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Preface

In classical logic, we formalize deductive arguments. The conclusion of a
deductive argument is known with certainty, provided its premises are true.
Inductive arguments, on the other hand, are those whose conclusions are known
only with some degree of plausibility. An argument in a courtroom, for example,
is inductive. Its conclusion, at best, is only known “beyond a reasonable doubt.”

We present herein a formal system of inductive logic. The system contains
deductive logic as a special case. It also uses a language that allows for countable
conjunctions. When we restrict our attention to deductive arguments using
only finite conjunctions, we obtain ordinary first-order logic. That is, first-order
logic is embedded within this system. In particular, the system is capable of
expressing the usual set theory of Zermelo and Fraenkel, and as such, can express
any statement of modern mathematics.

This system of inductive logic gives rise to a probability calculus that
is in complete agreement with modern, mathematical probability theory. In
particular, the inductive statements in the formal language of this system can
be interpreted in probability spaces. Moreover, any probability space, together
with any collection of random variables, can be mapped in a natural way to
such an interpretive model.

Inductive logic, however, is more expressive than ordinary probability theory.
There are probabilistic ideas that are expressible in this system which cannot be
formulated using only probability spaces and random variables. An example of
such an idea is the principle of indifference, a heuristic notion originating with
Laplace. Roughly speaking, it says that if we are “equally ignorant” about two
possibilities, then we should assign them the same probability. The principle
of indifference has no rigorous formulation in ordinary probability theory. It
exists only as a heuristic. Moreover, its use has a history of being problematic
and prone to apparent paradoxes. In our system of inductive logic, however, we
provide a rigorous formulation of this principle, and illustrate its use through a
number of typical examples.

The material herein makes use of (mostly) basic facts from mathematical
logic and measure theory. We assume the reader is already familiar with the
fundamentals of measure-theoretic probability theory. On the other hand, an
effort has been made to accommodate readers with no familiarity in logic. The
logical notions that we use are presented in a way that is mostly self-contained.
Where this is not possible, explicit references to the literature are provided.

xi
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Chapter 1

Introduction

Strictly speaking, all our knowledge outside mathematics and
demonstrative logic (which is, in fact, a branch of mathematics)
consists of conjectures.

—George Polya, 1954 [26]

1.1 Deductive vs. inductive reasoning

Newton’s laws of motion were conjectures that Einstein showed us were false.
But Einstein’s theory of relativity is also a conjecture that may one day be
overturned. Physical laws, in general, are all conjecture. Each experimental
confirmation makes them more plausible, but they can never be established
with complete certainty.

In the courtroom, the prosecuting attorney must prove the guilt of the
defendant, not with complete certainty, but only beyond a reasonable doubt.
If the law required the prosecutor to achieve complete certainty, then everyone
would be acquitted, because this would be impossible. Strictly speaking, then,
we imprison people on the basis of conjecture.

Likewise, the conclusions of the historian, the economist, the chemist, and
the medical researcher are all conjecture. None of them can establish their
results with complete certainty.

And yet, many of these results have been shown to be so plausible that no
one seriously doubts them. To borrow an example from Laplace [22], the sun
will rise tomorrow. I cannot say this with complete certainty, but the degree of
plausibility of this fact is so high, that my human mind cannot even perceive
the sliver of doubt that is there.

The process by which these conjectures obtain varying degrees of plausibility
is not the logic of the mathematician. A mathematical proof either establishes
complete certainty, or it fails to say anything at all. The logic of mathematics
is deductive reasoning. The logic of everything else is inductive reasoning, or as
Polya calls it in [26], “plausible reasoning.”



2 CHAPTER 1. INTRODUCTION

Deductive reasoning is governed by rules. Over the course of human history,
we have uncovered and formalized these rules, and today we have complete
systems of deductive logic that codify this form of argumentation. The study of
deductive logic, or mathematical logic, is presently a mature and sophisticated
subdiscipline of mathematics that has had profound impacts in areas ranging
from computer science to philosophy to mathematics itself.

Inductive reasoning also has rules. For example, if Hypotheses A implies
Hypothesis B, and Hypothesis B is found to be true, then the plausibility of
Hypothesis A increases. This rule is the basis for empirical science. If the theory
of relativity predicts something about Mercury, and the prediction is confirmed
by experiment, then the theory of relativity is made more plausible by this
discovery. In [27], Polya calls this the “fundamental inductive pattern.”

But unlike its deductive counterpart, inductive reasoning has not been
formalized in any universally accepted way. Since the time of Laplace,
probability theory has seemed like the most promising candidate to formalize
inductive reasoning. For example, in probability theory it is a provable fact that
if A implies B, and if P(A) and P(B) are neither 0 nor 1, then P(A | B) > P(A).
This is a formalization of Polya’s fundamental inductive pattern.

Attempts to formalize inductive reasoning with probability can be traced at
least back to Boole in 1854 [4]. But the recognition that we need some kind of
probabilistic logic goes all the way back to Leibniz in the 17th century. Since
then, mathematicians, philosophers, and physicists have all contributed to this
endeavor. See, for instance, [19, 33, 29, 5, 21, 25, 13]. For a survey of the history
of these efforts, see [11].

In the meantime, over the last 90 years, modern probability—by which
we mean measure-theoretic probability theory—has grown into a powerful and
hugely successful discipline. It started with Kolmogorov in 1933 [20] and, today,
enjoys phenomenal success in all its areas of applications. Advances have been
made in physics, finance, engineering, meteorology, telecommunications, biology,
astronomy, artificial intelligence, and more. Time has shown us that if we
want to do quantified inductive reasoning, there is no better tool than modern
probability.

Perhaps, then, we should turn the effort on its head. As presented above,
we have been regarding inductive reasoning as the fundamental concept, and
probability as a tool by which to formalize it. Instead, we might consider modern
probability to be the fundamental concept, and seek out the inductive logic that
it represents. To clarify what this might mean, let us look to its analogue in
deductive logic, or more specifically, first-order logic.

1.2 The two sides of logic

First-order logic is the usual logic of sentences that involve quantifiers and
predicates. We may approach first-order logic in one of two ways. We may
consider it through a syntactic calculus, or we may consider it through semantics
and meaning. When viewed as a calculus, the central idea is the “proof.” A
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proof is a sequence of sentences whose construction follows a given set of rules,
and which terminates in the sentence that is being proved. A sentence ¢ is
derivable from X, written X F ¢, if there exists a proof of ¢ from X.

When viewed via semantics, the central idea is the “structure.” A structure
is a set with distinguished constants, functions, and relations. A group is a
structure with an identity and a group operation. A tree is a structure with
a root and an edge relation. Even a committee of senators with a chair and
two subcommittees is a structure. Formal sentences can be interpreted in a
structure, and once interpreted, the sentence is either true or false. We say that
 is a consequence of X, written X F ¢ if ¢ is true in every structure where X
is true.

A priori, these two approaches to first-order logic have nothing to do with
one another. And yet, thanks to Godel’s completeness theorem, we know that
they exactly coincide. That is, X F ¢ if and only if X F . In other words,
first-order logic is the logic of structures. By analogy, if we want an inductive
logic that s the logic of probability, then we should build a complete inductive
logic that has modern, measure-theoretic probability as its semantics.

That is exactly what we will do in this manuscript. We will construct
inductive logic so that, like first-order logic, it has a calculus and a semantics.
The calculus will be based on nine rules of inductive inference. It will allow us
to derive probabilities without any sample spaces or measure theory. All that
matters in the calculus are the logical relations between the sentences, and the
rules of inductive inference. On the semantic side, statements are interpreted
in what we call an “inductive model,” which is a probability measure on a set
of structures. We will establish completeness, showing that the calculus and
the semantics coincide. And we will show that the whole of measure-theoretic
probability theory is properly embedded in the semantic side of inductive logic.
That is, any probability space, together with a set of its random variables, can
be mapped to an inductive model in a way that gives each outcome, event, and
random variable a logical interpretation.

1.3 The nature of probability

What, then, is probability? Or more precisely, what body of ideas should
the word “probability” refer to? As a mathematician, it is tempting to
say that probability is simply measure-theoretic probability, the branch of
mathematics built on Kolmogorov’s formalism. But to paraphrase Terence Tao
[31], probability spaces are used to model probabilistic concepts. They are not
the concepts themselves. As such, and in light of the work done here, we might
say that probability is the logic of inductive reasoning. It is an abstract mode of
logical reasoning that is reflected in two parallel systems: a calculus of inductive
inference, and a semantic system of interpretation. It is within this semantic
system that measure-theoretic probability resides.

