXt(n) :0 <t < oo}. Suppose that
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(i) supps1 P(IXUY = X > 6) < @618, Vo <e <1 and 0 <6 <&
for some positive constants dy, C, o, and 3. Define v = min{(a A B)r,1+ G}. If v > 1 and
(i) supp,>1 E|X WT <o

then the probability measures P, = P(X("))_l, n > 1 induced by these processes on

(C10,00), B(C[0,00))) form a tight sequence.
Proof. Since X(gn) = 0, it suffices by Proposition 3.3.2 to show that

sup P(|X™ — XM > &) < Cpe @Bt — g7 (3.3.1)
n>1
foral0<e<1,T>0,and 0 <s,t <T.

First, suppose that ¢ > 1 and 0 < § < dp. Choose m € N such that % < £ < 1. For

£
m

j€10,...,m}, define t; = jo/m. Then

P(X{75 — "%w<ZPﬂ2 X{%, > e/m).

If cj = (1 + tj_l)il, then

X -X = (i) (X, - aXx )
d r n
(Mt (XL, - X

= u+w4wxwr—xw>

\]

where 1 +Tj = (1 —f—tj)/(l —|—tj_1), ie = (1 -I—t] 1)} Thus

D D ¢ —
1 ( 7 ’ m(1+tj-1)"
-
J’_
T
. <m 1+tj 1 ) J

5\ 1+8
C( ) (7”>
1 2(1+4 do)"

Let C' = C2%(1 + 6y)"® and observe that m > e. Hence,

1 + 50 m

j=1

Ms

P(x" - x| >e) <

<.
Il

IA
NE
Q

<.
Il

<

NE

<.
Il

< CePslth,
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We have now proven

(1)" sup,>; P(|X£:L_)5 — Xgn)| >e) < Ce PP Ye>1and0<d < dy.
Combining (i) and (i)’ gives

(1) suppsg POIXUY = X > 6) < K(e7 4+ e7#)5M8, e > 0 and 0 < § < &,

where K = max{C, C}.
Nowlet 0<e<1,T>0,0<s<t<T,and n € N. Define p=1/(1+ dp). We will
prove (3.3.1) by considering two separate cases.

Case 1: Suppose s > pt. Then

Xt(n) o Xgn) _ Sr(s—rXt(n) _ S—rXén))

Il

(X = X1)

= (X -x")

where 140 =t/s,i.e. § = (t—s)/s < (1—p)/p = dp. In what follows, Cr will be a constant
that depends on T' (but not on ¢, s, ¢, or n) that may change value from line to line.

‘We now have

PUXM™M - XM >e) = PUXT; - XM > es77)

K(s"% ™ 4 sPe=P)glt+h

IN

Cps(@B)r (V) 51+

IN

_ CTS(Ol/\/B)TflfﬁE*(OéVﬁ)H _ S|1+ﬁ (3.3.2)
If (a ANB)r—1—p82>0, then (3.3.2) and s < T imply

PUX™ — x| > ¢) Cre=(@VP)|¢ _ g|1+8

IN

< C’Ts_(o‘vﬂ)\t — s
If (a NB)r—1— <0, then (3.3.2) and s > pt > p|t — s| imply

P(|Xt(n) — X§”)| >e) < Cpe @VB)|¢ — g|@rd)r

< Cre= @B — ).
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Case 2: Suppose s < pt. Then t = (t —s) +s < (t — s) + pt implies t < 7(t — s), where
T=1/(1-p)=(1/0) + 1. Now,

P(IX — XM >e) < PIX|+ X > ¢)
< P(IX"1> )+ P (1X™)> )
= P> ) e (1> )
< 2P(|X§")|>%).

Using Chebyshev, condition (ii), and the fact that ¢t < 7(t — s) gives

N\ /T
2 <2t> BIxMplr
e

P(x{ - XM > ) <
< CTF:*W/T{Y
< Cre M —s].

Finally, v/r < (a A 3) < (a V (), so
PUX™ — XM > &) < Cre= @Dy — g7,

and this completes the proof. |

3.4 Median Estimates, Part I

With the general tightness criteria in place, we are now ready to formulate specific estimates
on the median processes themselves. We begin by verifying condition (ii) of Proposition

3.3.3.

Lemma 3.4.1 For all z > 0, \V27®(—z) < 2~ 'e~*"/2, where ®(z) = \/%7 i e 12t

Proof. Write v2r®(—z) = [t te=*/2 4t and integrate by parts. [ |
Proposition 3.4.2 Let Mt(n) be as in the discussion preceding Theorem 3.1.1 and let k =
|(n+1)/2]. Then Ml(n) has density function

fulx) =k <Z> V%@(m)k_lq)(—x)”_ke_ﬁ/?.
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Proof. This is a special case of Theorem 1.3.2 in [22]. [

Theorem 3.4.3 (Burkholder’s inequality) Let {£;}72, be a sequence of independent random
variables with E§; = 0 for all j. Then for each p > 1, there exists a constant C, < oo,

depending only on p, such that for all n € N,

p
2

p
E]) & <GE]Y IgP
=1 j=1

Proof. This is an immediate consequence of Theorem 6.3.10 in [25]. [

Proposition 3.4.4 Let Xt(n) be as in the discussion preceding Theorem 3.1.1. Then for

each p > 2, there exists a constant Cp, < oo such that for all y > 0 and all n € N,

P(X™M| > y) < Cy ™.

Proof. First, suppose y > 24/n. By Proposition 3.4.2,

P(x(" < —y) = P(M™ < —y/Vn)

n! —y/\/n

k

n —y/\/n
< (k_l)'/—oo O (z)* 10/ () dx

k

= GeyVn

By Stirling’s formula, there exists a universal constant C' < oo such that k! > %k‘ke_k.

Moreover, by Lemma 3.4.1, &(—x) < e=@/2 for x > 1. Thus, since k > n/2,

k
n n - n
P(X; ) < _y) < Ckke_k(e y2/(2 ))lc
< C[(2e)(e7V/ )k,
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Since (2e)(e¥"/(2M)) < (2¢)(e72) < 1,

P(XM < —y) < C[(2e)(e7v /202
= C(Qe)"/2e*y2/4
< C(2e)V /8 v/

- o)™

< Cpy L.
Now, suppose y < 24/n. In this case,
P(X{" < —y) = PM" < —y/vn)

= F 21{B§”<y/\/ﬁ}>k)
]:
L n
= r le{B§J)<y/x/ﬁ}>2)
J:

= P|) ¢ >n(1/2q)) :

j=1

where ¢ = ®(—y/y/n) and §; = 1{B§j)<7y/ﬁ}—q. By Theorem 3.4.3 and Jensen’s inequality,

p

p 2

ED & < GED g1
=1 j=1

n
1
2
< Gy el
j:

< Cpnp/ 2,
Thus, by Chebyshev,

P(x{" < —y) < Cun?*[n(1/2—q)] "

— G lVa1/2—q) .

Now,
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Combining these results gives that, for all y > 0, P(X fn) < —y) < CpyP.

Finally, note that M(—x) < —M(x). Thus, if ]\th(n) = M(—B,fl),...,—Bt(")), then

Ml(") 4 Ml(n) < —Ml(n). Hence,

P(X{" >y) = PM" >y/Vn)

which completes the proof. |

Corollary 3.4.5 For each p > 0, sup,>; E]Xl(n)\p < o0.
Proof. For any p > 0,
(n) * -1p( x ™
n — n
BIXP = [ o PR > ) dy
0

by Lemma 1.5.7 in [10]. By Jensen’s inequality, we may assume without loss of generality

that p > 1. Thus, by Proposition 3.4.4,

1 ')
/Opyplder/1 PPy P dy

EIxXMp

IN

o0
= 1+pCp+1/ y 2 dy,
1

which is finite. [ |

Now that we have verified condition (ii) of Proposition 3.3.3, we must turn to condition
(i), which is more challenging to establish. The ultimate goal will be to prove the following

result.

Proposition 3.4.6 Let Xt(n) be as in the discussion preceding Theorem 3.1.1. Then there
exists a constant 69 > 0 and a family of finite, positive constants {Cp}p>2 such that for each
p>2,

sggP(Xﬁ)é — an) > g) < Cp(e71o/0)P (3.4.1)

forall0<e <1 and 0 < < dg.
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Remark 3.4.1 The proof of Theorem 3.1.1 suggests that the right hand side of (3.4.1) could
be replaced by Cp(aflél/‘l)p. For technical reasons related to the method of proof, this sharp
bound could not be obtained. However, the choice of 1/6 as the exponent in (3.4.1) appears
to be arbitrary. Presumably, with minor modifications, the right hand side of (3.4.1) could
be replaced by Cp(e7167)P for any fized v < 1/4.

Once we establish this result, Theorem 3.1.5, and hence Theorem 3.1.2, will follow.
Proof of Theorem 3.1.5, given Proposition 3.4.6. First observe that {X(2n+h}1o
satisfy the initial hypothesis of Proposition 3.3.3 with » = 1/2. Now choose any p > 18.
Let « = p, 8 = (p/6) — 1 > 2, and check that v = min{(a A B)r,1+ 5} = /2 > 1. Let J
be as in Proposition 3.4.6 and let 0 < € < 1, 0 < § < dg be arbitrary. Using Proposition
3.4.6 and the fact that X "tY £ —X.(2n+1),

sup P(IX5TD — X P s o) = 2sup (XS - XY s g
n>1 n>1
< 2sup P(X&L_)(S - an) > €)

n>3
2C, (e~ 161/5)P

IN

= 20, 5P,
This verifies condition (i) of Proposition 3.3.3; condition (ii) is given by Corollary 3.4.5. B

So it only remains to prove Proposition 3.4.6. The starting point in the proof is an
investigation of the conditional distribution of Ml(i)d — Ml(n) given Ml(n). Informally, if
Ml(n) = z, then we know that one of Bfl), e ,Bgn) is equal to x and of the remaining n — 1,
k — 1 of them (recall that k = [(n + 1)/2]) are less than z and n — k of them are greater
than x. The knowledge that Ml(n) = x gives us no other information than that. So we may
regard Bgl), ey B%n) as consisting of one Brownian particle located at x, a group of k — 1
iid Brownian particles conditioned to lie below = at time ¢ = 1, and a group of n — k iid
Brownian particles conditioned to lie above x at time ¢ = 1. Presumably, these heuristics

(n) M1(n)

could be used to derive a precise formulation of the conditional distribution of M; 5

given Ml("). For our purposes, however, an inequality will suffice.
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To formulate this inequality, first recall that by Proposition 3.4.2, Ml(n) has a smooth

density function, f,(x). Now, for z,y € R and § > 0, define

= med) = (B <oty B9 <)

- st (o

Let po = pao(x,y,9) = p1(—z,—y,0) and ¢; = 1 — p;. For each k € N, let

kK Kk
B\ (N 5 es i oh
or(r,y,0) = ZZ (z) (j)plqlf p%q’; 7, (3.4.2)

Proposition 3.4.7 Letn >3 and k = [(n+1)/2| > 2. With the notation above, we have
that for all 6 > 0 and all y > 0,

o0

P, — M™ > ) < / oho1(2,9,0) fu(2) da.

— 00

Proof. Fix 6 >0 and y > 0. Let M € N and let » > 0 with M/h € N. Then

POy = M >y, (P <) <0 3 P (M - >y MY € [ea+h))
HE
Z P (Ml(i)d >+, Ml(n) € [az,x—i—h)) .

rERZ
lz|<M

IN

Let S, ={1,....n}, I ={ICS,:|I|=k—-1}, S={(1,j): I €Z,j€S,\I}, and for
(Z,5) € 8, let I'(j) = Sp \ (I U{j}).
For (I,j) € S, x € R, and h > 0, define

A(L,j,z,h) = {BY € [z,2+ h)} n{BY < BY vie 1} n{BY > BY vie ryn.
Note that, up to a set of measure zero,

MV elzz+n)}= () AU jzh),
(I,5)es
and that this is a disjoint union. Thus,

P (Mfig >z+y, M e [x,ac—i—h)) - Y r (Mfi{S >z 4y, A(I,j,x,h)) .
(I,5)es
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For (I,j) € S, x € R, and h > 0, define
A1, j,2,h) ={BY € [z,a+ )} n{BY <z +h, Vie I}n{BY > a,Vie I'(j)}
and observe that A C 4, so that
P (Ml(i)é >z +y, AUl j, h)) <p (Mfi)é >z 4y, Al j. h)) :
Now fix (I,7) € S and z € R. Define
N o= Z 1{Bl+6<m+y}

Ny = Z L B9 saiy)

lEI/j) 1o
N = Z 1{Bl+§>x+y}

and note that {M1 s > r+y} ={N >n—k+1}. Also note that, up to a set of measure

ZErOo,

N = Not(b=1)=Nitl0

< Ny — Ni+k.
Thus, if d(n) =n — 2k +1=[(—1)" 4+ 1]/2, then
(M > 2+ y) € (N — Ny > d(n)}.
This gives

P (Mfi{s >z 4y, A j, =, h)) < P (N2 ~ Ny >d(n), AL, j, @, h)>
1

k— n—k

= > P(N; =1, Ny =m, A(I,j,z,h))
1=0 m=d(n)+1
k—1 n—k

= P(BY € [,z + h)) P P2
where

p = P({lezm{B@<x+h,\ﬁeI}>

P2 = p ({N2 =m}n{BY >z, vie I’(j)}) .
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By symmetry and independence,

A= (57 ) wte b+ oG ) o g

where ¢(z,y) = (B(l)(s <uw, B(l) < y). Similarly,

P = (" s = a0 - wl-e )

m

Now, observe that
P(A(I,j,z,h)) = P(BY € [z, + h))®(z + h)*L(~x)" .
Also,

Y(x+y,x+h)
O(x + h)

=PBYs <a+y|BM <z+h)=pis
where p; p, = pi(x + h,y — h,6). Similarly,

Y(=z —y,—x) (1) (1)
W:P(Bl+5>$+y|Bl >l’):p2

Thus, if ¢1 , = 1 — p1 4, then

=

k—1 n—
P(Ml(z)& >z 4yl AL,z h) ) <
=0 m=d(n)+

k—1\(/n—-k B A,
< I >< m >p1hQ1h1 gy
If n is odd, then d(n) =0 and n—k =k — 1, so

P (M > w4y | AL G a,h)) < gl (2,9,0) (3.4.3)

where

k
k k—
(z,9,6 ZZ( >< >p1hq1th”2q2 7.