Another way to assess the nature of probability is to look at the people who
study it and ask what they actually do. In other words, what is a probabilist?
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The traditional view is simple. Probability is a branch of mathematics, and a
probabilist is a mathematician who specializes in it. A probabilist is just one
of many mathematical specialists, each of whom is classified according to the
kinds of structures they study. A group theorist, for example, studies structures
satisfying the axioms of group theory, that is, groups. A probabilist, therefore,
studies structures satisfying Kolmogorov’s axioms, that is, probability spaces.

This view, however, misses something important. A probabilist typically
specializes in a particular class of random variables and stochastic processes.
They do not simply study probability spaces. A person who studies pure
probability spaces, without any random variables, would be better described
as a measure theorist. A probabilist, on the other hand, studies what we might
call “modern probability models,” which are probability spaces equipped with
a collection of random variables. As noted above, every modern probability
model is an inductive model. Hence, probabilists study inductive models, and
any given probabilist will study a particular class of inductive models.

To clarify the situation, let us note that probability spaces are to sets as
inductive models are to structures. That is, we have four kinds of object (sets,
structures, probability spaces, and inductive models) that all stand in relation
to one another. The simplest object is the set. We may extend the notion of the
set in two directions. On the one hand, if we add a probability measure to it, we
obtain a probability space. On the other hand, if we add constants, functions,
and relations, we obtain a structure, which we use to interpret deductive logic.
An inductive model, which we use to interpret inductive logic, can be obtained
from either a structure or a probability space. By definition, if we take a set
of structures and add a probability measure, we have an inductive model. Or
we can start with a probability space and add a particular collection of random
variables. In doing so, we obtain a modern probability model, which is embedded
in the collection of inductive models.

These four kinds of objects are studied by different kinds of mathematicians.
Sets are studied by set theorists. Probability spaces, without any random
variables, are studied by measure theorists. Structures come in many varieties.
For example, graphs are studied by graph theorists. Likewise, inductive models
come in many varieties. An example is random graphs. A person who studies
random graphs would be called a probabilist.

But a probabilist who studies random graphs is as much a graph theorist
as they are a probabilist. Just as mathematicians are categorized according
to the kinds of structures they study, probabilists are categorized according to
the kinds of inductive models they study. There are probabilists who study
stochastic PDEs, random matrices, stochastic control theory, and so on. And
like their deterministic counterparts, any given probabilist will typically only
specialize in one such area. The word “mathematician” is an umbrella term
that includes many different areas. Likewise, the word “probabilist” is also an
umbrella term that includes all these same areas, but seen through the lens of
probability and inductive reasoning. The picture that emerges from this view
is that probability is not just a branch of mathematics. It is a different logical
paradigm with which to study other branches of mathematics.
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1.4 Potential areas of application

As an extension of formal deductive logic, inductive logic has many potential
areas of application. Computer science, for instance, is rooted in mathematical
logic. Hence, any probabilistic extension of computer science is, in some
way, connected to a probabilistic extension of logic. It follows that inductive
logic could be relevant to any such areas. Examples might include quantum
computing and artificial intelligence.

Inductive logic could also be applicable to philosophy. It is connected to the
philosophy of science through Polya’s fundamental inductive pattern. It is also
highly relevant to the philosophical interpretations of probability, and through
these, to epistemology. For instance, we can use inductive logic to formalize the
principle of indifference. This principle is the heuristic notion that we ought
to assign equal probabilities to sentences about which we are equally ignorant.
This principle is intuitively self-evident, but historically problematic. It leads
to apparent paradoxes and is without any mathematically rigorous formulation.
We will have more to say about the principle of indifference later.

Formal deductive logic can also be used to analyze philosophical arguments.
As such, inductive logic can be used to analyze philosophical arguments that
are probabilistic in nature. Examples include the doomsday argument, the
simulation hypothesis, responses to the so-called Sleeping Beauty problem, and
arguments surrounding superintelligence and the technological singularity.

Inductive logic can be applied to mathematics itself, as well as statistics.
Its relevance to probability and Bayesian statistics is obvious. Outside of
probability, it is relevant wherever probabilistic methods are used. For example,
in graph theory and combinatorics, probabilistic methods are often used to
establish existence theorems and asymptotic results. At the foundations of
mathematics, it offers us a new tool for working with undecidable sentences.
Given a set of axioms and an undecidable sentence which they can neither
prove nor disprove, deductive logic allow us to explore the theories obtained by
either including or excluding that sentence from our axioms. With inductive
logic, we may choose to postulate a probability for the undecidable sentence,
and explore the probabilistic statements that follow from this assumption.

There are many potential areas of applications in physics. One obvious
candidate is quantum mechanics, particularly its interpretations. The
interpretations of quantum mechanics, such as the many-worlds and the
Bohmian interpretations, cannot be decided upon through experiment, since
all of their predictions are based on the common mathematical framework of
quantum mechanics. The problem of deciding which one is correct or most useful
is a philosophical problem. Inductive logic gives us a framework for axiomatizing
these interpretations, and thereby more thoroughly analyzing their structure
and consequences.

Besides quantum mechanics, inductive logic might also be applicable to
statistical mechanics. This is particularly true since statistical mechanics is
rooted in the principle of indifference. Its fundamental postulate is that,
a priori, the microstates of an isolated system occur with equal probability.
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Inductive logic, therefore, through the principle of indifference, touches upon
the foundations of statistical mechanics.

The study of noisy dynamical systems is an area of physics where modern
probability has found great success. In applications, the use of stochastic
ordinary and partial differential equations is widespread. On the other hand, we
can axiomatize classical (deterministic) mechanics in an extension of first-order
logic that allows countable conjunctions. This extended language is exactly the
one in which we will build inductive logic. We can therefore add probability
and uncertainty directly into such an axiomatization. Does doing so lead us to
the modern theory of stochastic dynamical systems? If not, how is it related to
that theory? Determining this could provide insight into both inductive logic
and the modern usage of stochastic differential equations.

1.5 The principle of indifference

The principle of indifference is the heuristic idea that if we are equally ignorant
about two propositions, then we ought to assign them the same probability.
This idea originated with Laplace, and is at the heart of what is now called the
classical interpretation of probability.

The theory of chance consists in reducing all the events of the same
kind to a certain number of cases equally possible, that is to say,
to such as we may be equally undecided about in regard to their
existence, and in determining the number of cases favorable to the
event whose probability is sought. The ratio of this number to that
of all the cases possible is the measure of this probability.

—Pierre-Simon Laplace, 1814 [22]

One of the most famous descriptions of the principle is due to Keynes.

The Principle of Indifference asserts that if there is no known reason
for predicating of our subject one rather than another of several
alternatives, then relatively to such knowledge the assertions of
each of these alternatives have an equal probability. Thus equal
probabilities must be assigned to each of several arguments, if there
is an absence of positive ground for assigning unequal ones.

This rule, as it stands, may lead to paradoxical and even
contradictory conclusions.

—John Maynard Keynes, 1921 [19]

It is difficult to overstate the importance of the principle of indifference. Not
only is it at the heart of major areas of science, such as statistical mechanics.
It is also central to our understanding of what probability is. Philosophically,
it forms the basis of the classical interpretation of probability. But beyond
philosophy, it is the everyday intuition of the common person as to why a
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balanced die is fair or why it is important to thoroughly shuffle a deck of cards.
And yet, as Keynes rightly points out, it has a problematic history. Even rather
elementary applications of this principle can quickly lead to nonsensical results
and apparent paradoxes. This is due, in no small part, to the fact that, for
centuries, the principle of indifference has eluded attempts to make it rigorous.
Without rigor, there are no precise conditions that can tell us whether our
attempts to use it are legitimate. A notable formulation of the principle is given
by Edwin T. Jaynes’s [13], in a book posthumously published in 2003. He used
this formulation as the basis of his maximum entropy principle, which plays a
key role in statistical mechanics. But even Jaynes’s formulation is non-rigorous.
Moreover, there is no formulation of this principle in modern, measure-theoretic
probability theory.

Within inductive logic, however, we will be able to formulate the principle
of indifference. We will show that our formulation is a faithful representation of
the principle. It is not simply an ad hoc condition to which we affix the name.
Being mathematically rigorous, our formulation is as free from paradoxes as any
proven mathematical theorem.

Moreover, we will see that the principle of indifference cannot be formulated
using only the axioms of Kolmogorov. Its formulation requires the structure
of inductive logic, both its syntactic structure and the semantic structures
embedded in its models. As such, it exemplifies the fact that inductive logic is
strictly broader than any theory of probability that is based on measure theory
alone.

1.6 A philosophical aside

This book is, without question, a work of mathematics. It consists primarily
of definitions, theorems, and proofs, with occasional intuitive prose to tie it
together. On the other hand, it is hard not to see it as a work of philosophy,
having something to say about the interpretation of probability.

According to [12], interpretations of probability generally address the
questions:

(1) What kinds of things, metaphysically, are probabilities?

(2) What makes probability statements true or false?

To use inductive logic to answer these questions, we must first look to the
definition of an inductive statement. An inductive statement is a triple,
(X,p,p), where X is a set of sentences (in a formal language) called the
“antecedent,” ¢ is a sentence that we call the “consequent,” and p is a real
number satisfying 0 < p < 1 which we call the “probability.” Intuitively, we can
think of (X, ¢, p) as asserting that X partially entails ¢, and that p is the degree
of this partial entailment. To answer the first question, then, a probability is
a relationship between X and ¢. We might interpret this relationship as being
logical, evidential, or purely subjective. Any such interpretation has no bearing
on the inductive logical properties of (X, ¢, p).
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Inductive logic is mostly unconcerned with the second question. Probabilities
express relative likelihoods, given a set of sentences. We take it for granted
that the sense of these likelihoods is understood. Our primary concern is the
logical relationships between inductive statements. That is, how can we reason
from hypotheses, which are themselves inductive statements, to an inductive
conclusion.

It seems, then, that inductive logic hardly qualifies as an interpretation
of probability. It does, however, make assumptions that rule out certain
interpretations. It assumes that probabilities are relationships between
sentences and that all probabilities are conditional. Inductive logic, therefore,
is incompatible with any physical interpretations of probability, such as those
based on frequencies or propensities. Beyond that, though, it appears to leave
room for a range of evidential interpretations.

1.7 Constructing inductive logic

In this section, we give a big-picture overview of how inductive logic is
constructed. It is assumed that the reader is already familiar with the basics of
measure-theoretic probability theory.

The set of sentences and formulas that we consider is one that allows for
countable conjunctions and disjunctions. This set is usually denoted in the
literature by L., «, though we denote it simply by £. In the language £, there
is a well-understood deductive calculus (see, for instance, [16, 18]). That is,
there is a well-established derivability relation -, where X I ¢ indicates that
i € L can be derived from X C L. Our first task is to extend F to inductive
statements. We do this by defining a set of rules for inductive inference, and
writing P F (X, ¢, p) to mean that we can use these rules of inference to derive
(X, ¢,p) from the set of inductive statements P. We also define an inductive
theory, which is a set that is closed under inductive inference. Finally, we adopt
familiar shorthand, writing P(¢ | X) = p to mean that (X, ,p) € P. We say
that P(p | X) exists if (X, p,p) € P for some p.

Let us refer to the left-hand side of the turnstile symbol, -, as the premises
of the derivation P + (X, ¢,p). From what we have described so far, our
premises can only include statements of the form P(¢ | X) = p. We may
wish, however, to include premises of the form P(p | X) > 0 or P(p A |
X)=P(p | X)P(¢ | X). To this end, we generalize inductive derivability by
defining inductive conditions, typically denoted by calligraphic letters such as
C. Inductive conditions formalize generic assumptions we might make about
an inductive theory. After defining inductive conditions, we extend inductive
derivability from P (X, ¢,p) to CF (X, ¢, p).

We then turn our attention to the semantics of inductive logic. More
specifically, we define a relation, F, called the consequence relation. The
derivability relation, I, is concerned only with the syntax of sentences, formulas,
and inductive statements. The consequence relation, on the other hand, is
concerned with their interpretations.
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To give interpretations to sentences, we must introduce models. For us, a
model, or an inductive model, is a probability space, (2, X, P), where Q is a set
of structures. A structure is a set, together with some distinguished constants,
functions, and relations. For example, (N, 1,4, <) is a structure. Structures
are used to interpret the sentences in £. We write w E ¢ to mean that, in
the structure w, the interpretation of ¢ is a true statement. We can think of
an inductive model as a weighted collection of structures, where the weights
represent relative likelihoods.

Suppose & = (Q,X,P) is a model and ¢ is a sentence. Then we define
the set po = {w € Q| w E ¢}. We say that & satisfies ¢, written & F ¢,
if Poo = 1, where P is the measure-theoretic completion of P. For sets of
sentences, we take & F X to mean that & F ¢ for all ¢ € X. We say that X
and X' are semantically equivalent if, for every model &, we have & £ X if
and only if Z F X'.

More generally, we write & E (X, ¢, p) to mean there exists a set of sentences
Y and a sentence 1 such that &2 E Y| the sets Y U{¢} and X are semantically
equivalent, and

Poonia
Pva
For sets of inductive statements, we take & E P to mean & E (X, ¢, p) for all
(X,p,p) € P. A set P is called satisfiable if &2 E P for some model &.

Having defined satisfiability, we turn to the consequence relation. We define
X E ¢ to mean that & E ¢ whenever & £ X, and we define P E (X, ¢, p) to
mean that P and (X, ¢, p) satisfy certain connectivity requirements and that
Z E (X,¢,p) whenever & F P. We then proceed to prove soundness and
completeness, meaning that the two relations, - and F, are identical. In other
words, we prove that X ¢ if and only if X F ¢, and also that P (X, ¢, p) if
and only if P E (X, p,p).

1.8 Inductive logic is natural

In mathematics, a definition is neither correct nor incorrect. It simply is.
Nevertheless, we understand that there is a metamathematical sense in which
a definition can be “right” or “wrong.” Does it capture the intuitive idea it
alleges to capture? Does it “fit” well with existing notions? Does it provide a
sense of mathematical “unity” or “elegance?”

In constructing inductive logic, we have made several choices. We chose
to work in the infinitary language, L., . We chose the rules of inductive
inference that characterize the derivability relation, . And we chose a particular
semantic interpretation in order to arrive at the consequence relation, F. Were
these the “right” choices? Are they natural? Or are they ad hoc choices
whose only purpose is to force the conclusions we are aiming for? These are
metamathematical questions, and so, for the most part, their answers are left
to the judgment of the reader. But we certainly believe they are natural, and
present here two comments which are related to this question.
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The first comment concerns the rules of inductive inference used in defining
. There are rules that govern probabilities 0 and 1, and relate them to deductive
inference. There is a continuity rule, needed only in infinite systems. Otherwise,
the two main operative rules are the familiar ones from elementary probability:
the addition rule and the multiplication rule. We make no effort in this work
to justify their adoption. Inductive logic may be seen as simply investigating
their consequences, or as implying that they are self-evident. That said, in the
paragraph after next, we will make one comment in their defense. Beyond that,
the interested reader can consult [8] for an attempt to justify these elementary
principles.

The second comment concerns F. We essentially have four interconnected
relations: deductive I, inductive I, deductive F, and inductive F. For deductive
E, we prove both completeness (X E ¢ implies X F ¢) and o-compactness
(X E ¢ implies Xy E ¢ for some countable Xy C X). As mentioned earlier,
deductive I is the usual relation used in L, . Deductive F, however, is not.
The usual consequence relation in L, ., is the more straightforward X [ ¢,
meaning w E X implies w E . It is well-known that [= is neither complete, nor
o-compact. For this reason, one might regard L, ., as being deficient in some
important ways. Our primary purpose for introducing F is to model inductive
reasoning. As an unintended but welcome consequence, we find that F corrects
these deficiencies. In this sense, then, we might view F as the “right” semantic
notion for Ly, ., and also see L, « as the “right” language in which to build
a probabilistic logic.

Turning this argument on its head, if deductive E is the “right” semantic
relation to pair with deductive -, and inductive E follows from deductive F,
then our definition of inductive F is forced on us, if we want P F (X, ¢,p) and
P+ (X, p,p) to be equivalent. In other words, we are compelled to adopt the
addition and multiplication rules, as well as all the other rules in the definition
of .

1.9 Outline of the book

After presenting background material in Chapter 2, we proceed to the
construction of inductive logic. In Chapters 3 and 4, we follow the sketch
presented in Section 1.7 to construct a trimmed-down version of inductive logic
in a propositional language without quantifiers or variables. The propositional
version is capable of representing any probability space, but it does not explicitly
represent any random variables.