=0 j=1

If n is even, then d(n) =1 and n — k =k, so

k—1 k
n It . k—1 k m m
P> eeyldtgen) < X0 (M) (5 )t topas
=0 m=I+1
k—1

k
k-1 e AN
= ( I )pﬁ,hq{“,hl : Z (m>p2 qIQC ‘

=0 m=[+1
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To see that (3.4.3) holds in this case as well, we need simply observe that

k k—1
E k m _k—m 2 : k 1 k—1—
< m m'
<m> P21 - — m P2 ¢

m=[+1

Indeed, if {¢;}32, are iid {0, 1}-valued random variables with P(§; = 1) = pa, then

k

k
> (e - r(Se
j=1

m=l+1
k—

1
= P szgk)

Jj=1

k-1
£ >1
=

IN
T

Putting everything together, we have

P M >y Y <My < Y0 ST @b (@, 6)PIAL j, 2, b))

x€hZ (1,5)eS
HES TR

3 P(A .
= ¢Z—1(I7y75) ( )P(A(I,],JU,h))
Z P(A
x€hZ (I,5)eS
|z|<M

~—

Note that P(A(I,j,z,h)) > P(ng) € [x, x+h))®(x)" 1 ®(—z—h)"* sothat P(A)/P(A) <

gn(x), where

‘P(g(;r)h)] - [‘P(qi(x_ f)h)} B '

gn(x) = [

Thus, by dominated convergence,

PMY — M >y MM < M) <Y Qb (@yd)an(@) S P(A(Lj,z,h))

7 s
- Z <P271(90a Y, 6)gh<$)P(M1(n) S [1‘, T + h))

rERZ

|| <M

M
- / ‘Pk—l(xay, 6)fn(x) dzx.
—M
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Letting M — oo finishes the proof. |

Now, let us fix z € R, y > 0, and § > 0. Construct two independent sequences of

iid {0, 1}-valued random variables {fj(l) 321, 1 € {1,2}, with P(g%i) = 1) = pi(z,y,9). Let

Y; =& — ¢ and 5, = 25| ;. Then

P(Spy>0) =

The idea will be to estimate @ (z,y,d) = P(Sk > 0) via Chebyshev’s inequality. However,
a straightforward application of Chebyshev to our situation will not provide sharp enough
estimates, so further refinement will be necessary. For this reason, we now take a brief
detour from our median processes to prove some general lemmas regarding probabilities of

this sort.

3.5 Miscellaneous Lemmas

Lemma 3.5.1 Let {Y;}72, be iid {—1,0, 1}-valued random variables with P(Y1 = —1) = p1,
P(Y1=1) =py and let S, = Z?Zl Y;. Suppose that € = p1 +p2 > 0 and p = p1 — p2 > 0.

Then for each p > 1, there exists a finite constant Cp, depending only on p, such that

3

P(S,>0)< Cpnp/ﬂp (3.5.1)
Proof. Since EY; = —pu, we have
P(S,>0) = P(S,+nu>nu)
E|S,, + nu|*

n2plu2p
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By Theorem 3.4.3 and Jensen’s inequality,

2p
n

E|Sy+nul* = E|> (Yi+n)
j=1

p
n

G (1Y, +
j=1

< ConPE|Yi + pl*,

IN

and
ElY1+pl? = pi(1— @)+ (1) +pa(1 + p)*
< 2%(p1 + p2) + p?
< (2% + 1)
since p < e. Thus, (3.5.1) holds with C, = C,(2% + 1). [

For the estimates we will need, (3.5.1) will not suffice. We will need the numerator on
the right hand side of (3.5.1) to be of order P, rather than of order . There is no way to
further refine the moment estimates in the above proof since, although we haven’t stated it
here, Burkholder’s inequality is two-sided. A different approach will be taken in the next

several lemmas to refine (3.5.1) and achieve the necessary level of precision.

Lemma 3.5.2 Forne N, k€{0,...,n}, pe (0,1), and x € R, let f(n,k,p) = (Z)pkq"_k,
where ¢ =1 — p, and let g(n,z,p) = (2mnpq)~"/? exp{—(z — np)?/2npq}. Then

sup sup M < 00

neN \ k€{0,...,n} g(n, k,p)

if and only if p = 1/2. However, there exists a universal constant, C, independent of p,

such that f(n,k,p)/g(n,k,p) < C for alln € N and all k € {0, ..., |np|}, provided p < 1/2.

Proof. It will first be shown that, for p < 1/2, there is a universal constant, C, such that
f(n,0,p)/g(n,0,p) < C and, if [np] > 1, f(n,1,p)/g(n,1,p) < C. We start by showing

that if o > 0, then there exists a constant, C,, such that

(np)*(qe?/*N)" < C.
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To prove this, first consider 2/5 < p < 1/2. In this case, geP/?? < %el/Q < 1. Thus,
3 n
(np)®(geP/?9)™ < sup [na (561/2> ] < 0.
n

Next, consider 0 < p < 2/5. We claim that in this case, ¢°/%eP/24 < 1. This follows from the

fact that diq[log(q5/66p/2q)] = (5q — 3)/64* > 0, for ¢ > 3/5. Hence,
(np)*(qe”*)™ < ng"/p®.
Elementary calculus shows that for z > 0, z%¢%/% attains its maximum at z = —6« /logq.

naqn/Gpa < 670[ 1—gq .
“\e | log g

Since (¢ — 1)/logq — 1 as ¢ — 1, this proves the initial claim.

Thus,

Thus, for p < 1/2,

f(na Ovp) _ 2mnpq qnenp/Zq
g9(n,0,
= \/2mq(np)'/?(ge??1)"
< V2rCip
and, if np > 1,
f(n7 17p) -1 np 1 1
S = V/2mnpg npg" T expy o= = — 4 o
9(n,1,p) 2¢ q 2npq
< 2mq qnfl(np)S/Qenp/Zq
27

= /= (np)*(qe?/*)"
q

S \/471'03/2.

Now, for k € {1,...,n—1}, f(n,k,p) is bounded above and below by universal, positive

constant multiples of

nti

n- 2 Pt
1 1

(n _ ]{?)n_k+§ kk+§

by Stirling’s formula. Thus, if

on(x) = <n+;> logn — <n—x+ ;) log(n —x) — <x+ ;) log

2 T np

Z 10 n x) 10 ogn (0] (0]
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then there are universal, positive constants C7 and Cs such that

f(n,k,p)
log C k) < log | V2P P) 00 k 3.5.2
og 1+¢n()_0g[g(n’k’p) < log Oy + ¢ (k) (3.5.2)
foralln € Nand all k € {1,...,n—1}.
Now,
(5) +in (n+1)log = + Zlogp+ 1
—) = [(n+=|logn—(n og—+ —1lo —lo
on (5 5 ) log g5 + 5 logp+ 5 logg
2 ogn+ Llogp+ Slogq 4 - — Ly P
—logn+ -lo —lo — - — 4+ =
9 0BT BP9 I8 d T g T 0 T g

1
= nlogn + §1ogn—nlogn—logn+nlog2—|—log2
n

n
8pq 2

1+ logp+ P logq+ ~logn + = logp + - logg +
B) ogp B 0gq B ogn 5 ogp 5 0gq

1 1 1
= log2—&—flogp+flogq+E 2log2 +logp +logg+ — —1
2 2 2 4pq

= %log(élpq) + %(wz(p) +92(1 = p)),

where 19(x) = log2 + logz + 1/(4z) — 1/2. Now, ¥4(z) = 1/x — 1/(4x?), so

Uy(p) —¥h(1—p) = (; — ;) - <4;)2 = 41qQ>

q—p ¢-p°
Pq 4p2q?

N
Pq 4pq
Since 1—1/(4pq) < 0 for all p # 1/2, the function p — 2(p)+1p2(1—p) is strictly decreasing
on (0,1/2) and strictly increasing on (1/2,0). Since 92(1/2) = 0, ¥a(p) + ¥2(1 — p) > 0 for
all p # 1/2. Thus, if p # 1/2, then ¢,(n/2) — oo as n — oo. It now follows from (3.5.2)
that if p # 1/2,

f(n,k,p)\
sup sup —L | =o0.
neN \ ke{0,...,n} g(na k)p)

We now compute the following:

n—x+1/2 r+1/2 T 1
o(x) = logn—z)+ Y2 qogp TEUZ orp toggt 2 - L
n—x x npq q

1 P T 1

= log(n—2)+-— —logz— — +log? + 2 =

og(n x)+2(n—x) ogx 2x+ qu+npq .



”(x) - _ 1 + 1 — l + i + L
Pn - n—z2 2mn-—2)2 2z 222 npg
1 1 1 1
" _ _ -
(@) = (n—x)? + (n—x)3 tTE TR
2 3 2 3
(4) - _ _ 42
e () (n—x)3 + (n—az)* 23 2t
_ 3-2n—-2z)  3-2x
T (n—a)? x?

Since go,(fl) < 0on [2,n— 2] and ¢ (n/2) = 0, it follows that ¢!’ > 0 on [2,n/2],

n

increasing on [2,n/2]. Now suppose p < 1/2, let x € [2, np], and write

() = pn(np) — / N @l (t) dt.

Note that
1 1 1
on(np) = <n + 2> logn — <nq + 2> log(ng) — (np + 2> log(np)
1 1 1 np np
+nplogp+nqlogg+ —logn + -logp+ -logg+ — — — +
2 2 2 2q q

i.e.

np

2q

1 1
= nlogn +logn —nglogn — ilogn— nqlogq — nplogn — ilogn

—nplogp + nplogp + nqglogq
=0
Next, write
np
ent) = entnn) — [ i) ds
t
and note that
1 1 P
on(np) = log(ng) + g log(np) — o T log;
_ P=4a
2npq

Thus,

np np
p—q "
n(x) = — — n(s)ds | dt
el = = [ (Bt [Tt as)
_ np s
< (]2(];0+/x /Ic,o;;(s)dtds
1

5 /x (s — x)¢h(np) ds.

IN
I
+

o1

Py 18
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Finally, note that

PniliP) = ng 2n2¢2 np  2n%p?  npg
_ P+
M2p2qe
Thus,

1 p2 _|_q2 np
1 PP+ 5,

< 42 7

S 57T 2n2p2q2n
3

< -,

- 2

It now follows from (3.5.2) that there is a universal constant, C, independent of p, such
that f(n,k,p)/g(n,k,p) < C for all n € N and all k£ € {0,...,|[np|}, provided p < 1/2.
Also, if p = 1/2, symmetry gives the same bound for k € {|n/2] +1,...,n}, and it follows
that

n, k,
ilelll\al (ke?(},l.r.).,n} gén, ]@g) =0

which completes the proof. |

Lemma 3.5.3 Let e € (0,1/2) and suppose that {£;}52, are iid {0, 1}-valued random vari-
ables with P(§, = 1) = . Let T,, = Z?:l &. Then for each p > 1, there exists a finite
constant Cy,, depending only on p, such that for all n € N,

1

(en)P”

PEsg) <

Proof. Let f and g be as in Lemma 3.5.2 with p = ¢, so that there exists a universal,
finite constant C, independent of €, such that f(n,k,e) < Cg(n,k,e) for all n € N and all
kEeA{0,...,|en]}.

Let m = |en/2], so that

IA
Q
(=~
=N
S
&
2
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If en < 4, then P(T,, < m) < 1 < 4P/(en)P, so that we may assume without loss of
generality that en > 4. Note that x — g(n,z, ) is increasing on [0,en] and en > 4 implies

m+1<(en/2) 4+ 1 < 3en/4. Thus,

P(T, <m)

IN

m~+1
C’/ g(n,z,e)dz
0

IN

3en/4
C/ g(n,x,e)dz

— c /36n/4 6—(1‘—511)2/215 dx
V21t J—o ’

where t = ne(1 — €). By a change of variables, then

P(T,<m) < C® <—45\%>

E)

By Lemma 3.4.1,

¢ 4 —en /32
< ——€
T V21 eEn

< C\/ie—an/?ﬁ.
s

Since there exists K}, < oo such that aPe~/32 < K, for all z € [0, 00),

2 1
< < “K—
P(Tn m) C[Kp (En)p ,

which finishes the proof. |

Corollary 3.5.4 Lete, &, and T}, be as in Lemma 3.5.3. Then for each p > 1, there exists

a finite constant Cp, depending only on p, such that for alln € N,

1 1
E|l—:T,>0 <Cp—r—.
w0 <Gpy

Proof. By Lemma 3.5.3,

1 1 En 1 en
E|l=—:T,>0 = E|=:1<T,< —|+E|=:T,>—
R I i e TR

ENn ENN\ P
< p(T <7) (7)
- =9 + 2
1 2P

IN
9
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and the proof is complete. ]

Lemma 3.5.5 Let {Y;}32, be iid {—1,0,1}-valued random variables with P(Y1 = —1) =
p1, P(Yr = 1) = py and let S, = Z;LZIY] Suppose that ¢ = p1 + p2 € (0,1/2) and
i =p1 —p2 > 0. Then for each p > 1, there exists a finite constant Cp, depending only on

p, such that

b
P(S,>0)<C

20) < Gy (3.5.3)

Proof. Let {Y/J}Joil be a sequence of iid {—1,1}-valued random variables with P(Y] =
—1) = p1/e. Let {§;}32; be a sequence of iid {0, 1}-valued random variables, independent
of {}73}5";1, with P(¢, = 1) = e. Then {Y}¢; }524 is an iid sequence of random variables with
Y& £ 1.

Let S, = Py Y; and note that by Lemma 3.5.1,

= ~ 1 . e
P(S, >0) < Cpnp(u/E)QP = CpnPIuQP (3.5.4)
Define T;, = >, &;, so that
n ~
P(Sa20) = P (3% >0
j=1
n n B
= P 3620, T, =k
k=0 7=1
n n _
= . P{Yigz0M=al,
k=0 ac{0,1}" j=1
|a|=k

where o] = a1 + - + o, and € = (&1,...,&,). Thus,

P(S, >0) = Z Z P Z V; >0, =aq
k=0 ac{0,1}" {jrej=1}
|a|l=k
=> > P Y viz0|PeE=a)
k=0 ac{0,1}" {j:a;=1}

la|=k
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By symmetry,

P(S,>0) = Y PIY Viz0|PE™ =a)
k=0 ae{0,1}" j=1
|a|=k

Using (3.5.4),

~ €
= |
n /8
< (1-¢) +CpﬁW7

by Corollary 3.5.4. Now note that 1 —e < e™¢, so that

(1—e)" < —en < AW 1 —c ef =y EP
€ ¢ — p(gn)p_ panQp* pnpu2p’

which gives (3.5.3) with C, = CJ/ + ). u

3.6 DMedian Estimates, Part II

With Lemma 3.5.5 in place, let us return to the function ¢g(z,y,d) of Proposition 3.4.7.
We saw earlier that, for fixed x € R, y > 0, and § > 0, ¢i(x,y,0) = P(Sx > 0), where

Sk = Z?Zl Y; and {Y;}52, is an iid sequence of {—1,0, 1}-valued random variables with

P(YI - _1) = ﬁl(x7y7 6) :pl(may75)QQ(‘r7y75)

P(Yi = +1> = ﬁ?(x7y7 5) :pg(a?,y,5)q1(a?,y,5)-

For (3.5.3) to be of use, we will need an upper bound on € = p; + p2 and a lower bound on
fi = p1 — p2. In particular, we will need € < 1/2 and g > 0. Unfortunately, although [ is

increasing in z, it is negative for x sufficiently close to —co. We will therefore need to make
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use of the fact that for any zg € R, Proposition 3.4.7 gives
o] o
P(M{s - MY > y) < / ei-1(,,0)fu(w) da + / er-1(,y,6) ful) do

0 —00

< / oh1 (2,9, 0) fu(@)da + [ ful2)do

0 —0o0

- / 1 (2, ,8) fu(2) dz + POM™ < ).

0
In fact, we can go one step further in obtaining a simple estimate for this probability by

proving that x — ¢g(x,y,0) is decreasing.

Lemma 3.6.1 Let n, k, and @i be as in Proposition 3.4.7. Fizy >0 and § > 0. Then for
all g € R,
M(n) > y) < pr-1(20,y,9) + P(Ml(n) < o).