In Chapter 5, we repeat the construction for the predicate language £. Here,
we are able to establish the connection between inductive logic and random
variables. In the formal language L, constants, functions, and relations are
represented by what are called extralogical symbols. If s is an extralogical
symbol and w is a structure, then we can identify s with an actual constant,
function, or relation in w, which we denote by s“. The map w + s* is the
starting point for connecting inductive logic to random variables.
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Almost immediately, though, we face an obstacle. In probability theory, we
are accustomed to having two very distinct kinds of objects: random variables
and constants. In P{X > 0}, for example, we can be quite certain that
only thing random is X. In the formal language, £, however, X, >, and 0
are just symbols. When we interpret them in a structure, we are faced with
P{X“ >« 0¥}. Hence, not only might 0 be random, the inequality relation
itself could be random!

These considerations lead us to an idea we call the relativity of randomness.
To illustrate this, consider a simple system representing a coin flip. We might
have just three extralogical symbols, h, ¢, and ¢, where we think of h and ¢
as the sides of the coin, and ¢ as the result. To be sure, there are models that
match our intuition. That is, there are models in which hA“ and ¢* are fixed, and
c¥ is random. But there are also models in which h“ and t“ are random, while
¥ is fixed. There are even models in which all three are random. In general,
using model isomorphisms, we can force certain sets of extralogical symbols to
be nonrandom. There are limits though. In the coin-flip example, there are no
models in which all three symbols are fixed.

We show that in any inductive theory rich enough to contain the natural
numbers, we can use model isomorphisms to force the natural numbers to be
nonrandom. We call this the natural frame of reference.

Chapter 6 is concerned with constructing inductive theories that make
statements about real numbers. We do this by constructing the real numbers,
in the usual way, in axiomatic set theory. We are then able to make formal
inductive statements about not only real numbers, but about any mathematical
objects whatsoever. In this context, we illustrate how all the usual results of
probability theory can be formulated in inductive logic. This includes the law
of large numbers, the central limit theorem, and conditional expectation.

The principle of indifference is the topic of Chapter 7. We formulate it as
an inductive condition. To describe it, let L be the set of extralogical symbols
in our language and consider a bijection 7 : L — L that preserves the type and
arity of the symbols. For instance, if r is a binary relation symbol, then so is
r™. Given a sentence ¢, let ™ be the sentence obtained from ¢ by replacing
every instance of s with s™. Similarly, let X™ = {¢©™ | ¢ € X}. We say that X
is invariant under 7 if X and X™ are logically equivalent.

In the deductive calculus, if we take a proof of ¢ from X and transform
each step of that proof by w, then we obtain a proof of ¢™ from X™. In other
words, X F ¢ if and only if X™ F ¢™. The principle of indifference is the natural
extension of this to the inductive calculus.

Let P be an inductive theory. Then P satisfies the principle of indifference
if P(¢™ | X™) = P(¢ | X). In particular, if X is invariant under 7, then, given
X, the sentences ¢ and ¢™ should be assigned the same probability.

After formulating the principle of indifference, we present several examples,
beginning with simple discrete examples and continuing to examples involving
intervals and circles. Our final example is an analysis of Bertrand’s paradox, a
famous counterintuitive illustration of the principle of indifference.
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Chapter 2

Background

It is assumed that the reader is familiar with the basics of measure-theoretic
probability theory. In Section 2.3, we introduce some basic concepts from
measure theory. The reader should already be familiar with almost everything
in that section. We introduce them only to establish notation, cite some lesser
known results, and establish new definitions that we will need later.

Familiarity with mathematical logic would be helpful but is not required.
The concepts from logic that we use are all presented as we need them, in a
mostly self-contained way.

We will adopt the convention that 0 is a natural number. However, we will
use the notation N = {1,2,3,...} and Ny = {0,1,2,3,...}. In other words, N is
the set of positive integers, and Ny is the set of natural numbers.

2.1 Ordinal and cardinal numbers

2.1.1 Ordinal numbers

For further details about ordinal and cardinal numbers, see any basic text on
set theory, such as [6] or [9].

An ordinal (number) is a well-ordered set, (o, <), such that if z € «, then
x={y€a:y <z} Ifaisan ordinal and z,y € «, then z < y if and only if
x € y if and only if © C y. (Here, we use C for subset and C for proper subset.)
Moreover, every x € « is itself an ordinal. Thus, an ordinal is a set of ordinals
that is well-ordered by €.

The collection of all ordinals is not a set. (If it were, then it would be an
ordinal that is an element of itself, which, as we note below, is impossible.) It
is, nonetheless, “well-ordered” in a certain sense. More specifically, if o and 8
are ordinals, then a € f if and only if a C (3, so that € has the properties of
a strict partial order. Also, for any two ordinals, o and [, exactly one of the
following is true: a € 5, a = B, or § € a. If @ and B are ordinals, we will
write o < 8 for a € §. Finally, every nonempty collection of ordinals has a
smallest element. This last fact can be made rigorous in axiomatic set theory

13
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as a so-called “theorem schema,” but for our present purposes, we do not need
such a formalization.

From these facts, it follows that there is a smallest ordinal. The smallest
ordinal is (), since there is no ordinal with @ € (). The collection of nonempty
ordinals has a smallest element, meaning there is a second smallest ordinal. The
second smallest ordinal is {0}, since there is no ordinal with § C o C {0}.

If a is an ordinal, let s(a) denote the ordinal o U {a}. We call s(«)
the successor of a. Note that there is no 8 with o C 8 C s(«). Also
note that s(@) = {@}. From here, we see that the third smallest ordinal is
s({0}) = {0,{0}}, the fourth smallest ordinal is {0, {0}, {0, {0}}}, and so on.

For each n € Ny, define the ordinal n’ by setting 0 = {) and (n+1)" = s(n’).
Let N = {n/ | n € No}. The map n + n’ is a bijection from Ny to N} which
preserves the natural ordering on Ng. That is, m < n if and only if m’ < n'.

It is straightforward to verify that Nj, itself is an ordinal. Since Nj is an
infinite set and every a € Nj is a finite set, it follows that Nj is the smallest
infinite ordinal. The usual notation for Nj is w. We will use this notation
sparingly, since it conflicts with the usual usage of w in probability theory. The
reader must generally rely on context to see the distinction, although to make
things easier, we will use bold font when using w to denote N{. As we will
discuss further in Section 2.4.2, we will sometimes find it useful to identify n
with n/, giving us a representation of each natural number as a set.

Every well-ordered set is order isomorphic to a unique ordinal. In particular,
no two distinct ordinals are order isomorphic. If @ = s(8) for some ordinal S,
then « is called a successor ordinal. Otherwise, « is called a limit ordinal. An
ordinal « is a limit ordinal if and only if a = (J,_, &, and it is a successor
ordinal if and only if a = s(U,., €). The smallest limit ordinal is 0" and the
second smallest limit ordinal is w.

If « is an ordinal, then an a-sequence is a function whose domain is «,
typically denoted by (x¢ | £ < a). Such a sequence is said to have length a. If
a = n’, then these are n-tuples. If @ = w, then these are ordinary sequences
indexed by Npy.

2.1.2 Transfinite induction and recursion

Let a be an ordinal and let S be a set. The principle of transfinite induction says
that if 0’ € S, and 8 C S implies 8 € S for all 8 < a, then o C S. The principle
of transfinite recursion states that if G : Ug <a S¢ — S, then there exists a
unique sequence (z¢ | £ < ) such that 23 = G({z¢ | £ < ) for all 8 < a. In
proofs that use transfinite induction or recursion, the inductive/recursive step
is typically broken into cases according to whether « is a successor ordinal or a
limit ordinal.
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2.1.3 Ordinal arithmetic

We define ordinal addition recursively by

a+0 =aq,
a+ s(B) = s(a+ ), and
a+p= U£<ﬁ(a +¢), if 8> 0 is a limit ordinal.

Note that a + 1" = s(«). Ordinal addition is associative, but not commutative.
For instance, 1’ + w = w, but w + 1’ > w. Ordinal subtraction on the left is
always possible. That is, if a < [, then there exists a unique ordinal v such
that o + v = B. Consequently, ordinal addition is left-cancellative, meaning
that o+ 8 = a+~ implies 8 = . Moreover, it is strictly increasing in the right
argument, meaning that o + 8 < a + v if and only if § < . These facts can
be used, for instance, to prove that the function f : v — (8 + ) \ S given by
f(&) = B + € is a bijection.
We define ordinal multiplication recursively by

a-0'=0,
a-s(f)=(a-B8)+a, and
a-B=Uepla-§), if 8> 0" is a limit ordinal.

Ordinal multiplication is associative, but not commutative. For instance,
2w =uw, but w- -2 = w+w > w. Multiplication is left distributive over
addition, but not right distributive. For instance, 1’ - w+ 1w =w + w > w.

When restricted to Nj,, ordinal addition and multiplication agree with
ordinary addition and multiplication. That is, (m + n)’ = m' + n’ and
(m-n) =m'-n'

2.1.4 Cardinal numbers

If X and Y are sets, we write X ~ Y to mean there exists a bijection f : X — Y.
Every set can be well-ordered, and every well-ordered set is isomorphic to a
unique ordinal. Thus, for every set X, there exists an ordinal a such that
X ~ «a. This a, however, is not unique, since a set can be well-ordered in
multiple ways.

We define the cardinality of a set X to be the smallest ordinal « such that
X ~ «, and we write |X| = «a or card(X) = a. A cardinal (number) is an
ordinal « that is the cardinality of some set. Since |a + 1| = |a| whenever « is
infinite, it follows that every infinite cardinal number is a limit ordinal.

Every finite ordinal is a cardinal, and w is a cardinal. No other countably
infinite ordinal besides w is a cardinal. Since uncountable sets exist, we know
that uncountable cardinals exist. Let w; be the first uncountable cardinal, which
is also the first uncountable ordinal.

For any set X, we have [P X| > |X|, where P X is the power set of X.
Hence, for any cardinal number x, we have |P x| > k, which means that the
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collection of cardinal numbers greater than s is nonempty. Let x* be the
smallest cardinal greater than . In particular, w; = w’. Any cardinal that is
of the form x* for some « is called a successor cardinal. Otherwise, it is called
a limit cardinal.

Note that w; is the set of all countable ordinals. Every countable sequence
of countable ordinals has a countable upper bound. More specifically, if « is an
ordinal with & < wy, and (B¢ | £ < ) is an a-sequence of ordinals with 8¢ < wy
for all &, then there exists an ordinal v < w; such that 8¢ < « for all {&. In
fact, we may take v = Ug <a Be- Since a countable union of countable sets is
countable, it follows that v < w;.

More generally, a cardinal x is called regular if, whenever a < k and
(Be | € < @) is an a-sequence of ordinals with S < & for all &, we have
U€<a B¢ < k. Since a finite union of finite sets is finite, w is regular. Since
a countable union of countable sets is countable, w; is regular.

A cardinal number k is called a strong limit cardinal if, for all cardinals
A < Kk, we have |'B | < k. Since | B x| > kT, a strong limit cardinal is always
a limit cardinal. Since the power set of a finite set is finite, w is a strong limit
cardinal. However, the power set of a countable set can be uncountable, so w;
is not a strong limit cardinal.

The cardinal w is both regular and a strong limit cardinal. We cannot
“reach” or “access” w from the finite sets that lie below it, using the operations
of union and power set. A cardinal k is called strongly inaccessible if it
uncountable, regular, and a strong limit cardinal.

2.2 Boolean algebras

A Boolean algebra is a partially ordered set (B, <) such that
(i) = Vy:=sup{z,y} exists for all z,y € B,
(ii) = Ay :=inf{z,y} exists for all z,y € B,
(iif) xA(yVz)=(xAy)V(xAz)foral z,y,z € B,
(iv) aV(yAz)=(xVy) Az Vz) foral z,y,z € B,
(v) there exists 0,1 € B such that 0 < z < 1 for all x € B, and
(vi) for all x € B, there exists =z € B such that x A -z =0 and z V -z = 1.
It can be shown that in a Boolean algebra, —z is unique. If
(vii) V,ee @ :=sup C exists for all countable C' C B, and
(viii) Apcc @ = inf C exists for all countable C' C B,

then B is a Boolean o-algebra. The smallest Boolean algebra is the degenerate
Boolean algebra with only one element, in which 0 = 1. The smallest
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nondegenerate Boolean algebra is B = {0,1} with the usual meaning of <.
The Boolean algebra B is also clearly a Boolean o-algebra.

Let B be a Boolean o-algebra and N C B. Then N is a o-ideal of B if
0€ N, Vyeer €N whenever C C N is countable, and x € N implies y € N
for all y < x.

If N is a o-ideal of B and z,y € B, wesay x =y mod N if (x A—y)V (—z A
y) € N. The Boolean operations of B determine Boolean operations on the set
of equivalence classes, B/N, making B/N into a Boolean c-algebra.

A Boolean measure on a Boolean o-algebra B is a function m : B — [0, x]
such that m(z) = 0 if and only if x = 0, and m(\/,, z,) = >_,, m(x,) whenever
i # j implies z; Ax; = 0. A Boolean measure space is a pair (B, m) where B is
a Boolean c-algebra and m is a Boolean measure on B.

Let (B,m) and (B’,m’) be Boolean measure spaces. A homomorphism
from (B,m) to (B’,m’) is a function g : B — B’ such that < y implies
g(z) < g(y), and m/(g(x)) = m(x). The function g is an isomorphism if it is
a bijection. In that case, g~! is an isomorphism from (B’,m’) to (B,m). If
an isomorphism from (B,m) to (B’,m’') exists, then we say that (B,m) and
(B’,m') are isomorphic.

2.3 Measure spaces

Let Q be a nonempty set and ¥ a collection of subsets of 2. Then X is a
o-algebra (of sets) on Q if ¥ is nonempty and closed under complements and
countable unions. In this case, we call (2, %) a measurable space. A set A € ¥
is called a measurable set. Note that a o-algebra is a Boolean o-algebra when
it is equipped with the partial order C.

The intersection of any family of o-algebras is a c-algebra. If £ is any
collection of subsets of €, then o(£) denotes the smallest o-algebra containing
&, and is called the o-algebra generated by E. A measure on (2, X) is a function
p: X = [0,00] such that @ = 0 and p{J7° An, = 307 p A, whenever {A4,,} C 2
is a pairwise disjoint sequence of measurable sets. In this case, (,%,u) is a
measure space. A measure subspace of (2,3, ) is a measure space (Q, %' v),
where ¥/ C ¥ and v = p|y. If pQ < oo, then p is a finite measure. If pQ =1,
then 4 is a probability measure and (Q, 3, ) is a probability space. Any measure
subspace of a probability one is also a probability space. In a probability space,
it is customary to call the elements w € Q outcomes, and the measurable sets
A € 3 events.

Let (£2,%, 1) be a measure space. A p-null set (or just a null set) is a set
A € ¥ with g A = 0. The collection of all null sets is denoted by N,,. If A and
B are subsets of §2, then we write A = B u-almost everywhere, if A /A B is a
subset of a null set, where

AN B=(ANB%)U(A°N B)

is the symmetric difference. We will usually abbreviate this as A = B p-a.e., or
if the measure is understood, as just A = B a.e. If p is a probability measure,
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then we instead write A = B p-almost surely, abbreviated as A = B p-a.s. or
A = B a.s. We also write A C B a.e. if AN B¢ is a subset of a null set. More
generally, if f and g are functions with domain 2, then we write f = g a.e. if
there exists N € N, such that f(w) = g(w) for all w € N°.

2.3.1 Generating o-algebras

Let © be a nonempty set and € a collection of subsets of . Then ¢(£) can
be constructed from £ in an iterative fashion using transfinite recursion. Let
& = &€. For an ordinal o < wy, let

EL=E,U{V° |V €&},

and
Eat1 =ELU{ND | D C €&, is nonempty and countable}.

Here, countable means finite or countably infinite. If « is a limit ordinal, define
Ea = U§<a E.

By transfinite induction, &, C o(€) for all @ < wy, so that U, ., €a € (E).
Clearly, U, €a is nonempty and closed under complements. Since every
countable sequence of countable ordinals has a countable upper bound, it is
also closed under countable intersections. Therefore, J,.,,, €a is a o-algebra
containing &, which gives 0(€) C U, «,,, €a- This shows that (&) = U, .., &a-

For each V € o(&), we define the rank of V' (with respect to &), which we
denote by rk V', to be the smallest o < w; such that V € &,. Note that rkV is
always a successor ordinal.

2.3.2 Complete measure spaces

Given a measure p on (£2,X), we define the associated outer measure by
prA=inf{uB: AC Band B € X}.