P(MY; ~

Proof. By the above discussion, it remains only to show that x — ¢k (x,y, J) is decreasing.
By our probabilistic representation of ¢, and the facts that ¢; = 1 — p; and pa(z,y,d) =
p1(—x,—y,d), it will suffice to show that for fixed y € R and 6 > 0, z — pi(z,y,0) is

increasing.
Let
b(x,y,0) = PBY <aty, BY <)
* 55+y_t> /
- (L") o(t) at, 3.6.1
I ( =) (3.6.1)

so that p; = ¢/®(x). Integrating by parts gives

W,y 8) = <\%> B(z) + \}S /Oo o' (%) (1) dt,

so that

o = et a2 (7)Y f/ o () o
s [ e [ s
= sovi L2 (55 ) B —ifff] o0 @52
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Now, note that

d[q”(x)] _ (@)®(z) — [¥'(2))?

dz | %) ()
= ! _ ze " 12p(x —ie_gﬁ2
= o (0 - g

S (PR Gy
- mmm(q’”*m )

Clearly, x®(x) + L e=7"/2 >0 for £ > 0. For z < 0, Lemma 3.4.1 gives
Ver

1 2 1 2
x®(x) + e 2 = 2d(—|z|) + e v/
(@) + = (—lal) + =
1 -1 _,—22/2 1 —x2/2
> r——|x| e + ——e
\/277’ | V2T
= 0.
Thus, x — ®'(z)/®(z) is decreasing, so by (3.6.2), d,p1 > 0. [

We now turn our attention to estimating € and fi. The goal of these estimates, of course,
will be to provide information on P(Ml(i)(s - Ml(”) > y). The method of approximating this
probability will depend on the value of y. As it will turn out, the estimates will be quite
straightforward for y > /0. We will focus our attention, primarily, on the case y < /4.
These methods will then be slightly modified to cover the case y ~ v/§. Let us first state

the result we wish to prove.

Lemma 3.6.2 Let i = fi(x,y,0) and q; = qj(x,y,d) be as in the discussion preceding
Lemma 8.6.1. For each ag > 0, there exists &g > 0 such that for all 0 < § < §y and all

a > ag, if we set y =Y and x = —Y4 then i > ﬁy and ¢1 < qa < 5005Y/2.

This result will follow from the following Taylor-like expansion, with remainder, of

pl(xa Y, 5)

Lemma 3.6.3 Let p1(x,y,0) be as in the discussion preceding Proposition 3.4.7 and write

- 1 -1 Y ﬁ 2 y?
p1(z,y,0) =1 — tan \/5+\/%+27T(:1:+y) 3

+ R5(‘T7y)
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Suppose § € (0,1], a > 0, and B € R. Let y = 62t o = —§Y/48 and suppose that
y<-—x<1 (ie. pe[-1/4,a+1/4]). Then

|Rs(x,y)| < 155(53/4+38 4 §3/448 | §1/2+4ay

and the same bound holds for |Rs(—x,—y)|.

The proofs of the above lemmas will be postponed until the end of this section. To
derive the expansion in Lemma 3.6.3, we will make use of the function v, given by (3.6.1),

and the relation p; = ¥ /®. So to begin, we shall derive a Taylor expansion of ).
Lemma 3.6.4 Let ¢(x,y,0) be given by (3.6.1). Then

(i) fori >0,

i) = / (x Ty > D (1) dt;

and

(ii) fori >0, 7 > 1,

o 1\t A o
I = — -1 ( y > OO () 4+ gitlgi—Ly.

Proof. For i = 0, part (i) is just the definition of . If (i) is true for some 7 > 0, then

oty — o, Ux @(W) <1><i+1>(t)dt]
B
- /Oo <x+y ><I>(”2)(t)dt,

by integration by parts.
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For part (ii), first consider j = 1. Then

ol = o, [/ 3

= ao[o "o x+\§_t <1><Z+1>(t)dt} —<1><y> 3+ (7))
) e Vo
= o (L) et 4o,

and part (ii) holds for all i > 0. Now suppose part (ii) holds for some j > 1 and all ¢ > 0.
Then

o =t , o
5;azg/+1¢ = 0, [ (1) PU-1) (y> D () +3;+lag/—l¢]

Vo Vo
_ (L ’ W (X O+ () + 91 dIyp
Vo Vo v
By induction, the proof is complete. [

Lemma 3.6.5 Fiz 0 > 0 and let ¢¥(z,y) = ¥(z,y,d) be given by (3.6.1). Then
(i) $(0,0) = (x — tan"! V)/(2m);
(ii) 12(0,0) = (8m)"Y2(1+ (1 +6)~2); and

(iii) V22(0,0) = V3 /(2m(1 + 6)).

Proof. Note that ®"(t) = —t®/(t) and ®"(t) = —®'(t) — t®"(t) = (> — 1)®'(¢). Let
Py(t) =1, Pi(t) = —t, and Po(t) = t?> — 1, so that for i € {0,1,2}, Lemma 3.6.4 gives

dlp(0,0) = /io iy (—\%) S+ (¢) dt

_ /_0 o <_\;g> P6)D(¢) dt

0 —t/V6
= 2i / / P,(t)e=*+)/2 gg gt
T J—00J—0
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Using the symmetries of P;(t) and changing to polar coordinates gives

) _ 1)t pm/2 0o
9:4(0,0) = (1)/ / P;(r cos 0)7'6’7"2/2 dr df.
2m —7/24tan"1+/5 JO

Integrating by parts, we compute

/ re "2 dr = 1,

0

/ re 2y = \/?, and
0 2

o0 2
/ e Pdr = 2.
0

Thus,
$(0,0) = 5-(r — tan™! V3),

™

which proves (i). Next,

¥a(0,0) = - \ﬁ/ﬂ/z 0.d0
x\Yy = 5 =~ COS
2m\ 2 —7/24tan"1 /8
1

= 2\/%<1—sin(tarf1 5—%)),

and sin(tan~1 /8 — Z) = — cos(tan™! Vo) = ——1%6, which proves (ii). Finally,
1 /2 )
V22(0,0) = — (2cos” 0 —1)db
27 —m/2+tan—1 NZ3
1 /2
= cos(20) do

2 —7/2+4tan—1+/§
1
= —sin(2tan"! V6)
4

Vo
27 (1 +6)’

which proves (iii).

Lemma 3.6.6 Fiz § > 0 and let ¢(z,y) = Y(x,y,9) be given by (3.6.1). Then

(i) 1,(0,0) = (87(1 4 ))~V/2;
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(i) 1y(0,0) = V6 /(2m(1 4 6)); and
(iii) 1y (0,0) = —(2mV/6(1 +6)) .

Proof. By Lemma 3.6.4,

Yy = —® (%) '(z) + o

Thus, by Lemma 3.6.5,

1 1 1
¥(0,0) = BN AN (H V1 5) ’

which proves (i).

Similarly,
Yoy = —P (%) " (z) + s
]‘ / /
Yyy = —%CI) (53) () + Yay-
Hence,
wzy (0, 0) = w:mc (07 0)
1
wyy(o, 0) = _27_‘_\/3 + wxy<07 0)7
which proves (ii) and (iii). [

Lemma 3.6.7 Fiz § > 0 and let ¥(x,y) = ¥(x,y,0) be given by (3.6.1). Then for all
(z,y) € R?,

(i) |Yoaa(@,y)| < 10/v/2m;
(i) [y, )| < (2] 1/2 + 12/27)/(2); and

(10) [yyy (@, )] < (916~ + |2]6~"/2 + 12V2m) / (2).
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Proof. By Lemma 3.6.4,

rea( )] = '/ (“y ><I>(4)(t)dt’

< / B (1)) dt.

Since ®4(t) = (3t — t3)®'(t), we have

[Vzza (T, y)| < 2/000(3t+t3)<1>'(t)dt

10
Ver
which proves (i). Similarly,
Yy
on@)] = |0 (L) 97@) 4 Yol
10
< 9" (@)] + ——.
< 9+ o
Elementary calculus shows that for all z € R, |®”(z)] < 2(27)~ /2, which proves (ii).
Likewise,
L (Y "
wa:yy = _75(1) 5 P (x)+1/}$xy
L Y
- 75 () ¥ v
1 14 y /
Vyyy = _5‘1) Wz (@) + Vayy
Y Y
and these yield (iii) and (iv). [ |

Lemma 3.6.8 Fiz 6 > 0 and let Y(z,y) = Y(z,y,0) be given by (3.6.1). Write

1 - Vo y?
W(w,y) =5 - 2 1W+E+2m T @ - s Rl).
Then
RG] < (ol + P+ EE o )+ 259200 4002 4 6001+ 10,
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Proof. By Taylor’s Theorem (see, e.g., [26]), we have that

¢($ay) = ¢(070)+3«“¢w(070)+y¢y(070)

g 200 (0,0) + 25y (0,0) + 47, (0,0)] + ROz, ),

where

1

3,[ ¢:Jc:m(33 y) + 3z ywmmy(w y) + 3xy ¢wyy($ y) +y wyyy(x y)]

RW(z,y) =

and (Z,y) = (0z,0y) for some § = §(z,y) € (0,1). By the preceding lemmas, this gives

Y

Y(z,y) = l—ltan_l\/g+x<1+ ! >—|—
N Ty 2/2r Vite/)  2onvixo

2
y (1)
- RO (z,y).
Y10 s (z,y)

Now,

2fﬂ<1+\/11ﬁ> a \/fl; f(ﬁ 1)

e Bl Ce = ) B
g +4‘[( 1) <1i5—1).

2
(z+y)*V5 Vo

(1 +9) 47r( z+y)*

Thus, if

1 3/2 2
R(2)(x7y):x+y< _1>_(5(:r—|—y)

2¢/2r \V1+96 A(1+9) '
then R = R + R®). Since x — +/x is concave,
‘\/1 +6— 1‘ ‘

5
2/1+46

1
1+

-1
\ 7

Hence,

|R® (2, )| < 8(|2| + [y]) + 6%/ (z +y)*.
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Next, by Lemma 3.6.7,

1 [10lz®>  36|x|? 12
RO (z,y) < [ 2> | 36jzl ‘y'+31x\|y12( il +)

3| V2r V2 omVe V2w
+y|3< ‘y| + ’.TU‘ + 12 >:|
2763/2 25 27

1712 5 3lzllyl lyl*
< ==
< g |l + 2 oy 4 L

2 4
3 s . Lol Iyl
< (=l +Jy)” + V3 (el + 1y + 5375
Combined with the estimate for R(?), this completes the proof. |

Proof of Lemma 3.6.3. Let ¢(z,y) = ¥(x,y,0) be given by (3.6.1). Then p;(z,y,d) =
Y(x,y)/®(x). Write

<I>(ac): +E+T1(Z’),

where 1 (z) = $2%°®”(z) and Z = 0z for some 6 = f(z) € (0,1). Since

N | =

1
@// ) = —

() or
we have |r1(z)] < ﬁ\xﬁ We may now write, for z # —y/7/2,

= + ro(x),

where
—r1(z)

ro(z) = °0) (% B \/%)

Similarly, we may write

=243 (:L'),
where

1

r3(z) = TQ(JU)+1+L -
27" Vor
n 2V2m —2(V2m + 2x)
V2w + 2%
4z

ro(x) — 7\/%%— o

= ro(x)



Now let us assume |z| < 1. Then z # —+/7/2 and the above applies. Note that

n@l
*-1) (3~ %)
- > {5, we have [ra(2)| < 100|ri(2)] < J3-|af. Also,

@l < )l + (2 )l

— In@l+ = (5~ V}ﬂ)l 21

[ra(2)| <

Since ®(—1) > 3

s

< 0 p 4 2%
T oW27 Vor
Since |z| < 1, this gives |r3(x)| < %\:p\
We now apply Lemma 3.6.8, which yields
(0.0:6) = G(oy)
pilz,y, - (D(IL’) T,y
(7% )
— 7+7
Vo v’ 1
+ ——ta —(+
( o T R )
Vo y?
= 1-— =tan™! g ¥
Trtan \/S+m+2ﬂ(x+y) 27T\/3—|—R5(x )
where
1 x
Rs(x,y) (2 + m) ra(z)
V8 2
+ | ——tan' V5 + +y)?
(%an S et - )
R(z,y)
+ B(x)
Thus,

tan 'V fyl VO

[R(z, y)|
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, _
IRs(z,y)| < \rg(:r:)y+< o 2m+7( +y)2+47‘7:\/5> |r3(m)\+m

S T 7+2m+—( —I—y)+7

< 50 ‘ |3 \/g ‘y’ \/g 2 y2
\/7

7| |+ 10| R(z, y)|.
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By Lemma 3.6.8,

Bs(z,y)| < Vo ﬂJrﬁ( L Y

< gkt (wzr 4f>m"

Y Yy
#10 [l + 1) + L o)+ 26924097 4 601+

Now let x and y be as in the statement of Lemma 3.6.3. By assumption, 0 < y < —x <1,
so the above estimates are valid. Note also that, by symmetry, this same bound holds for
|Rs(—z, —y)|. It remains only to write everything in terms of §. We have z = —§'/4*# and

y = 6Y/2t® Using the fact that |z + y| < |z| + |y| < 2|z| < 2, we have that

|R5(x,y)\ < 2553/4+3ﬁ_|_553/4+B+653/4+a+6+1053/4+6+553/4+2a+,3

+8053/4+3ﬁ + 2053/4-1—2(1—1—6 + 1051/2—}—404 + 4052+2ﬁ + 2055/4+5
= 1158%/4+38 4 15§%/418 4 gg3/4tath 4 o5 3/4+20+0

+1061/2 4> 4 406228 4 206%/445, (3.6.3)
To simplify further, note that o > 0 and § < 1, so that

|Rs(z,y)] < 1156%/4F38 4 1583/4F8 4 653/445 4 9553/446
+108Y /24 4 4062128 4 205%/4+0

115631430 £ 666%/145 4 1061/2+1 1 4052125,
Now, if # > 0, then 2423 > 3/4+ 3, and
|Rs(z,y)| < 115634430 1 1066%/148 4 105/2+4,
Otherwise, if § < 0, then 2+ 23 > 3/4 4 33, and
|Rs(,y)| < 1556%/4138 4-6653/445 1 1051/2 40,

In either case,

|Rs(x,y)| < 155(63/4438 4 §83/4+8 4 §1/2+4a)

which completes the proof. |
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Proof of Lemma 3.6.2. First observe that

g = p1—p2
= DP192 — p2q1
= pi(1 —p2) —pa(l —p1)

= p1—p2.

Note that po(x,y,d) = p1(—z,—y,d). Thus, if 6 € (0,1], a > 0, y = §/2te and z =
—o1/4 e then y < —z < 1 and by Lemma 3.6.3 with 8 = «,

where Réi(:n,y) = Rs(z,y) — Rs(—x, —y); and, hence,

Ry (z,y)] < 310(8%/ 443 4 §B3/4ta 4 §1/2+Ha)

< 620(03/4e 4 g1/t

Note that if a > %, then%—i—éla > %—Fa and

|RE(z,y)] < 12408%/4%
= 12406'%y.

On the other hand, if o < %, then % +4da < % + « and

[Rf(a,y)] < 12405V

= 12405%%y.

Now let ag > 0 be given and set v = min{1/4, ap}. We then have

2
0> | —— — 124067 .
”‘(%h >y
1

Choosing dp € (0, 1], small enough so that \/% — 12406, > Tor completes the proof of the

first part of the lemma.
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Next, note that & > 0 implies p; > p2 and, hence, ¢; < ¢2. Lemma 3.6.3 gives

@2 = l—po
= |1 — pi(—=, —y,0)|
Vs y>
< —t ‘1W+M+— +9)° 4+ —— + |Rs(—x, —
< 51/2 +61/2+a 61+2a 51/2+2a + 155<53/4+3a +53/4+a +51/2+4a)
< 50002,
which completes the proof of the second part of the lemma. ]

Lemma 3.6.2 will be used to estimate P(M'l(Jr)(s M(n) > 9) in the case that y < V5. As

mentioned previously, a slight modification will be necessary to handle the case y ~ /4.

Lemma 3.6.9 Let p1 and Rs be as in Lemma 3.6.3. Suppose 6 € (0,1], « <0, and 5 € R.
Let y = 6Y/2t g = —§Y4%B8  and suppose that y < —x < 1. Then

|Rs(z,y)| < 155(83/4736 1 §3/4+2a+8 | §1/2+4ay
and the same bound holds for |Rs(—x, —y)|.

Proof. Everything from the proof of Lemma 3.6.3, up until (3.6.3), carries through without

modification. From (3.6.3), using a < 0 and § < 1, gives
|Rs(z,y)| < 115634430 4 665%/4+20+0 4 1061/2+4 4 406226,

If 3 >0, then 2426 > 3/44+ 3 > 3/4+2a+ (; if f <0, then 2423 > 3/4+ 35. We
therefore have

|Rs(x,y)| < 155(53/4+35 L §3/At2048 51/2+4a)7

and the proof is complete. |

Lemma 3.6.10 Let i and g; be as in Lemma 3.6.2. Let 0 < ag < 1/16, choose dg as in
Lemma 3.6.2, and set By = (1—16cy)/12 > 0. Then for all0 < § < §y and ally € [—Po, o],
if we set y = 6217 and x = —6V/4Y | then i > \/% §Y/2+0 and ¢ < go < 50061/2—40,
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Proof. For fixed z and 6,

pi(z,y,0) = q)(lx) /_; ® (W) '(t) dt

is clearly increasing in y; therefore, so is fi(z,y,0). Let x, y, and § be as in the statement

of the lemma and set § = §/2t®0_ Then § < y, so

ﬂ(xvyvé) > ﬁ(xagvé)
= pl(l"g) 5) —pl(—fL‘,—g,(S)
2y N

V2r

where Rf is as in the proof of Lemma 3.6.2. It is easily verified that § € (0, 1], oy > 0, and
v € [-1/4,ap + 1/4], so that Lemma 3.6.3 applies, yielding

RE (2, §)] < B10(5Y/4H37 4 §3/4+7 4 §1/2+4e0).
Since both % + 3v and % + ~ are bounded below by % — 306y = % + 4oy, we have

|RE(z,y)] < 12408/2+4e0

= 12408307,

which gives

2
o> [ —=— — 124063 ) ¢
"= <\/ﬁ >y

2
> —— —1240567° | .

The proof of Lemma 3.6.2 shows that (\/% - 1240(58“0) > \/%, so i > \/% j= \/% §1/2+a0,

For the final assertion, the last part of the proof of Lemma 3.6.2 shows that
@1 < g2 < 462720 4 |Rs(—a, —y)|.

Thus, if v > 0, then Lemma 3.6.3 with o = 3 = ~ gives that g» < 5008'/27200_ Otherwise,
if v <0, then Lemma 3.6.9 with o = 3 = ~ gives that gy < 50051/2~ 460 |



70

3.7 Median Estimates, Part 111

We are finally in a position to piece everything together and prove Proposition 3.4.6. Writing
P(Xl(% — XYL) > ¢g) = P(Ml(i)(s - Ml(n) > 1), where y = en~'/2, puts us in a position to

apply the results of the previous sections. We begin with the “trivial” case, y > /3.

Lemma 3.7.1 Let Mt(n) be as in the discussion preceding Theorem 3.1.1. Let0 < ap < 1/2.

Then for each p > 0, there exists a finite constant C' = Cy, o, such that
P(M(") Ml(") >en~1?2) < C(e7 VAP

1+6

whenever 0 < e <1, § € (0,1), and n € N satisfy en~ 12 > §l/2-a0,
Proof. Choose o € [ag,1/2) such that en~!/2 = §'/2-®_ Then
p M(n) _M(n) -1/2y < p B(j) _B(j) —1/2
(M s p >en /%) < U{ 146 1 >en” 7}
j=1

nP(BEl) > en~1/2671/2)

IN

= (e571/2re2p(BW) 5 5o,

Let p = aio (% +1) and choose C = Cj = Cj o, such that P(B;l) > 1z) < Cz7P for all z > 0.
Then
(n) _ as() —1/2 20—1+ap
P(M s — M7 >en™/%) < C§
S Cfé—l—‘r()éﬁ
< 05—1+C¥0ﬁ
= cort
S 0(6_1(51/4)17,
and the proof is done. ]

Next, we turn to the case y < /9.
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Lemma 3.7.2 Let Mt(") be as in the discussion preceding Theorem 38.1.1. Let ag > 0.
Choose 0y as in Lemma 3.6.2. Then for each p > 2, there exists a finite constant C = Cj o,
such that

P(M{y — M{" > en™1?) < O (e 1oV Yy

whenever € > 0, § € (0,8)], and n € N satisfy n > 3 and en~1/? < §1/2+0,

Proof. Define y = en~ /2 and choose o > ayg such that y = 612+, Define zy = —§'/4+,

By Lemma 3.6.1, since n > 3,

P, = M{" > en™2) < g4 1 (w0,,6) + P(M{™) < ), (3.7.1)

1+46
where ¢ is given by (3.4.2) and k = [(n +1)/2].

)

By Proposition 3.4.4, since p > 2 and Ml(n has a continuous density function,

P(MM™ <@g) = P(XM < —nl/2y5—1/4)

P(X™| > e~ /%)

IN

IN

Cp(gflél/zl)p

To estimate the first term on the right hand side of (3.7.1), we adopt the notation of
the discussion preceding Lemma 3.6.1, and write ¢r_1(xo,y,d) = P(Sg—1 > 0). We wish
to apply Lemma 3.5.5, so we must first verify its hypotheses; namely, we must check that
0 <é&<1/2and i > 0. By Lemma 3.6.2, i > \/%y > 0. Note also that, by making

smaller if necessary, q1 < ¢a < 5006%/2 < 1 /4. Thus,
E=p1+D1 =p1g2+p2q1 < (p1 +p2)g2 < 100062 < 1/2.

Clearly, € > 0, so, since p/2 > 1, Lemma 3.5.5 gives
gp/2

Pr—1(w0,Y,0) < C]/,m-
Finally, note that for n > 3, k — 1 > n/6. Thus,
. 1000P/26P/4
Pnp/26-p/2(27)—p/2qp
. §p/4
P np/2(en—1/2)p
= CJ(e7sl /My,

Yr—1(z0,y,0) <
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Letting C' = C, + C}] completes the proof. [ |

Finally, we must deal with the case y ~ V/§. Here is where we use a modification of
the technique used to prove Lemma 3.7.2. This modification causes us to lose precision and
we are unable to achieve the sharp bounds we achieved in the previous two lemmas. (See

Remark 3.4.1.)

Lemma 3.7.3 Let Mt(n) be as in the discussion preceding Theorem 3.1.1 and let By = 1/108.
Then there exists 6o € (0,1) and a family of finite constants {Cp}p>2 such that for each

p>2,

P(Ml(i)é — Ml(n) > en_1/2) < C’p(a_161/6)p

whenever € > 0, 6 € (0,8)], and n € N satisfy n > 3 and §'/>1600 < en=1/2 < §1/2=Fo,

Proof. Let ap = 65y and check that 0 < ag < 1/16 and fp = (1 — 16c)/12 so that the
hypotheses of Lemma 3.6.10 are satisfied. Choose dy as in Lemma 3.6.10 and let ¢, §, and
n be as above. Define y = en~1/2 so that §1/2t% < ¢y < §1/2-F. Choose v € [—, o)
such that y = 6%/2%7 and define zg = —6/4T7. As before, since n > 3, Lemma 3.6.1 yields
(3.7.1). Also as before, since p > 2 and Ml(") has a continuous density function, Proposition

3.4.4 yields

P(M™ < 20) < Cp(e16Y4P < O (71610,

To estimate the first term on the right hand side of (3.7.1), we again adopt the notation
of the discussion preceding Lemma 3.6.1, and write ¢r_1(zo,y,d) = P(Sp—1 > 0). We
wish to apply Lemma 3.5.5, so we must first verify its hypotheses; namely, we must check
that 0 < & < 1/2 and i > 0. By Lemma 3.6.10, ji > ﬁalmao > 0. Note also
that, by making dy smaller if necessary, g1 < g2 < 5008'/2~%% < 1/4. Thus, as before,
& < 100061/2=400 < 1/2. Clearly, & > 0, so, since p/2 > 1, Lemma 3.5.5 gives

gr/2

¢r-1(20,9,6) < C;m-



Finally, note that for n > 3, k — 1 > n/6. Thus,

IN

—p/2 [ 1 -p
pr-1(0,y,0) < Cp(10005"/2~400)r/2 (ﬁ> 8 <51/2+a0>

6 Vo
CI/)/(51/27450)p/2(€2y72)7p/2(51/2+a0)*P

_ Cz/)/(5—251/2—45051—1—275—1—20@ )p/2

0;1(6—251/2—450+2'y—2a0 )p/2.
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Since % — 460 + 2y — 209 > % — 608y — 2ap = %, we have ¢r_1(z0,y,0) < 05(5*151/6)1”.

Letting C' = C, + C}] completes the proof.

Proof of Proposition 3.4.6. Fix p > 2. Take oy = 1/108 in Lemma 3.7.1. Let Clgl)

Cp.ag, Where Cp o, is as in the conclusion of that lemma. Next, take ap = 1/18 in Lemma

3.7.2. Let 5(()2) = §p and CI(,Q) = Cp,ag, Where §p and C), o, are as in the conclusion of that

lemma. Finally, let 6(()3) = Jp and C,S?’) = (), where dp and C), are as in the conclusion

Lemma 3.7.3. Define 6y = min{5(()2), 5(()3)} and C), = max{C’,(,l), 01(72)7 C;(,3)}. (Observe that
does not depend on p.)
Let € € (0,1), 0 € (0,dp], and n € N with n > 3. If en~ Y2 > §1/2-1108 op op—1/2

§1/2+1/18 “then Lemma 3.7.1 or Lemma 3.7.2, respectively, give

P - XM > o) = P — M"Y > en~1/?)

IN

Cp(57161/4)p
< CpeLoY/0yP.

If §1/2+1/18 < op=1/2 < 51/2*1/108, then Lemma 3.7.3 gives

P XM > o) = PMT — M"Y > en~1/?)

< Cp(&.flélm)p7

and we are done.

of
do

<
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Chapter 4

SIGNED VARIATIONS OF AN SPDE SOLUTION

4.1 Introduction and Main Results

It is well known that for any H € (0, 1), there exists a continuous, centered Gaussian process

By (t) that satisfies
(i) Bg(0) =0 a.s., and
(ii) E|By(t) — By(s)|> = |t — s|*" for all s,t > 0.

This process is known as fractional Brownian motion (or fBm) and the number H is its
Hurst parameter. When H = 1/2, By (t) is simply a standard Brownian motion. (Note
that in (ii), we are adopting the convention that EX* denotes E[X*]. We shall use this
convention throughout this chapter.)

Fractional Brownian motion is a self-similar process, i.e. By (ct) LeHp m(t). The Hurst
parameter of fBm tells us several things about the process. For example, the increments
of By (t) are positively correlated when H € (1/2,1) and negatively correlated when H €
(0,1/2). Also, for any 3 € (0,H), the sample paths of Bp(t) are almost surely Holder
continuous with index 8. Moreover, when H € (1/2,1), {Bm exhibits long-range dependence,
ie.

> E[Bu(1)(Bu(n+1) — Bu(n))] = oo,
n=1
which can be verified directly by observing that

EBy(s)Bu(t) = - (* + s — |t — s|*7) .

DN | =

(Note that long-range dependence, according to this definition, does not occur when H €

(0,1/2).) Tt is the long-range dependence property of fBm that has made it an appealing
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alternative to Brownian motion in many applications such as economics, hydrology, and
the study of fluctuations in solids. See [19] and the references therein for further detailed
information about fBm and its applications.

For H # 1/2, fBm is not a semi-martingale (see [23]) and, hence, Ito’s calculus cannot
be used to define an integral with respect to fBm or to construct a stochastic differential
equation (SDE) driven by fractional noise. Several approaches have been taken to construct
an alternative stochastic calculus for fBm. Among the key ingredients in these constructions
are the development of a stochastic integral and the subsequent derivation of an “Ito-like”
formula for change of variables.

Before discussing some of these approaches, let us first present some situations in which
one might be motivated to consider fBm, or other similar processes, and in which one would
like to utilize a corresponding stochastic calculus.

The first example comes from mathematical finance. The celebrated Black-Scholes model
represents the logarithm of the price of a risky asset (such as a stock) by a Brownian motion.
Ito’s calculus is then used to perform analysis on the model such as pricing derivative
commodities. It has been suggested that fBm with H € (1/2,1), rather than Brownian
motion, is a more realistic representative of the logarithm of the price process due to its
long-range dependence. Constructing an analog of Black and Scholes’ method for fBm
obviously requires the use of a stochastic calculus for fBm. It should be noted that there
can be many examples like this, not just in finance. Such an example could occur anytime
one wants to model a phenomenon with long-range dependence using SDEs.

The second example stems from the connection between probability and deterministic
partial differential equations (PDEs). Consider the heat equation, dyu = £9%u, u(0,z) =
f(x). Tts solution can be represented probabilistically as u(t,x) = E.[f(B)], where B,
is a Brownian motion. Intuitively, we can imagine a large collection of heat “particles”,
initially distributed with density f(z), performing Brownian motions and thereby distrib-
uting themselves according to the heat equation. In reality, of course, the heat comes from
particles whose motion is not Brownian, but linear. These particles collide and (at least
heuristically) the collisions produce Brownian motion in the limit as the number of particles

increases. If, however, the colliding particles were performing Brownian motion, then the
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collisions ought to produce, in the limit, fBm with H = 1/4. In [15], Harris considered
an infinite number of particles, initially placed on the real line according to a Poisson dis-
tribution, performing independent Brownian motions and undergoing “elastic” collisions.
By this, it is meant simply that the particles perform independent Brownian motions, but
are continuously relabelled so as to preserve their initial ordering, i.e. their trajectories are
interchanged whenever their paths intersect. The trajectory of a fixed particle was then
observed and it was shown that, after rescaling, this trajectory indeed converged to a fBm
with H = 1/4. These results were strengthened and generalized in [9]. Earlier in this
dissertation, we considered a similar model of colliding particles. There, we took n indepen-
dent Brownian motions, Bt(l), ey Bgn), all starting at the origin, and studied the process
Xt(n) = \/ﬁMt(n), where at any time ¢, Mt(n) is the median of the n numbers Bt(l), ce Bt(n).
There it was shown that Xt(n) converged, as n — 00, to a centered Gaussian process, Xy,

with covariance

E[X X;] = Vst sin”! (%) .