Note that u* A is defined for every A C ). Similarly, we define the inner measure
by
pxA=sup{uB: B C Aand B € X}.

For any A C Q, we have u, A < p*A.

A negligible set is a (not necessarily measurable) subset of a null set. A
negligible set that is also measurable is necessarily a null set. A measure space
is called complete if every negligible set is measurable. A probability space
is complete if and only if every superset of a set of measure 1 is measurable.
In a complete measure space, if A is measurable and A = B a.e., then B is
measurable.

If (2,%, 1) is a measure space, then

Y ={AUB: A€ and B is negligible}
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is a o-algebra called the completion of ¥ with respect to p. There is a unique

measure [ on (£, ¥) that agrees with y on ¥ and makes (€2, ¥, #) into a complete

measure space. The measure [ is called the completion of u. Note that a set is

m-null if and only if it is a subset of a p-null set. Also, if A C Q and pu*A < oo,

then A € ¥ if and only if u, A = pu*A (see, for instance, [7, Proposition 1.5.5]).
Let (2,3, 1) be a measure space and let A C Q. Then

F(SU{A}) = {(BNA)U(CNA): B,Cex).

Suppose p is a finite measure and let o > 0 satisfy p, A < o < p*A. Then there
exists a measure v on (2,0(3X U {A})) such that v|y = p and v A = « (see, for
instance, [7, Exercise 1.5.12] or [3, Theorem 1.12.14]).

2.3.3 Dynkin systems

Let Q2 be a nonempty set and A a collection of subsets of 2. Then A is a Dynkin
system, or A-system, if

(i) Qe A,
(ii) if A,B € A with A C B, then B\ A € A, and
(iii) If {A,} € A with A, € Ap41, then |J,, 4, € A.

Equivalently, one can define A to be a Dynkin system if it is nonempty and
satisfies

(i) if A€ A, then A° € A
(ii)" if {A,} € A are pairwise disjoint, then J,, A, € A.

Every o-algebra is a Dynkin system. Conversely, a Dynkin system that is closed
under (finite) intersections is a o-algebra.

The intersection of any family of Dynkin systems is a Dynkin system. If £ is
any collection of subsets of (2, then there is a smallest Dynkin system containing
&, called the Dynkin system generated by E.

If € is a collection of subsets of 2, then £ is a w-system if A, B € £ implies
AN B € &. Dynkin’s w-\ theorem states that if A is a Dynkin system, £ is a
m-system, and £ C A, then o(€) C A.

Let A be a Dynkin system on  and let B € A. Define A|p = {4 C Q:
AN B e A}. Then A|p is a Dynkin system on 2 called the restriction of A to
B. If A is a o-algebra, then A|p is a o-algebra.

2.3.4 Measurable functions and pushforwards

Let (2,3, u) be a measure space and (S,T') a measurable space. A function
f:Q — S is measurable, or (X, T)-measurable, if U € T implies f~1(U) € X.
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If ACQ, then 14 denotes the indicator function of A, and is defined by

1 fwed
1 = ’
Al) {o ifwd A

The function 14 can be regarded as taking values in the measurable space (S, T"),
where S = {0,1} and ' =B S. In that case, if A C 2, then A is measurable if
and only if 14 is measurable.
Suppose f is a measurable function from a measure space (Q,E )t
a measurable space (S,I'). Since f=1(0) = 0, f~Y(U°) = f~YU)s, and
U, Un) = U, f1(U,), it follows that o f~! is a measure on (S,I),
called the pushforward of p.

2.3.5 Measure space isomorphisms

Let (©, X, ) be a measure space and N, the collection of null sets. The set NV,
is a o-ideal of ¥, and A = B a.e. if and only if A = B mod N,,. The equivalence
classes modulo V), are [A], = {B € ¥ : A= B a.c.}, and the set of equivalence
classes, ¥/N,,, is a Boolean o-algebra. If we define m, : /N, — [0,c0] by
mu([A],) = p(A), then m,, is well-defined and is a Boolean measure on X/N,.
We call (X/N,,,m,) the Boolean measure space corresponding to (2, X, ). We
say that two measure spaces are isomorphic if their corresponding Boolean
measure spaces are isomorphic.

Let (2,%, 1) and (S,T,v) be measure spaces, let f: 2 — S be measurable,
and assume v = po f~t. Note that u f~1(U) A f~1(V) = vU A V. Hence,
U = V v-ae. if and only if f~3(U) = f~1(V) p-a.e. It follows, therefore,
that f determines an injective function g : I'/N, — /N, given by ¢([U],) =
[f~%(U)],. This function is, in fact, a homomorphism from (I'/N,,m,) to
(X/Ny,m,). Hence, g is an isomorphism if and only if it is surjective, that is,
if and only if

[4],, € /N, implies g([U],) = [A], for some [U], € T'/N,.

We can rewrite this in terms of f to state the following. For two measure
spaces, (2,%,u) and (S,T,v), to be isomorphic, it suffices that there exists a
measurable function f : Q — S such that v = o f~!, and

for all A € X, there exists U € T such that f~(U) = A p-a.e.

If such an f exists, we say that f induces an isomorphism from (Q,3, u) to
(S,T,v). Note that in this case, f also induces an isomorphism from (Q,X, 7
o (S,T,7).

Two measure spaces, (0,3, u) and (S,T,v), are pointwise isomorphic if
there exists a measurable bijection f : Q — S such that f~! is measurable
and v = po f~'. In that case, f is called a pointwise isomorphism. It is
straightforward to verify that if f is a pointwise isomorphism from (£, 3, i) to

(S,T,v), then it is also a pointwise isomorphism from (€, %, %) to (S,T,7). In

~—
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other words, if two measure spaces are pointwise isomorphic, then so are their
completions.

Note that pointwise isomorphic measure spaces are isomorphic, and a
pointwise isomorphism induces an isomorphism. The pointwise isomorphism
class of (,%, ) is the collection of all measure spaces that are pointwise
isomorphic to (€2, 3, u).

Let (Q,%, 1) be a measure space and let S be a set. Let h: @ — S be a
function. Define I' = {A C S | h™}(A) € X} and define v = o h™!. Then
(S,T,v) is a measure space and h is a measurable function from Q to S. We
call (S,T',v) the measure space image of (2, %, 1) under h. If h is a bijection,
then h is a pointwise isomorphism from (Q, %, ) to (S,T,v).

2.4 Structures

Let A be a set. If f is a function with domain A and a € A, then the value of f
at a will be denoted variously by f(a), fa or af. Note that ) is a function. In
fact, 0 is the unique function with domain (.

If n € N, then A™ is the set of n-tuples, @ = (ay,...,a,). We let A = {(}.
If f is a function with domain A™, we write fa = f(a1,...,an).

For n > 1, an n-ary relation (or predicate) is a subset of R C A™. We
write Rd for @ € R and —Rd for @ ¢ R. For n > 0, an n-ary operation is a
function f : A™ — A. A 0O-ary operation is a function f : {#} — A, and is
uniquely determined by ¢ = f(()) € A. In this case, we identify f with ¢. A
0-ary operation is also called a constant.

An extralogical signature is a set L of symbols. Each symbol in L is called
an extralogical symbol, and has both a type and an arity. The possible types are
relation symbols and function (or operation) symbols. The arity is a nonnegative
integer. Relation symbols may have an arity n > 1. Function symbols may have
an arity n > 0. A 0-ary function symbol is also called a constant symbol.

When referring to symbols in L, we will adopt the convention that, unless
otherwise stated, ¢ will denote a constant symbol, r a relation symbol, and f a
function symbol with arity n > 1.

Let L be an extralogical signature and let A be a set. For each symbols € L,
let s¥ be a relation such that

(i) if s is an n-ary relation symbol, then s C A™ is an n-ary relation on A,
and

(ii) if s is an n-ary function symbol, then s : A™ — A is an n-ary function.

Let LY = {s¥ | s € L} and w = (A, L*). Then w is an L-structure. The set A is
called the domain of w. The structure w is called finite or infinite if A is finite
or infinite, respectively.

Let L be an extralogical signature, v = (B, L") an L-structure, and A C B.
Suppose that for all functions f¥ € LY, the subset A is closed under f",
meaning that @ € A™ implies f¥d@ € A. Let f¥ = fY|a», ¥ = r N A", and
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LY ={s¥ |s€ L}. The w = (A, L¥) is a structure. We call w a substructure of
v, and write w C v.