While X; is certainly not a fBm, it does share many of the same properties as fBm with
H = 1/4. In particular, the process X; exhibits fourth-order scaling, i.e. E|Xiins — X¢|?> ~
AtY/? for At small. These heuristics suggest a connection between fBm with H = 1 /4, as
well as other processes with fourth-order scaling, to higher order parabolic PDEs such as
Oyu = Opu. These connections are explored in [2], [5], and [13]. Clearly, any extension to
fBm of the connection between SDEs and PDEs will require a stochastic calculus for fBm
(or, more generally, a stochastic calculus for processes with same order scaling as fBm).
With these examples in mind, let us now consider some of the approaches that have
been taken to constructing a stochastic integral and an “Ito” rule for fBm. (For a survey of
many of these approaches and for references to the remainder of this introduction, see [6].)

The most natural thing to do is to define

/u(s) dBp(s) = lim > u(t;)(Bru(t; + At) — Br(t;)) (4.1.1)

=1
At—0

and then to determine the conditions under which this definition makes sense. For example,

the limit on the right-hand side of (4.1.1) exists (at least in probability) if the integrand wu is
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Holder continuous with index 8 for some # > 1 — H. In this case, the process t — fg udBpy
is Holder continuous with index 3 for all 8 < H. This implies, among other things, that we
can only be assured of a well-defined iterated integral of this type when H € (1/2,1).

This is the so-called “pathwise” approach to integration against fBm. It is the regularity
of the sample paths of the integrand, not the adaptedness of the integrand, that is important
in this approach. In particular, there is nothing terribly special about the use of left-endpoint
Riemann sums in (4.1.1). In fact, if H € (1/2,1), then when this integral exists and when
the integrand is of bounded quadratic variation, we may replace u(t;) in (4.1.1) by u(t}),
where {7 is any point in the interval [tj,t; + At], without changing the definition of the
integral (see Theorem 3.16 in [8]).

The change-of-variables formula for this integral, when H € (1/2,1), is very simple:

F(Bu(t) = f(Bu(0)) + /0 /(B (s)) dBr(s).

For other values of H, the change of variables formula can be significantly more complicated
(see, for example, [1], [3], and [21], as well as Section 3.4, Proposition 3.1, and Remark 4.3
in [6]). This integral also, unfortunately, lacks one of the key features of the Ito integral.
Namely, E [ udBpy need not be zero. See [8] for an explicit example. From the point of view
of applications, this seems to be a difficulty for modelling, since a term such as o, dBp(t)
in an SDE ought to represent a random fluctuation about the mean. On the other hand,
from a purely mathematical perspective, it is also disappointing. The zero mean of the
Ito integral is a key ingredient in developing the connection between Ito diffusions and
their corresponding PDEs. A nonzero mean for the integral against fBm would present a
significant hurdle to developing any analog of this for higher order parabolic equations.

An alternative approach is to define the integral with respect to fBm via the Malliavin
calculus, as in section 3.3 of [6] (see also [7]). For H > 1/2, the integral defined in this way
agrees with the integral defined in [8] by means of the Wick product, i.e.

— Aliriloz u(t;) o (Bu(t + At) — By (t)).

[ uts)dButs)

(Here, ¢ denotes the Wick product; for the definition of the Wick product in this context,
see [8].) This approach is motivated by the fact that, when H = 1/2, this definition yields
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the classical Ito integral. Of course, when H = 1/2, each of the Wick products in this
definition agrees with the ordinary product. In fact, it should be noted that the Ito integral
with respect to a martingale that is not Brownian motion cannot, in general, be defined as
the limit of Riemann sums of Wick products.

Unlike the pathwise integral, this integral does have the property that E [uwdBy = 0.

Also, at least for H > 1/2, the change-of-variables formula is fairly simple:

f(BH(t))Zf(BH(O)H/O J”(BH(S))dBH(S)JrH/O s*HL " (Bh(s)) ds.

However, the change-of-variables formula for f(X;), where X; is itself an integral with
respect to fBm, is less simple in that it involves derivatives in the sense of Malliavin. Also,
for H < 1/2, a change-of-variables formulas is either not known or is significantly more
complicated (see Remark 4.3 in [6] and the references therein). Moreover, from a modelling
perspective, it is unclear what the Wick products in the approximating Riemann sums
actually represent.

There are still several other approaches to constructing an integral against fBm. The
work of Terry Lyons [18] provides a general construction for developing an integral against
rough paths on a manifold. Coutin and Qian [4] directly apply Lyons’ results to construct
an integral against fBm when H > 1/4. This approach, of course, is pathwise in nature.
Carmona, Coutin, and Montseny [3] also cite the work of Lyons as a primary source of
motivation for their approach, which is to approximate fBm by semimartingales. The in-
tegrals with respect to these semimartingales are well-defined in the Ito sense, and they
use a limiting procedure to define the integral with respect to fBm. Surprisingly, however,
their approach seems to bear a stronger relationship to the Malliavin construction than to
the pathwise construction. For a discussion on the connections between all of these various
developments, see [6].

The motivation behind the work presented in this chapter lies in the attempt to derive
an Ito rule for a pathwise integral with respect to fBm when H = 1/4. Consider a process,
Fy, with fourth-order scaling, i.e. E|Fiia; — Fy|* ~ AtY/? for At small, and let g:R—R
be a smooth function with g(0) = 0. Write

1 1
g(x+h) = g(x) + ¢ (x)h + 59”(%)112 + 69”’(961)/13
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where x1 lies between =z and = + h. Plugging in h; and hs and subtracting yields

1
gx+h)—glx+hy) = g'(x)(h1—ha)+ 59”(@@% —h3)
1 1
L - Ly

Now define A+Ft = FtJrAt — Ft and A_Ft = Ft — thAta and take x = Ft, hl = A+Ft, and
ho = —A™F;, so that

1 _
9(Firat) —9(Fient) = ¢ (F)(Fipar — Foar) + *Q/I(Ft)(\AJFFt!Q — |ATE?)

1 1
9" ENATR 1 g (FP) (AR

where Ft(j ) are random points lying between F;_a; and Fyya¢. Therefore, we can write
g(Fy) = Zg/ (Fy)(Ftyent — Firymar) + Zg” J(ATE, = \A_Ft].]Q)

Z JATF,) + é;g’”(th))(Ath)?’ (4.1.2)

J
where the sums are over a suitable partition of the interval [0,¢]. If, then, we wish to define

a pathwise, Stratonovich-type integral with respect to F; by

At—0

t
/QI(Fs)dFs_ lim Zg (£, ) (Fyyae — Fiy—ad), (4.1.3)
0

we must investigate the convergence of the last three sums on the right-hand side of (4.1.2).

If F; has mean zero and a symmetric distribution, then (A Fy,)? has mean zero and an
approximate variance of At3/2. The same is also true for (A_th)3. We might therefore
expect the last two sums on the right-hand side of (4.1.2) to converge to zero as At — 0.
As for the second sum, let us simplify things for the moment and assume that ¢’ = 1. In

this case, we must consider the sum
2 - 2
J
Each of the random variables, |ATF |*—|A~F;,|?, has an approximate mean of zero and an

approximate variance of At. This is reminiscent of the construction of Brownian motion as

the scaling limit of random walks, and we might therefore expect (4.1.4), as a function of ¢,
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to converge as At — 0 to a Brownian motion. The chief difficulty in the heuristic arguments
in this paragraph is, of course, that the random variables being summed together are not
independent. If, however, these conclusions are valid, this suggests that the integral defined

by (4.1.3) obeys an Ito rule of the form

t 1 t
g(Ft)=/ g’(Fs)dFs+2/ ¢"(F,)dBs.
0 0

In this chapter, we shall focus on a specific process F; with fourth-order scaling. To

simplify things, we will not study the sum in (4.1.4), but rather the sum

> (ATE,))? sgn(ATE,)] (4.1.5)
J

We then show, despite the lack of independence, that this sum, as a function of ¢, converges
as At — 0 to a Brownian motion. Presumably, the mean and covariance structure of the
summands in (4.1.5) are asymptotically similar enough to those in (4.1.4) that the results
and techniques in this chapter can be used to make rigorous the heuristics outlined above.
We will now describe the process F; and state our main results. The notation established

in the remainder of this introduction shall be used throughout the entirety of this chapter.

To describe the process F; that we shall study, first consider the stochastic heat equation

1 .

with boundary conditions u(0,z) = 0, where W (t,z) is a two-dimensional white noise. For

the deterministic heat equation with a potential

1
Ut = 5”3::1: + g(tvx)

and with the same boundary conditions, it is well known that the solution is given by

)= [ [ ple=ra = sygtro)dr,

where p(t,z) = ﬁe“ﬁ/% is the heat kernel. (See, for example, Chapter 4 in [11].) We

therefore regard the random process

u(t,z) = /R/O pt —r,x—y)dW(r,y) (4.1.7)
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as the solution to (4.1.6). For the precise meaning of (4.1.7), we define the Hilbert space
H = L?(R?) and construct a centered Gaussian process, I(h), indexed by h € H, such that
E[I(9)I(h)] = [ gh. (See, for example, [16] or [20] for details.) We then interpret (4.1.7) as
u(t, ) = I(hy), where hy(r,y) = 1o g(r)p(t —r,xz —y) € H.

For fixed x € R, let F;, = Ft(x) = u(t,z). By (4.1.7), we see that F} is a centered
Gaussian process. As will be seen later, the process F; shares many of the properties of fBm
with Hurst parameter 1/4. It is self-similar, i.e. Fy LY 4Fy; its increments are negatively
2

correlated; and E|Fiyne — Fi|* = AtY/? for At small. In fact, since fBm also has a stochastic

integral representation (see [6]), i.e.

Bu(t) = /0 Ku(t,r) dB(r),

we expect that the techniques in this chapter can be directly applied to fBm itself.
Now, for fixed n € N, let At = % and t; = jAt. We will consider the three processes

Lnt)
Vt(“) — Z AF]4 + (nt — \_ntJ)AF[LntH-l
j=1

|nt]
z" = NOAFP 4 (nt— [nt)AFE,
j=1
™) [nt]
wi = ZAFJQiJr(nt—LntJ)AFféJH
j=1

where AF; = I, — F,_, and 2™* = 2"sgn(x). To keep the notation manageable, AFJIC
shall always denote (AF;)*. The processes V(™ are, of course, discrete approximations
to the 4-th variation of the process F. The processes Z(™ and W will be referred to,
respectively, as the discrete cubic and quadratic signed variations of F'. We will prove the

following three results regarding the above processes.

Theorem 4.1.1 As n — oo, V;(n) — %t, where convergence is in the weak sense on the

space C0,00), endowed with the topology of locally uniform convergence.

Theorem 4.1.2 Asn — oo, Zt(n) — 0, with convergence as in Theorem 4.1.1.
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Theorem 4.1.3 As n — oo, Wt(n) — kW4, with convergence as in Theorem 4.1.1, where

Wy is a Brownian motion and k is a positive constant. Moreover, k is given explicitly by

K= (% — %5)1/2, where £ =32, K(%%), Yi=2Vi—Vi—1—i+1, and

2
K(z) = gx 1—a?+ ;(1 + 22%) sin~ ! (z).

4.2 Proof of Theorem 4.1.1

Recall that F; is a centered Gaussian process. We begin by computing its covariance struc-

ture.
Lemma 4.2.1 For all s,t € [0,00), E[FsF;] = \/%(ﬁ |2 — Jt— s|1/2).
Proof. Without loss of generality, assume s < t. By (4.1.7),

E[F Fy] = //Sp(t—?”,x—y)p(s—'r,x—y)drdy
/m/exp{ g(ty;j (< v)“>}dydr
(x —y)? (t+3—2r)}dydr

277/ m/“p{ 20t — 1) (s — 1)
\/%/o mdr

1 S
= ——=Vit+s—2r
\/271' 0

1
= =ttt =s]'),

which verifies the formula. [ |

Now, since AFj is a mean zero, normal random variable, its distribution is determined
by its variance, (712- =F ]AFj\Q. Using the covariance structure of F', we estimate the order

OfO'j.

Lemma 4.2.2 For all j € N,

. [2A¢

1 1 2 9
i gt S gt
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Proof. Note that for s < t,

BIF - B = — (V34 Vs~ 2A(VET s - Vi s))

kS ﬁ\

\f+ Vs — V2t + 25+ /2t — 25). (4.2.1)

Thus,

_ \}%|\/%+\/§—\/2t+—23|

1V V)P — (2t + 25)
V4 /s + V2t + 25
B 1 ‘WE—@Q
T /T (1+V2) Vi

1 it — s|?
VT (1+V2) VE(VE+ V/5)?

1 1
V7 (1+2) 872

Now, take t =t; and s = t;_1. |

It — s]2. (4.2.2)

Corollary 4.2.3 For all j € N, n=Y/2/At < 0]2- < 2V AL,

Proof. The upper bound follows from Lemma 4.2.2 since 2 < 7 and t; = j/n > 1/n = At.

Lemma, 4.2.2 also implies

2At 1 1
o2 > — —A#?

PN TRV AP

2 1
<\ﬁ_ \/7?(1+\/§)> VA

= 7 V2VAt,

v

which gives the lower bound. |

In the analysis to come, we will need the following estimate on the covariance of AF;

and AF} for i # j.
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Lemma 4.2.4 For any i,j € N with i < j,

At
EARAF] + 4[5 v5-i

where ~y; is as in Theorem 4.1.5.

- At?
T (ti+t5)3/?

Proof. First note that for any k& > 1,

E[F, AF;| = E[F,F, —F,F, ]
= \/12777(\/% +ti— Vit —ti — /te +tic1 4+t — tic1)
_ \/21777(\/k+i—\/k—i—\/k+i—1+\/k—i+1).
Thus,
E[AF,AF;] = E[F, AF) - E[F, ,AF)

= 7%(\/]4-@—\/]—z—\/j+l—1+\/j—l+1
~Viti—1+G—i—1+j+i-2—+/j—1i)

At
= - %(’Yj—‘ri—l + vj—i)-

Next, note that by the concavity of z +— /x, v, > 0 for all £ € N. Also,

w = (Vk-—vVEk—1)— (Vk+1-Vk)
= f(k=1)=f(k)

where f(z) =+/x +1—+/x. For k > 2, the Mean Value Theorem gives v = | f'(k — 6)|, for
some 6 € [0,1]. Now,

fla) =
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Thus, |f'(z)| < 1272 and hence, v, < $(k —1)7%/2 < 1(k/2)73/2 = %k—?’/Q. For k =1,
we have v, =2 — V2 < . Therefore, for all k € N,

1
< . 4.2.3
0 <y < NoTEE (4.2.3)
We now have, since j + i > 2,
[ At /
E[AF;AF; — i <
[ J]+ 27_‘_7.7 — fj+2—13/2
< At 1 (j —i—2> —3/2
= Var e
B 2At 1
~ Vr G
Since 2 < 7, tp = k/n, and At = 1/n, this completes the proof. |

Corollary 4.2.5 For any i,j € N with i < j, |[E[AF;AF]| < 2A83(t; — t;)73/2.
Proof. This follows from Lemma 4.2.4 and (4.2.3) since /£ ~,_; < VAt(j —4)~%2. W

The last lemma we will need for this section regards the covariance of powers of correlated

Gaussian random variables.

Lemma 4.2.6 Let X1, X2 be mean zero, jointly normal random wvariables with variances

0]2. If p = (0102) "' E[X1X5], then
(i) BIX{X3] = ofo3p(6p® +9) and
(ii) E[X{X3] = ofos(24p* + 72p% 4+ 9).

Proof. Define Y; = aj_lXj, U=Y,and V = (1 — p?)~/2(Yy — pY1). Then U and V are
mean zero and jointly normal. Clearly, EU? = 1. We also have
EV? = (1-p*)7'(1 = 2pEMYs] + p?)
= (1-p)7'(1 =20+ ")

=1



86

and E[UV] = (1 — p?)"Y2(E[Y1Y2] — p) = 0. Thus U and V are independent standard
normals. Since X7 = oqU and Xy = ag(ﬂv + pU), we have
E[X}X3] = o03E[UP(V1—p2V + pU)?|
= oias {3p(1 — p?)E[U*V?] + p*EU®}
= o003 {9p(1 — p?) + 15p%}
= ajo3p(6p” +9),
which is part (i); and we have
E[X{X]] = olotElUY vﬁffgfv-er
= otoy {(1 - p*)?EUV* + 6p*(1 — p*)E[UV?] + p* EU®}
= 0105 {9(1 — p*)* + 6(15)p*(1 — p*) + 105p" }
= ojo5(9 — 18p% + 9p* 4+ 90p% — 90p* + 105p%)
= ofos(24p + 7207 +9),
which is part (ii). [ ]

Proof of Theorem 4.1.1:

In what follows, C is a finite, nonnegative, universal constant that may change value

from line to line. It will suffice to show that for all 0 < s <t and all n € N,

2
B Vi) = 2t~ 5)

c 3/2
< |t — s
< Jmit

To see why, note that this implies

2
+ 20t — s|3/?

IN

E’Vt(n) _ V(n)|2

s

4iu—$

IA

C(|t — s)? + |t — s]*/?)

so that, by the Kolmogorov-Centsov Theorem (see Problem 2.4.11 in [17]), the sequence

V) is tight. Also, if 0 <t; < --- <t4 and || - || denotes the Euclidean norm on R, then
(n) (my 6 ? L w6
EH(‘/tl 9. ‘/;f )7;(1’-17'--71&1) = ;E‘WJ ;tj
d
C 3/2
< 7;;:%
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and, hence, the finite dimensional distributions of V(™ converge in L?, and therefore in
probability and in distribution, to those of the constant function ¢ — %t.

To prove the initial estimate, we write

Lnt)
Vt(n) — V;(n) = Z AF;L + (nt - ULH)AFELMJJA - (ns - ULSJ)AFELTLSJ+1'
j=|ns)+1

Note that the number of terms in the above sum is [nt| — [ns| < n(t—s)+ 1. First, assume
that n(t —s) < 1. In this case, either [nt| — |ns| =0 or [nt] —|ns] = 1. If |[nt] — |ns| =0,
then

VI VI = (b= [0t AR g — (s = ns))AF] 4y

- n(t - S)AFELnstrl

so by Corollary 4.2.3,

- 6 2 612
n n 2 4
BV Vi) = Z(t =) = |t=sB|nAF),, —
< C|t —s|?
< Q\t—s\?’/?

VY v = AFL L+t (nt))AFL, oy — (s — |ns)) AR,
= AF[LW + (nt — LntJ)AF[Lntj—l—l — (ns — [nt] + 1)AFflntJ

= (lnt] —ns)AFG, + (nt — [nt)AFS, .
Since ns < |ns| + 1 = |nt| < nt,
VI = VIl < n(t = s) A+ nlt = $)AFyy

and by Corollary 4.2.3,

E <v;‘”>—v;<">>—i<t—s>2 < CEWV" = VP 4t =)
< Ol —sPAP + [t =)
= Ot —s|?
< 5’3/2'

£|t—
\/ﬁ
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Next, assume n(t —s) > 1. In this case, Corollary 4.2.3 gives

9 [nt] 6 2
< 4_ - 2
<C!lE Z <AFJ WAt) + At
j=lns]+1

s

Blv® —vmy 84—
t Y

Note that in this case, At? = n=2 < n~ 2|t — s[3/2. Now let UJQ- = E|AF}|? and write

[t 6 | [nt) ?
4 4 4
E| Y <AFj—7rAt> < 2E| ) (AF} —30))
j=|ns]+1 j=|ns|+1
[t NG
20 > <3a§—At>
7r
j=|ns]+1
By Lemma 4.2.2,
2At
3021—6At‘ = 3032-—&—\/27& 0]2-—\/—
i ™ ™
< CVAt|o} - 24t
™
C 52
< WN/'
J
Thus, by Jensen’s inequality,
Int) 6 2 |nt] 6 I
> (3a;¥—7rAt> < (Int] = [ns)) ) 3(;;%—;&
j=|ns|+1 j=|ns]+1
[nt] 1
< Cn(t—s)+ 1AL > 3
j=Ins]+1 7
[nt)
t—s 1 1
- o(5hn) 35
j=lns]+1
c 3
< —|t— s 4.2.4
< \/ﬁlt | (4.2.4)

Finally, we adopt the notation ™" = (2" V 1), so that we may concisely combine Corol-

laries 4.2.3 and 4.2.5 into the inequality

[BIARAR]| < (4.2.5)
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for all i, j € N. Now, by Lemma 4.2.6 with p;; = (0,0;) ' E[AF;AF}], write

[n] ? nt]  Lnt)
Bl Y @Fi-soh < S S |BIAE! - 3)(AF - 300
j=|ns]+1 i=|ns]+1 j=|ns|+1
nt]  Lnt)
= Z Z AF4AF4] - 90404
i=|ns|+1j=|ns|+1
[nt) Lnt]

< C > ) dlog
i=|ns]+1 j=|ns|+1
[nt] [nt)
= C Y ) olo|E[ARAFP.
i=|ns|+1j=|ns|+1
Now, by (4.2.5), we have
|nt] 2 |nt] |nt]
4 4 INNIN,
E Z (AFj =30j)) < C Z Z (| i~ 3>

j=|ns]+1 i=|ns|+1j=|ns|+1

< C(lnt] - [ns)AE
— 1
< CC 3+2>
n n
c 3/2
< —|t-
< ol
which completes the proof. |

4.3 Proof of Theorem 4.1.2

This proof will rely on the lemmas of the previous section.

Proof of Theorem 4.1.2:

As in the proof of Theorem 4.1.1, it will suffice to show that for all 0 < s < ¢ and all
n €N,

E|Z" - Z{M)? <

4
p _W|t—5|5/ .

As before, we write

[nt]
Zt( Z AFB Tlt - LntJ)AFf’ntJ+1 - (ns - LnSJ)AFE)nsj+1
j=|ns|+1
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Note that the number of terms in the above sum is |nt]| — |ns] < n(t—s)+1. First, assume
that n(t—s) < 1. In this case, either |[nt] — |ns| =0 or |nt| —|ns] = 1. If |[nt] — |ns] =0,
then

Zt(n) - Zén) = ’I’L(t - S)AFFnsJ—f—l
so by Corollary 4.2.3,

E|Z" — ZM12 < Con2lt — s|PAt3?

= Cynlt— s)?
c 5/4
S n1/4‘t_8‘ / :

On the other hand, if [nt| — |ns] =1, then

ZM _zm = AFLSnsJJrl + (nt — LntJ)Aanth — (ns — WSJ)AFEHSJH

= AF}, + (nt — [nt))AF, ) — (ns — [nt] + D)AF],

= (|nt] — nS)Aantj + (nt — LntJ)AFE’ntHI.
Since ns < |ns] + 1 = |nt| < nt,
12 = Z| < nlt — s||AFD, | +nlt — s||AFE, 4|
and by Corollary 4.2.3,

E|1ZM™ — M2 < on?|t — s)PA/?
c
nl/4

IN

[t — s|>/%.

Next, assume n(t —s) > 1. In this case, Corollary 4.2.3 gives

[nt] 2

Bz —ZzWP<Cc{E| Y AF +AP?
j=lns)+1

Note that in this case, At3/? = n=3/2 < n=Y4t — 5/%/4. Now, by Lemma 4.2.6 with
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Pij = (O'iO'j)_lE[AFiAFj], write
[nt] 2 Int]  |nt]
E| Y AF} Y > [EIAFPAFY|
j=|ns|+1 i=|ns|+1j=|ns|+1
Lnt] [nt]
¢y Y ool
i=|ns|+1j=|ns|+1
Lnt] [nt]

= C Y ) olo|E[ARAF).

i=|ns]+1 j=|ns|+1

IN

IN

By (4.2.5), we have

It 2 nt) It VAL
B 3 oam sy S vavm ()
j=|ns|+1 i=|ns|+1 j=|ns|+1 —J
< O(|nt] — |ns])At3/?
t—s 1
= C<¢a+n3/z>
< 1/4!t s/,
and we are done. [}

4.4 Key Estimates

In this section we will establish some important estimates needed in the proof of Theorem

4.1.3.

Lemma 4.4.1 Let X1, Xo be mean zero, jointly normal random variables with EX]2 =1

and p = E[X1Xs]. Then

E[X{*X5%] = K(p),

where K(z) = S2v/1— 22 + 2(1 + 22?) sin~!(z) is as in Theorem 4.1.3.
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Proof. Define U = X; and V = (1 — p?)"/?(Xy — pX1), so that U and V are independent
standard normals. Then X; = U and X5 = /1 — p2V + pU and

EIXP*XJ*] = EUW1-pV +pU)]**

1
T o // [u(v/1 = p2 v + pu)* e~ /2 gy dy
7r
1 2w oo
= 5 / [cos 0(+/1 — p? sinf + pcos 0)]**r%e""/2 dr do
m™Jo Jo
4 2m
= / [cosB(y/1 — p? sin b + pcos 0)]** db
T Jo

since fooo rPe /2 dr = 8. Now, since the above integrand remains unchanged under the
transformation 6 — 6 + 7, we have
] w/2
EX#EXE == / [cos B(1/1 — p? sin 6 + pcos 0)]** db.
T J—n/2

Since cos @ > 0 on the interval of integration, we have
24 2+ 8 [™? 2
EXi=X57] = / [cosO(\/1 — p? sinf + pcos 0)]* df
™ a

8 / [cos B(\/1 — p2 sin 6 + pcos 0)]2 db

T J—r/2

where a = tan~!(—p(1 — p?)~%/2). With the change of variables 6 — —6, we then have

E[XfinH] = i/ P [cos@(ﬂ sin@—pcos@)}QdQ
—8/ [cos O(y/1 — p? sin + pcos 9)]2 dh.
T J—7/2

Assume for the moment that p < 0, so that a > 0. Then

—a

32
E[X%iXQH] = —?pﬂ B cos® O sin 0 df

—8/ [cosO(\/1 — p2? sin® + pcos§)]* db
T

1 a
= §p 1— p? cos4a—6(1—,02)/ cos? 0sin” 0 do
T T

0
16 @
——p? / cos* 0 df
n 0

8 16 [
= —pyV1-—p? cos4a/ cos? 6 do
™ ™ Jo

1 a
+—6(1 - p2)/ (cos* 6 — cos? sin” 0) db.
d 0
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Note that a = sin~!(—p), so that p = —sina. Thus,
8 16 [
EX?X2) = —Zsinacos’a — / cos’ 0 do
™ ™ Jo
16 5 (% 4 2 9 ain2
+—cos“a [ (cos” 6 — cos”Osin” 0) db.
™ 0

Observe that

d
@(Q—FSinHCOSH—i—ZSinQCOS?’H) = 1+ cos?f —sin?6 + 2cos’ 6 — 6sin® § cos®
= 2cos? (1 + cos®§ — 3sin? )
= 2cos?0(2cos?h — 2sin? 6)
and
d . . 3 2 2 4 s 2 2
%(39—|—3SIDGCOSG+QSIHHCOS ) = 3+4+3cos“f —3sin“ 6+ 2cos” O — 6sin” 6 cos” 0
= 2cos?0(3 + cos? § — 3sin? h)
= 8costd.
Thus,
24 2+ 2 : 5 . . 3
E[X{*X5"] = =[-4sinacos’a—3a —3sinacosa — 2sinacos’a
0

+2a cos® a + 2sina cos® a + 4 sin a cos® a]

= [—3@ — 3sinacosa + 2acos® a]

[—3sinacosa — a(l + 2sin®a)]

ERE RN VRN

[3p 1—p2+ (1+2p%)sin? p] .

This proves the lemma in the case that p < 0. In the case that p > 0, we have, by symmetry,
BIX2 X2 = —K(—p) = K(p). n

Lemma 4.4.2 Let K(z) be as in Theorem 4.1.3. For all z € [—1,1],

'K(m) - Sx < 2.
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Proof. Note that K € C*°(—1,1) and

2 32 1+ 222
K'(z) = Z|3V1—22—- —— +4zsin”!(z) + ———
(@) ™ V1 — 22 (@) V1 — 22

8
= —[V1—22+zsin(z)]
T

K'(z) = Ssmfl(x).

Since K" is increasing,

1
‘K(:p) - Sx < Sa*K"(|x]).

But for y € [0,7/2], siny > 2y/m. Letting y = mx/2 gives sin~!(z) < 7x/2 for z € [0,1].
Thus, K"(]z|) < 4|z|, which completes the proof. ]

Corollary 4.4.3 Let X1, Xo be mean zero, jointly normal random variables with EX]2 =1
and p = E[X1Xs]. Then
[BIXTEX57]] < 5lpl.

Proof. This follows since 8/7 < 3 and |p|® < |p|. ]

Lemma 4.4.4 Let X1,..., X4 be mean zero, jointly normal random variables with EX]2 =1

and Pij = E[XZX]] Then
4
2+
: < ;
ENTX|| < € max lpsl
7j=1
for some finite, nonnegative, universal constant C.

Proof. Let X = (X1, X2, X3)T and v = (p14, p24, p34)T. Note that X —vX, and X, are

independent. Define F : R3 — R by F(x1,z2,73) = j x?i so that
4 ~
B[] = |BFG)X)
j=1

= |BI(F(X) — F(X — vXy4) X7

(BIPR) - (X —ox))" (Bl 2.

IN
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Now, given x, h € R3, there exists 6 € [0, 1] such that F(z+h) — F(x) = h-VF(z +0h).

Moreover,
O F ()] = [2arfayTa3
< 2z
and similarly for 9o F and 93F where | - || is the Euclidean norm in R?. Thus,

|F(x +h) = F(x)| < CAlI (] + [IA])

which gives

IN

4
- 1/2
EITTx || < o (BlloXalPIX1) + Blex] )
j=1

IN

C(llolf? + [fo]|"2)"72.
Since ||v]| < C'max;<j<3 |pja| and each |p;s| < 1, this completes the proof.
Now, for k1 <--- < kg €N, let
4
Appeis = [ [ AR
j=1
and recall that ™" = (2" V 1).

Corollary 4.4.5 For all ki <--- < k4 €N,

At?

EAg .| LCrre—rors

and
At?