Let L be an extralogical signature, w = (A, L*) an L-structure, and Ly C L.
Define L*° = {s¥ | s € Lo} and wg = (A, L*?). Then wy is an Lo-structure. We
call wg the Lg-reduct of w, and we call w an L-expansion of wg.

2.4.1 Structure homomorphisms

Let w = (A4,L%) and v = (B, L") be L-structures and let ¢ : A — B. We
will abuse notation and also write g : w — v. For @ € A™, we write ga for
(gai,...,ga,). Assume that

(i) gf«d = f¥gd for all function symbols f € L,
ii) gc* = ¢ for all constant symbols ¢ € L, and
g
(iii) r“a implies r¥gd for all relation symbols r € L.

Then g is a homomorphism. A strong homomorphism is a homomorphism such
that r”gd implies b for some b € g lgd. An embedding is an injective strong
homomorphism, an ¢somorphism is a bijective strong homomorphism, and an
automorphism is an isomorphism from w to w. If g is an isomorphism, then r*a
if and only if r”ga. We say that w and v are isomorphic, written w ~ v, if there
is an isomorphism g : w — v.

Let w = (A, L*) be a structure, let B be a set with the same cardinality as
A, and let g : A — B be any bijection. Define the L-structure v with domain
B by

(i) fYb= gf“g='b for all function symbols f € L,
(i) ¢” = gev for all constant symbols ¢ € L, and
(i)’ rb if and only if r*¢g=1b for all relation symbols r € L.

Then g is an isomorphism from w to v, and we call v the isomorphic image of
w under g.

2.4.2 The standard structure of arithmetic

Consider the extralogical signature L = {0,S,+,-,<}, where 0 is a constant
symbol, S is a unary function symbol, + and - are binary function symbols, and
< is a binary relation symbol.

We can define the structure N = (Ng, L) as follows. Let 0 = 0, and let
sV be the successor function, n — n + 1. Define + and -# to be ordinary
addition and multiplication in Ng, and <* to be the ordinary less—than relation
on Ny. For +, -, and <, we will need to rely on context to distinguish between
the extralogical symbols and their ordinary meanings. To make matters worse,
we will also sometimes use S to denote the function n — n + 1, so that context
is also required to determine whether S denotes a symbol or a function.
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The structure N' = (Np,0,8,+,-,<) is called the standard structure of
arithmetic. Sometimes, we will use this phrase to refer to the same structure,
but with < omitted.

Now consider a different structure N7 = (N}, L"), defined as follows. Let
0V = 0. Let V' = s, where s(a) = a U {a} is the successor function on
ordinals. Define +V and -# to be ordinal addition and ordinal multiplication,
and let <V’ = €. It can be shown that the function n — n’ , defined in Section
2.1.1, is an isomorphism from A to N’. We may therefore sometimes identify A
and N, thinking of the natural numbers as being identical to the finite ordinals.

2.4.3 Factor structures

Let w = (A, L*) be a structure and let ~ be an equivalence relation on A. We
write @ &~ b to mean that a; = b; for all . Suppose that for all function symbols
f € L, we have @ ~ b implies f“@ = f“b. Then ~ is a congruence (relation) in
w.

Let w and v be structures and g : w — v a homomorphism. Define ~, C A?
by a =4 b if and only if ga = gb. Then =~ is a congruence in w called the kernel
of g. Let A’ = A/~ be the set of equivalence classes under =. Let a/~ denote
the equivalence class of a and write @/~ = (a1 /=, ..., an /).

If f € L is a function symbol, define f« : (A")" — A’ by f(a/~) =
(f@)/~. If r € L is a relation symbol, define r" C (4")" by r'(@/~) if and
only if b for some b ~ @. It can be shown that both ¢ and " are well-
defined. We also define ¢’ = ¢* /. Then o’ = (4’, L*) is a structure, denoted
by w/a, and called the factor structure of w modulo =.

Let ~ be a congruence in an L-structure w. According to the homomorphism
theorem (see, for example, [28, Section 2.1]), the map a — a/~ is a strong
homomorphism from w onto w/=2, which we call the canonical homomorphism.

Conversely, let w and v be L-structures and g : w — v a surjective strong
homomorphism. Let &~ be the kernel of g. Let k be the canonical homomorphism
from w — w/~ and let ¢ denote the map a/~ +— ga. Also according to the
homomorphism theorem, the map ¢ is an isomorphism from w/~ to v, and
g=tok.

2.4.4 Direct products of structures

Let L be an extralogical signature and let (w; | ¢ € I) be an indexed collection of
L-structures. We let B = [[,.; A; and adopt the notation a = (a; | i € I) € B,
a={(a',...,a") € B", and @ = (a,...,a’) € A?. For symbols in L, we
define relations and operations on B by r”d if and only if r*@; for all i € I,
fra = (fvia;|iel), and ¢ = (¢ |i€I). Then v = (B, L") is a structure
called the direct product of {w; | i € I), and denoted by [, w;.

If w; = w for all 4 € I, then v is called the direct power and is denoted by
wl. If I ={1,...,n}, then we denote [lic;wi by w1 x - X wy, and we denote
w! by w™. Note that a + (a | i € I) is an embedding from w to w’.
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2.5 Strings

Let A be a nonempty set, which we will call an alphabet. Formally, it does
not matter what the elements of A are, but in this context, we will refer to
the elements of A as symbols. The set of (finite) strings over A is the set,
S = Up_oA™. A string in A" is said to have length n. The unique string of
length 0 is (), and we call this the empty string. A string of length 1 is called an
atomic string.

Strings are written without brackets or commas, so that we write sq ---s,,
rather than (sq,...,s,). Let £ = sy --+s, and ) = S,41 - Spim be strings of
lengths n and m, respectively. The concatenation of £ and 7, denoted by &7, is
the string sy - - - Spm.-

If &€ = &1m€,, where 1) # (0, then 7 is called a segment (or substring) of . If
n # £, then 7 is a proper segment (or substring) of £. If & = (), then 7 is an
initial segment (or substring) of £. If & = @, then 7 is a terminal segment (or
substring) of &.



Chapter 3

Propositional Calculus

In this chapter, we develop a calculus of inductive inference for sentences
in a formal logical language. The language we focus on, denoted by F,
is propositional. The sentences (or formulas) of F consist of primitive
propositional variables connected by negation and conjunction. Using negation
and conjunction, we can define other logical connectives, such as disjunction and
material implication. Our language F, however, is not the usual propositional
language one finds in basic logic textbooks. Our language is infinitary, in the
sense that we allow countable conjunctions. That is, if ¢, is a formula of F for
every n, then so is A" ¢p,.

The calculus of deductive inference in F is well understood. The study of
infinitary languages dates back to the papers of Scott and Tarski [30, 32] and
to the dissertation [17] and book [16] of Carol Karp. Deductive calculus in F is
represented by a derivability relation, . If ¢ is a formula of F and X is a set of
formulas, then X F ¢ denotes the fact that ¢ can be derived from X using the
rules of deductive inference. In Section 3.1, we define F and F, and establish
important facts about them. We then present the notion of a deductive theory,
which is a set of formulas that is closed under deductive inference. An important
point, noted in Remark 3.1.21, is that one can define deductive theories without
any reference to derivability, and then define derivability in terms of theories.
This is the approach we take in the development of our inductive calculus.

An inductive statement is a triple, (X, p, p), where X is a set of formulas, ¢
is a formula, and p € [0,1]. Intuitively, an inductive statement can be thought
of as asserting that ¢ is partially entailed by X with degree p. In an inductive
statement, X is called the antecedent, ¢ is called the consequent, and p is called
the probability. We typically use a letter such as P to denote sets of inductive
statements. We write P(p | X) = p to mean that (X, ¢, p) € P and refer to p as
the probability of ¢ given X. The ultimate goal of this chapter is to develop a
calculus by which we can take a given set of inductive statements P, and infer a
new inductive statement (X, ¢, p). When such an inference is possible, we will
write P F (X, p,p), thereby extending the use of the turnstile symbol F from
formulas to inductive statements.

25
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As mentioned above, we take an indirect route to defining . We first define
an inductive theory. Intuitively, if P is an inductive theory, and if it is possible
to infer (X, ¢, p) from P, then (X, ¢, p) is already an element of P. The bulk of
this chapter is devoted to defining the notion of an inductive theory. Once this
is done, we define F in terms of inductive theories.