EAg .| £Crre—rnrs

for some finite, nonnegative, universal constant C.

(4.4.1)
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Proof. Define X, = a,;leFk].. By Lemma 4.4.4 and (4.2.5),

) -
‘EAkl'”k4| = |E HAFEJ:‘:
=1 |
4 [ 4
_ 2 2+
- Hakj E HXj
j=1 =1

IN

4
2 |
C Hlffk,- max [B[X;X4)
‘7:

< 3/2 .
~ CAt 11;1]22(3‘E[AF;€]AF]€4]|
At?
< OC—r——r.
o (k4 — kg)Ng/Q
By the symmetry of Lemma 4.4.4, we also have

4

2+
: < ;
ENTX| | < € max o)
7j=1
which, as above, gives
Bl <0 B
ki-kal = (kz - k1)~3/2’
finishing the proof. |
Lemma 4.4.6 Let X1,..., X4 be mean zero, jointly normal random variables with EXJ2 =1

and p;j = E[X;X;]|. Suppose that |p12| <7 <1 and let

Then
4 1
E X*ll<c ( A ———— ~>
jl:I1 i S !p12ﬂ34| mp

for some finite, nonnegative, universal constant C.
Proof. Let X; = (X1, X2)T and Xy = (X3, X4)T. Define a = (a1,a2)” by

1 1 —pr2 P13 P13

a =

5 o\l
T = (BLGXT))
P12 —p12 1 P23 P23
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and note that |a;| < Cp(1l — r2)~L Let Vi = a1 X1 + a2 X2. Then
E (X5 — Vl)Xﬂ = (p13,p23) — " E[X1X{] =0
and, hence, X35 — V; and X are independent. Also observe that
EVE = T (E[XleT]) a

= aT(P137 P23)T

< Op*(1—r3H)~h

Similarly, we can define V5 with X4 — V5 and X, independent and EVE<Cp*(1—r?)~L

Now let V = (V1,V5)" so that X, — V and X, are independent. With F(x1,29) =

2+ 2+ :
T x5, we may write

4
E l_IXfjE = |E[F(X1)F(X2))|
=1

IN

|E[F(X1)F(Xo — V)]| + |E[F(X1)(F(X2) — F(Xo — V)]

A

|EF(X1)||EF(X2 = V)

+(Br0R) (BIFCR) - PR - v)P)

Since
|EF(X1)||[EF(Xy — V)| < |EF(X))||[EF(Xa)| + |EF(X1)||E[F(X2) — F(X2 = V)|

and
- - - - 1/2 - - 1/2
[EF(X)||EIF(%2) - F(X2 - V)l < (BIF(X)PR) T (BIF(%2) - F(Xa = V)P) 7,
we have

4

IR

j=1

1/2

B < [ERROEF(R2)| +2 (BFR)E) " (BIF (%) - F(Xe = V)P

Observe that E|F(X)[> = E[X{X3] < C. Also, as in the proof of Lemma 4.4.4,

[Pz + h) = F()| < ClIAl(ll® + 1A]).
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Thus,

EIF(X:) — F(X2 = V)2 < CE|IVI*(I Xl + V]|

1/2

IN

- 1/2
C(EIVIHY (BIZ) + BIV)™2) .
Note that for 2 < k <6,

E|VI* = B+ V)"

IN

C(EVZ* + EVEF)

IN

C(BVE® +|BVZ[Y).
Since V; is the L?-projection of X412 onto the span of X; and X, and since the L? norm
of Xjyois 1, EVj2 < 1. Hence, E||V||'? < C and
E|VI* < C(EVE] +|EVZ?)
< Ccpta—rH2

Thus,

=
—

<
2

A\

- . 1
c (!EF(Xl)HEF(Xg)\ n mp>

1 N
< C (!p12p34| + 2,0>
1—7r

by Corollary 4.4.3. |

Corollary 4.4.7 For allky <--- <kg €N,

1 1
EAp, .| <C A,
BBk < <(k4 k)2 (ks — k)P (kg — k2)~3/2>

for some finite, nonnegative, universal constant C, where Ay, .., s as in (4.4.1).
Proof. Define X; = ak_leij. Then by Corollary 4.2.3 and (4.2.5),

pijl = |E[Xk, Xkl

= o0, '0;'|E[AF, AR

B 2./7
T k= Ry
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We will consider three different cases.
Case 1: ko — k1 > 4.
In this case, |p12| <r =+/7/4 < 1. By Lemma 4.4.6 and (4.2.5),

\ :
|EA,..k| = |E HAF,?;‘
j=1

4 [ 4
_ 2 2+
- (11 | 2| 112
=1 j=1

IN

4
1
C I | or | | Ip12pss] + ——— max |p;;|
P
s j V1—7r2i=12

7j=34

IN

car ((/M - ks)N?’/zl(/fz “ ) " (ks ’1‘2)”3/2> '
Case 2: ky — kg > 4.
By symmetry, Lemma 4.4.6 also holds if |ps34] < r < 1, and the proof of Case 1 carries
over to Case 2.
Case 8: ko — k1 <3 and kg — k3 < 3.

In this case,

1 1 1 1
((k‘4 )k — k1) (i — kz)N3/2> 7 Tha— k) 372k — k)2 = 27
and Holder’s inequality, together with (4.2.5), gives
4 4 4
[EAR .l = B | [TAE || < E]]AF | <C]]et, < oar,
j=1 j=1 j=1
which completes the proof. |
Lemma 4.4.8 Let X1,..., X4 be mean zero, jointly normal random variables with EX]2 =1

and p;j = E[X;X;]. Suppose that
1

ME < =
Igg]xlpml 5

and let R = (1 —3M? —2M3)~! < 0o. Then

4
E iji < CR*M?
j=1

for some finite, nonnegative, universal constant C.
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Proof. Define X = (X1, X», X3)7 and let

1 pi2 pi3
S=EXX"=1| pia 1 pa
p13 p23 1
Note that
det = 1-— p§3 — p12(p12 — p13p23) + p13(p12p23 — p13)

= 1 — p2y — pis — pag + 2p12p13P23

so that |det¥| > 1 — (3M% 4+ 2M3) = R™! > 0 and ¥ is invertible. If ¥;; is the 2 x 2
submatrix of ¥ obtained by removing the i-th row and j-th column, and C is the 3 x 3
matrix given by Ci; = (—1)"7 det ¥;;, then £~ = (det £)~1C7T. Since M < 1/2, |Cyj| <1
for all 7, j. Thus,

(E Nyl <R

for all 4, j.

Now let ¢ = (p14, p24, p34)T and define a = (a1, az,a3)” = X ~'c. Note that

la;| = |(Eil)j1/?14 + (271)]‘2,024 + (E’l)jgpgﬂ

< 3RM

for all j. Define U = X4 — a” X and observe that

EXU] = E[XX4 - (EXX"))a
= c—Xa
=0

so that U and X are independent. In particular, EXZ = EU? + Ela’ X |? and EU? < 1.

Now write
E[[XF|| = E[(X1X2X3)™ (U +a" X)**]

= f(a)
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where f:R3 — R is given by
f(x) = fla1,m2,23) = B [(X1X2X3)* 5 (U + 21 X1 + 22X3 + 23X3)>F] .
By Theorem 2.27 in [12], f has continuous partial derivatives given by
of(z) = 2B[|X:1[3(XoX3)*5|U + 27 X|]
daf(z) = 2B [|Xof (X1X3)**|U + 2" X|]
Osf(x) = 2B [|X3(X1X2) U +27X]].
First, consider d3f. Note that
|05 f(z) = 2B [| X6 (0 X2) (U] < 2B [|X6P X0 X |[U + 27 X] = U]
< 2B [| X3P X0 X 2T X
< Ol
Thus, since U and (X7, X2, X3) are independent,

105/ ()] < C|E [|X3*(X1X2)]| + Clz].

As in the proof of Lemma 4.4.6, let V be a linear combination of X; and Xs such that
X3 —V and (X1, X3) are independent, and EV? < CM?2. Then

|E[| X3P (X1 X)) | < |E[|Xs — VXX X0)> ] | + E (|| Xs]* — | X5 — V| [ X1 X5
< (BIX3 = VP) |EXTEXTE| + CE{|V](|X3] + [V])*| X1 X2[*}
< CM

by Corollary 4.4.3. Thus, |0sf(z)| < C(M + ||z||) and, by symmetry, the same estimate
holds for the other partial derivatives as well.

Now, since f(0) = 0, there exist § = 0(x) € [0, 1] such that
[f(@)| = |z - Vf(0x)] < Cllz]|(M + [|]])

and, hence, since R > 1,

S
—
%,
H;
VAN

Cllal[(M + [a]])

IN

CRM (M + RM)

< CRM((2RM),
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and the proof is complete.

Corollary 4.4.9 For all k1 <--- < k4 € N,

At?

for some finite, nonnegative, universal constant C, where A, ..k, is as in (4.4.1), and
m = min (kj11 — k;).
1§i§3( w1~ ki)

Proof. First, assume m < 3. Then Holder’s inequality, together with Corollary 4.2.3, gives

4
At?
|EAg,.k,| < [ EIAF, | < CAP < C—

j=1

Now, assume m > 4. Define X; = ak_leFk].. Then by Corollary 4.2.3 and (4.2.5),

lpijl = |E[X:Xj]|
= o0, '0; '|[E]AF, AF]|

Y
T ki = Ry

and, hence,

VT 1
= < X Z
M rglgx!pwl_ T <3

and .
R=(1-3M?-2M3)"' <(1-5M*)"'< (1 — ?g) < o0.

By Lemma 4.4.8 and (4.2.5), we have

\ ]
|EAL.wl = |E|[]AR
Jj=1

4 [ 4
_ 2 2+
- (10 ) e | 11
j=1

4
[T ok, | max|Elx:X;)P

IN
Q
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and we are done. [ |

4.5 Moments

We now use the estimates of the previous section to analyze the second and fourth moments

of the increments of the processes Wt(n) in Theorem 4.1.3.

Proposition 4.5.1 There exists a finite, nonnegative, universal constant C such that,
BIW™ — W < Clt — s
for all 0 < s <t and all n € N, where Wt(n) s as in Theorem 4.1.3.

Proof. Write
[nt]

W Wi = ST AR g (nt - [nt))AFZ |~ (ns — [ns))AFEE
j=|ns]+1

Note that the number of terms in the above sum is |nt| — [ns| < n(t—s)+ 1. First, assume
that n(t —s) < 1. In this case, either [nt| — |ns| =0 or [nt] —|ns] = 1. If |[nt] — |ns| =0,
then

Wi — W = n(t — ) AFE

so by Corollary 4.2.3,

EW™ —wmt < cndjt — s[*At2

= Cn?lt —s|*

IN

C|t — s|*.
On the other hand, if |nt] — [ns| = 1, then
Wi — W = AFEE L+ (nt— |nt]))AFE (ns — |ns|)AF2E

[ns |nt|+1 [ns|+1

= AFL, + (nt — |nt))AF | — (ns — [nt] + DAF

= (|nt] - ns)AFﬁiJ + (nt — Lntj)AFf,iJH-
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Since ns < |ns] +1 = [nt| < nt,
W = W < nlt — S| AR+ nlt = s|AFT,
and by Corollary 4.2.3,

EW™ —wmE < ondlt — s]* AL

S

< Ot — s

Next, assume n(t —s) > 1. In this case, Corollary 4.2.3 gives

|t 4

+
EW" —wWt<c{E| S AFFE| 4 A2
j=lns]+1
Note that in this case, At? = n=2 < |t — s|?. Hence, it suffices to show that

[nt] 4

E| )  AFX| <Clt—sf
j=Ins]+1

To this end, we first make several definitions. Let
S={keN:|ns|+1<k <--- <ky<|[nt]}.
For k € S, define h = h(k) € Zi by h; = ki11 — k;. Also define

M(k) = max(hl,hg,hg)
m(k) = min(hl,hg,hg)

c(k) = med(hy,ho,hs)
where “med” denotes the median function. For i € {1,2,3}, let

Si={keS:h;=M}.
Define N = [nt| — (|ns| + 1) and for j € {0,1,..., N}, let

) ={keS;: M=j}.

Further define
Tf=T" ={keS m=1t}
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and

VY =ViY = (ke T c=v}.

‘We now have

4
Lnt]
E Z AFF < 4!Z|EAk1...k4]
j=lns|+1 kes
3
< 4!ZZ’EAI€1”~I€4|

=1 keS;

where Ay, ..k, is given by (4.4.1). Observe that

N
S IEA ki =D [EA ]

keS; 7=0 kGSg
and
(V7] J
Z |EA/€1--~I€4| = Z Z |EAk1-~~k’4| + Z Z |EA/€1~-~/€4|'
k:eS{ £=0 keTf e=|\j|+1keT!

First suppose 0 < ¢ < [1/j]. In this case, write
J
S IEA k] =D D |EA k-
keT? =L kEVY

FixkeVY Ifi=1,then j =M =h; =ky — k. If i =3, then j =M = hg = ks — k3. In

either case, Corollary 4.4.5 gives

1 9 1 1 2
|EA ] < CWAt <C <(&/)~3/2 + jN3/2> At”.

Ifi = 2, thenj =M = h2 = ]€3 — kQ and v = h3h1 = (k4 — kg)(k‘Q — k‘l). Hence, by
Corollary 4.4.7,

1 1 )
|EAg, ..y <C ((EV)”M + j~3/2> At2.

Now, if k € VY = Vij’ﬁ’l', choose i’ # i such that hy = £. With ¢/ given, k is determined by

k;. Since there are two possibilities for i’ and N + 1 possibilities for k;, |[V;¥| < 2(N + 1).
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Thus,
Y1 Wil g 1 1
2
Z Z |EAk1~~~k4‘ < C(N+ 1) ; Zg <(€y)~3/2 T ]N3/2> At

(=0 keTf

Wil o )

2
< C(N+1)) <£~3/2 + ij) At
< C(N+1)At.

Next suppose |/7|+1 < £ < j. In this case, if k € TY, then m = minj<;<3(ki+1—ki) = £,
so that by Corollary 4.4.9,

1
|EAg, ..k, | < CF’)NQ'

Since |Tf| = {/:Z VY| <2(N +1)j, we have
J J 1 )
> Y IBAk| < C(N+1) D it

0=|\/7|+1 keT! =7l +1

C(N +1)j (/ 13dx> At?
Vil ¥

C(N +1)At%.

IA

IN

Thus,

[nt] 4 N

E| Y AFF CY (N + 1A
j=|ns|+1 7=0
= O(N +1)°A¢?
_ C<LntJ - Ln5J>2

n

IN

IN

C|t — s|?,
and the proof is complete. ]

We now know, by Jensen’s inequality, that E|W, " _ Ws(n)]Q < C|t — s|. However, for
convergence purposes, we need to be more precise.
Proposition 4.5.2 Fix 0 < s <t. Then
lim E[W™ — W2 = 2t — s)
n—oo

where Kk s as in Theorem 4.1.35.
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Proof. First assume that s > 0. Write

AW, = Wt(n) —W =5, +e,

where
[nt]
> AR
Jj=|ns|+1
and
en = (1t = [t AFET L (ns = [nsDAFLS ).
Then write

[nt] [nt]

ES? = Y BEAFit+2 Y Z E [AFFAFF]

j=|ns|+1 j=|ns|+2i=|ns|+1
|nt] Int] g1
= Z —At—— Z Z K (3vj-i) At + R,
j=|ns] +1 =|ns]+2i=|ns|+1

where K (z) is as in Theorem 4.1.3 and

[nt] [nt) j—1

Ri= Y <EAF4 = At) 2 Yy <E NN %K (Ly;) At) .

j=|ns]+1 j=|ns]+2i=|ns]+1
Now, observe that by Holder’s inequality and Proposition 4.5.1,
EAW}? —ES2 = E[2Suen+c)]
= E[2AWqe, — si}

OVt — s|E2|M? + E&2.

IN

By (4.2.5), Ee2 < CAt — 0 as n — oo. Hence, it suffices to show that ES2 — x2(t — s).
Next, observe that

5 L

j=|ns]+1
and

[ nt] [nt]  j—|ns|-1

ZZ (G- dt = >

=|ns]+2i=|ns]+1 j*|_nsj +2 =1
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where N = |nt] — |ns| — 1. Thus,

nt] j—1 N N
Z Z K ( 27’] ~i) At = ZZ;K(%%)
j=|ns]+2i=|ns]+1 i=1 j=i
N
N i 1
= > (n - n) K (3m)
=1
Note that by (4.2.3) and Lemma 4.4.2, € = Y2, K(37;) < 0. Thus, S0, LK (3v;) — 0

as n — oo. Since ¥ — (¢ — s), we have

[nt] |nt|

3 ﬁAt—— 3 Z (1yy_i) At — g(t—s)—%ﬁ(t—s)

j= LnsJ+1 j [ns]+2i=|ns]+1

and it suffices to show that R, — 0 as n — .

Now, by Lemma 4.4.1,

E[AFFAFF| = oolE

AF. 2+
()

= 0}0K(pij)

- £[(2) (45)

= (O’Z'O'j)ilE[AFZ'AFj].

where

Define a = 0?02, b = K(p;;), c = 2At, and d = K(—%v;—;). By (4.2.5), [a| < CAt. By

i ]’
022(0]2,_‘/2At>+ W<Ug_‘/w>‘
T T T

(4.2.5) and Lemma 4.2.2,
< 01 AP

= @R
Z

By Lemma 4.4.2, |K(x) — K(y)| < C|z — y|, so that |d| < C and

la —c| =

1
57]'—1'

1 At At 1 T
EAFAF )+ —vji—i | = A/ — Y= | — —\/== ] |-
0;0; ( [ j] + 2w i > 2 i (maj 2At> ‘

b—d < Clpy+

= C
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Observe that

oit+o; \V m o;+0; V. 7

1 1
7

and, hence, by Lemma 4.2.4,

L 52

(2

Putting it all together gives

’E[AFEiAFfi]+72TK(;7j_i)At = |ab — cd|

= Ja(b—d)+d(a—c)|

< la[|lb—d| + |d[|la — |
L 52
< Ct?’WAt )

Since t; > s > 0, this shows that
[t j—1 9
>y <E AFPEAFE| 4+ 2K (37;-1) At> — 0,
j=|ns|+2i=|ns|+1
Combined with (4.2.4), this shows that R, — 0.

We have now proved the proposition under the assumption that s > 0. Now assume

s =0. Let € € (0,t) be arbitrary. Then by Holder’s inequality and Proposition 4.5.1,

€

EW ™2 - /{Zt’ - }E|Wt(") WP k2t — )+ 2E [Wf”l)W(")} CEWMP - k2

< )E\W;’“ W - 2 5)‘ +CO(Vie + o).
First let n — oo, then let ¢ — 0 to complete the proof. |

The final lemma in this section shows that the limiting object in Theorem 4.1.3 is

nontrivial.

Lemma 4.5.3 Let k be as in Theorem 4.1.5. Then k > 0.
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Proof. By Lemma 4.4.2,

> K(3)
=1

oo 00 3
iE:;7r+2§:(;%)
i=1 i=1
- Wi2171+4i217i'

Since v; = f(i — 1) — f(i), where f(z) = V& + 1 — \/z, we have that Y .2, v = f(0) = 1.
Moreover, by (4.2.3),

oo o0 1
;%3 < ;(\/523/2)3

1§i1
- 2\@ — 19/2

1 > 1 2
< (1—1—/ dm>:9\[.
2\6 1 11;‘9/2 28
Thus,
1 4 92
2 EGW = T4
i=1
_4 93
3 54 2
Since
4 (3 &
2 1
K _7T<QZK(2%)> >0,
=1
we see that k > 0. [ |

4.6 Proof of Theorem 4.1.3

By Proposition 4.5.1 and the Kolmogorov-Centsov Theorem (see Problem 2.4.11 in [17]),
we know that the processes W (™ are tight; it only remains to show the convergence of the
finite dimensional distributions to those of Brownian motion. We will accomplish this in two
steps: (1) we will show that the increments of these processes converge to normal random
variables with the appropriate variances; and, (2) we will show that any process, which is

a subsequential limit of these processes, has independent increments. The primary tool in
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the proofs of these facts will be conditioning and we will make frequent use of the filtration

of o-algebras
Fi = a{// dW(r,y) : ACR x [0,t],m(A) < oo}
A
where m denotes Lebesgue measure on R?. Note that the process F; is adapted to F;.

Lemma 4.6.1 Ift;_1 > u, then

2

2
R

E|E[AF;|F)” <

Proof. Since the distribution of the process F = F®) does not depend on z, we may

assume that = 0. Thus, by (4.1.7), if ¢ > u, then
U
BIENE] = [ [ o= rydvi.y.

R Jo

Therefore, if ¢ > s > u, then
u
BIELF = AR = [ [ 1ot =) = pls = o) Py,
0

As in the proof of Lemma 4.2.1,

//u (t = )p( )drd 1 /u LI
-, s—r,y)dr = r
R JO P vp Y Y V2rJo Vt+s—2r

e+ 52 (=) (s =) ),

Thus,

BIEIF, - FIR]? = =2 |vVi- vi=u|
a2 [Vs = Vs =]
—r 2 VR (Vi s - ViE-w + (- )|
— 12 (\/{:+\f— \/2t+2s—|—\/2t—25)
V2 (i =
V20t — )+ 2(s — w) + /2t —u) — 2(s — u)) .

Hence, by (4.2.1),

E|E[F; — FJ|F,)|*> = E|F; — Fy|*> — E|Fy_y — Fs_y|? (4.6.1)
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and therefore, by (4.2.2),

1 2

1
E|EIF: - F|FP < ( " ) tosP< 2 i sp,
$3/2 (t _ u>3/2 (t _ u)3/2

which completes the proof. |

Proposition 4.6.2 Fiz 0 < s <t and let W and r be as in Theorem 4.1.3. Then
W W 2 e — o
as n — 0o, where x is a standard normal random variable.

Proof. We will prove this proposition by showing that every subsequence has a subsequence
converging in distribution to the given random variable.
Let {n;} be any subsequence. For each n € N, choose m = m, € {n;} such that

My > my_1 and my, > n*/(t — s). Write

AW, = W™ —wlmn) = 8, 4 e,

where
[mt]
B 24
Sm= Y,  AF;
j=|ms|+1
and
Em = (mt — LmtJ)AFiftHl — (ms — LmsJ)AFﬁ;Hl.

Note that by (4.2.5), Ee2, < CAt = C/m. Hence, ¢, — 0 in probability and by the
Converging Together Lemma (see Exercise 2.2.10 in [10]), it will suffice to show that Sy, <

K|t — s|1/?

X as n — oo.
Now fix n € N and let 4 = m(t — s)/n. For 0 < k < n, define ug, = |ms] + |ku/, and let
un, = |mt]. Finally, define
x{M = f: AF?
j=up_1-+1
so that S, = Xl(n) + -+ Xfln). We wish to apply the Lindeberg-Feller Theorem (see
Theorem 2.4.1 in [10]) to this triangular array; the problem, of course, is that the X ,gn)’s

are not independent.
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Recall F; from the beginning of this section and let F7 denote F; - Forug1+1 < j <y,
let Af‘j = E[AF;|F“-1] and AF; = AF; — Aﬁj. Note that by (4.1.7), AF; and F“*~1 are

independent. Now define

Uk
XW= Y aF”

Jj=up—1+1
so that X ,gn) = Y,(Cn) + Yk(n), where
(3
W=} {(AE + AR - Afgi} .
J=ug—1+1

We then have S, = S,, + T},, where

T, = Zn: v,

Note that by the Mean Value Theorem, for all z,y € R, there exists § = 0(x,y) € [0, 1] such
that (x + y)** — 22F = 2|z + fy|y. Hence,

(@ +9)** — 2| < C(lwy| + [y]?), (4.6.2)

which gives
UL _ _
By <c Y {EyAFjAFj\ + E]AFj]2}.
Jj=ug—1+1
By independence, E|AF;2 = E|AF;|2 + E|AF;%, so that E|AF;|2 < E|AF;2 < CVAt
by (4.2.5). Therefore, by Lemma 4.6.1,

n 1
By < o Y A

]_uk71+1 (t.] - tuk—l)
C & 1

= = Z _ 3/4
m J=ug—1+1 (7 — we—1) /

B C Up—Uk—1

= = 7
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Now, for 1 < k < n,

up —up—1 = |kp) = [(k=1)u]
< kp—(k-1Dp+1

= u—+1.

Also,

Uy —tuney = |mt] — [ms] - |(n— 1))

IN

m(t—s) —nu+ p+2

= u+2.

Since p > 1, this gives up —ug—1 < Cp for all 1 < k < n. Since, for a € N, Z?:lj_3/4 <

Iy 273/ dx = Cal/*, we have

n C
B s =)V
C in
< N
—= \/mu )
and, therefore,
1/4
w'en
ET, < C
A
(t _ 5)1/4n3/4
- mi/4

But since m = m,, was chosen so that m > n*/(t — s), we have that E|T,,| < Cvt — s /n'/%.
Thus, T;, — 0 in probability and, again by the Converging Together Lemma, it will suffice
to show that S, % k|t — s|'/2x as n — oo.

We now wish to apply the Lindeberg-Feller Theorem to the triangular array S, =
an) +F Yiln), noting that Y&n), e ,Xﬁ”) are independent and EY,(:L) =0 for all n and

k. The key to checking the hypotheses of Lindeberg-Feller will be to show that

4

U
—24 C
E| )  AF; gmm—uk,ﬂ?. (4.6.3)
Jj=ugp_1+1
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(Compare this with Proposition 4.5.1.) To prove (4.6.3), let 7 = up_1At = ui_1/m and
define the process

Gt = Ft—I—T - E[Ft+7'|-7:7']'

Since G; and F; are independent, we have for t,s > 0

E|Gt_GS|2 = E|Ft+7’_ s+T|2_E|E[Ft+T_ S+T|~7:‘r]|2

= E|F, - F,?
by (4.6.1). Since Gy = 0, it follows that, as processes, G 2 F. Now observe that
AF; = AF; — E[AF;|F;] = AGj—y,_, -

Thus, by Proposition 4.5.1,

i i4 i 4
=2 _ 24
Bl Y AR = Bl Y adk,
Jj=ugp_1+1 j=up_1+1
Uk —Uk—1 4
_ 2+
= E| ), AF
j=1
S C\(uk — uk,l)AtF

which proves (4.6.3).

We may now verify the conditions of the Lindeberg-Feller Theorem. We check that

nEY(n” < gnu—u,

; X [ < me:l(k k—1)

|mt] — |ms]
m

< Ct—s+1)

= C

n
)\2—>02asn—>oo

so that by passing to a subsequence, we may assume that > ;_, F|X ,g

for some o > 0. We also check that for all € > 0,

n n n
— — 1 = C
E E[’Xi(cn)’2§\X§cn)’>5} S ;22 :E‘Xén)rl < m2e2 E Jug — up—1|?

2 2
n t—
LA )
m2e2 ne?

C —0
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as n — oo. Thus, it follows that S, A ox as n — oo and it remains only to show that

o = k|t — 5|'/2; but this is immediate from Propositions 4.5.1 and 4.5.2. |

This concludes step (1) of our method of proof as outlined at the beginning of this

section. To accomplish step (2), we begin with a lemma.

Lemma 4.6.3 Let d > 2 and X" = (an), . ,Xg(ln)) e RY with X 4 x. Suppose that
foralll1 <j <d,

X; L ox (4.6.4)

where 0; > 0 and x is a standard normal random variable. If X(gn) = Y(n) + Y™ where
Y () — 0 in probability and, for all n, ™ and (qu’), e ,Xc(lri)l) are independent, then Xy

and (X1,...,X4-1) are independent.

Proof. Fix = = (z1,...,74) € R% Let

Ay = {yERd:yigxiforaHlSiSd}
Ag1 = {yeRdil:yigxiforalllgigd—l}
Ay = (o0, 24

Note that by (4.6.4),
P[X S 6Ad] = P[(Xl, e 7Xd71) S 8Ad,1] = P[Xd < 8A0] =0.

Thus, since (an), e ,Xc(ﬁ)l,y(n)) = XM _ 0,... ,O,Y(”)) <4 x by the Converging To-

gether Lemma, we have

Plx €A = lim P[(Xx™,. . x{ X" e 4,

n—oo

= 1im P[(X(™,... X)) € 4] PIX™ € A

n—oo

= P[(Xl, ce aXd—l) S Ad_l]P[Xd S Ao]

which shows that Xz and (X3,...,X4_1) are independent. [ |

Proposition 4.6.4 If n = n; is a subsequence such that {Wt(n)}tzo 4, {Xi}i>0, then Xy

has independent increments.
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Proof. Fix 0 <t; <ty <--- <ty <s <t Itwillbeshown that X; — X, and (X;,,...,X,)

are independent. Let
[nt]
>, AR
j=|ns)+2
where AF; = AF; — AF;, AF; = E[AF;|F7511] and let

Y(n) _ Wt(n) o W(n) o Y(n)

Note that X" and F |ns|+1 are independent. Hence, X™ and (Wt(ln), e ,Wt(dn)) are inde-
pendent. Thus, by Lemma 4.6.3, it will suffice to show that Y™ 0 in probability.

To see this write
[nt] [nt] o
Y. AR+ (nt— [nt)AFS L — (ns— [ns])AFL L — Y AF,
j=|ns|+1 j=|ns|+2

so that by (4.2.5), (4.6.2), and Lemma 4.6.1,
[nt]
EY™| < c{vVAi+ Y E )(AE + AR AF?*]
j=Ins]+2

Lnt)

1 5/4
< C{VAt+ Z @ ttnsm)d“&/

j=lns]+2
|nt]—|ns]—1
C 1
- — {1 —
A
< £{1+n1/4( )1/4}H0.
i f
and we are done. [}

We now formally summarize the preceding argument.
Proof of Theorem 4.1.3:

By Lemma 4.5.3, k > 0. By Proposition 4.5.1 and the Kolmogorov-Centsov Theorem (see
Problem 2.4.11 in [17]), the family of processes {W }neN is tight. Thus, every subsequence
has a subsequence that converges in distribution to a continuous stochastic process. For a
given subsequence, call this process X;. By Propositions 4.6.2 and 4.6.4, X; 4 kW, where
W is a Brownian motion. Since every subsequence has a subsequence converging to the

same limit process, the entire sequence converges to this limit. |
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