In Sections 3.2 and 3.3, we present our rules of inductive inference. There
are nine of them altogether, which we denote by (R1)—(R9). Rules (R1)-(R4)
describe the connection between inductive and deductive inference. Rules (R5)—
(R7) are the core rules of inductive inference: the addition, multiplication, and
continuity rules. Rule (R8) says that we can use uniqueness to make inferences:
if there is a unique way to assign a probability without violating (R1)—(R7),
then we may infer that probability. Rule (R9) says that we may freely add
formulas of probability one to our antecedents.

To define an inductive theory, we must first define what it means for a set
of inductive statements to be closed under the rules of inference. We do this in
tiers. An admissible set is one that is closed under (R1), an entire set is closed
under (R1)—(R7), a semi-closed set is closed under (R1)—(R8), and a closed set
is closed under (R1)—(R9).

In Section 3.2, we define admissible and entire sets. We then prove several
theorems about entire sets, such as inclusion-exclusion, Bayes’ theorem, and
countable additivity. Section 3.3 begins with the definition of semi-closed and
closed sets. We then turn our attention to a notion that has no analogue in
the deductive calculus. The set of inductive statements is much larger than
the set of formulas. As such, it is possible to have inductive statements that
are so far apart, in a certain sense, that they can never be related to one
another via the rules of inductive inference. That is, no chain of inductive
reasoning could possibly include both statements. Such statements would be
trivially incapable of producing a contradiction. Yet they are also incapable
of meaningfully contributing to a common argument. Because of this, a closed
set could potentially contain components that bear no logical connection to one
another. In Section 3.3, we make this notion of connectivity precise. We then
define an inductive theory to be a closed set that is also connected. Section 3.3
concludes by using the definition of an inductive theory to define the inductive
derivability relation, P+ (X, ¢, p).

The theorems in Section 3.3 are presented without proof, so that the reader
can see a complete overview of the development. Their proofs are presented
in Sections 3.4 and 3.5. In Section 3.4, we prove that inductive theories exist
and are well-defined. The proof is primarily constructive, showing how to build
up an inductive theory from more basic elements. We then say that a set of
inductive statements is consistent if it can be extended to an inductive theory.
In Section 3.5, we prove that every consistent set can be uniquely extended to
an inductive theory.

Section 3.5 concludes with an important generalization of inductive
derivability. So far we have only discussed a process of inference whereby we
take a set of inductive statements, P, and use them to derive a new inductive
statement, (X, p,p). In an inferential argument such as this, the inductive
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statements in P are our hypotheses. Since every inductive statement has the
form P(p | X) = p, it follows that every one of our hypotheses must have this
form as well. In Section 3.5, we allow for a broader class of hypotheses. By
introducing what we call inductive conditions, we are able to use hypotheses
such as P(p | X) >por P(p Ay | X,¢) = P(e | X).

3.1 Formulas and deductive inference

3.1.1 Propositional formulas

Let PV be a nonempty set whose elements we call propositional variables. We
define an alphabet, A = PV U{—, A}. We will define the set of formulas so that
a formula is a finite tuple, where each element in the tuple is either a symbol
from our alphabet, a formula, or a countable set of formulas.

Let So = {{(p) | p € PV}. For an ordinal a < wy, let

Szll = Sa U{<_‘,<,0> | pe Sa}'

When writing tuples such as these, we will typically omit the commas and
angled brackets, so that, for instance, =p = (=, ¢). In particular, for r € PV,
we identify (r) and r so that we may write Sy = PV.

We then define

Sat1 =S, U{(A\,®) | ® C 5. is nonempty and countable}.

Here, countable means finite or countably infinite. As above, we will typically
write /A ® as shorthand for ordered pairs of this type.

In the case that « is a limit ordinal, we define S, = U5<a S¢. Finally, we
define F = F,,, = Ua<w1 Sq. Note that S, C Ss whenever o < 5. An element
@ € F is called a (propositional) formula or sentence. A formula may also be
called a deductive statement, in contrast to inductive statements, to be defined
later. The set F depends on the choice of PV. We will rarely need to emphasize
this fact, but when we do, we will write F(PV) instead of F.

Let Fgsn denote the smallest subset of F that satisfies

(i) PV C Fin,
(ii) if ¢ € Fhn, then —¢ € Fap, and
(iii) if ® C Fgy is nonempty and finite, then A & € Fgy,.

Formulas in Fg, are said to be finitary. The set Fgy is, in fact, the set of
formulas used in finitary propositional logic. Or rather, it is one of several
equivalent definitions of the finitary propositional language. The reader can
consult any introductory text on mathematical logic for the basic properties of
Fan and its corresponding syntax and semantics. When necessary, we will cite
[28] for this purpose.
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Theorem 3.1.1 (The principle of formula induction). The set of formulas,
F, is the smallest set that satisfies the following:

(i) PV C F,
(i) if ¢ € F, then ~p € F, and
(iii) if ® C F is nonempty and countable, then \® € F.

Proof. Property (i) follows since PV = Sy C F. Suppose ¢ € F. Then there
exists a@ < wp such that ¢ € S,. Thus, ~¢ € S, C F, proving property
(ii). Finally, suppose ® C F is nonempty and countable. Enumerate ® as
® = {9 }tn<a, where 0 < a < w. For each n < «, choose «,, < w; such that
¢n € Sa, - Choose f < w; such that a,, < § for all n < .. It follows that @ is a
nonempty, countable subset of Sz C Sg, and so A ® € Sgyq C F, proving (iii).

Now let .S be any set that satisfies these three properties. Using transfinite
induction, it is easy to verify that S, C S for all ordinals «. Thus, F =
Uacw, Sa € S. O

We may sometimes write )\ g ¢ for A®. If & = {¢n}nen, we may write
Aoy pn for A®. If @ C F, then we use the notation =® = {=p : p € ®}. As
shorthand, we define

V& = - A—® for & nonempty and countable,

(e A1) = N, ¥},

(V) =Vi{p v},

(p = 9¥) = (-p V), and
(pe)=(@—=>P)A R — ).

We fix an arbitrary rqg € PV and define L = (rg A -rg) and T = —1. The
symbols, L and T, are called falsum and verum, respectively. We adopt the
convention that A@ =T and \/( = L.

As another form of shorthand, we may also sometimes omit outer parentheses
in formulas, and occasionally inner parentheses with the understanding that —
associates right to left, other symbols associate left to right, and that formulas
obey the order of operations, =, A, V, —, <.

Finally, we may occasionally use the notation ¢, where x is an element of
the Boolean algebra B = {0,1}, to mean ¢* = ¢ and ¢° = —p.

Given ¢ € F, we define the set of subformulas of ¢, denoted by Sf ¢, by
formula recursion. Namely, Sfr = {r} for r € PV, Sf—¢ = {-p} U Sfo,
and SEA® = {A®} UU,cqp Sfe. It follows by formula induction that Sf¢ is
countable for every ¢ € F. Also, the set of propositional variables that appear
in a formula ¢ is simply PV N Sf ¢. In particular, each formula ¢ makes use of
only countably many propositional variables.

Remark 3.1.2. The construction presented here is analogous to the one
suggested in [18] for formulas in infinitary predicate logic. An alternative



3.1. FORMULAS AND DEDUCTIVE INFERENCE 29

construction builds formulas out of countably long sequences of symbols in an
alphabet. In this case, one must deal precisely with the notion of concatenation
for such strings, such as the concatenation of countably many strings, each of
which may itself be countably long. All of this is detailed in [16].

3.1.2 A calculus of natural deduction

Given a relation F from B F to F, we write X =Y tomean X - p forall p € Y.
A comma-separated list on either side of the turnstile, -, refers to a union, and
isolated formulas refer to the singleton set that contains them. For example,
X, Y, o, means X UY U{p} F {9, (}, which means that X UY U{¢} F ¢
and X UY U{¢} F 9. Also, F ¢ is shorthand for () - ¢.

We wish to define a relation - from B F to F such that X F ¢ captures
what it means to say that ¢ can be logically deduced from the formulas in X.

Definition 3.1.3. The derivability relation is the smallest relation - from 9 F
to F such that, for all ¢, € F and all countable ® C F, the following conditions
hold:

(i) ¢k,
(ii) if X F ¢ and X C X', then X' I ¢,

(iii) if X = A ®, then X F 0 for all § € P,

)
)
(iv) if X F 6 for all € @, then X - A P,
(v) if X Fpand X F =, then X F 4, and
)

(vi) if X, and X, - F 1, then X F 1).

When X F ¢, we say that ¢ is (deductively) derivable from X, or that X
proves . If X ¥ ¢ and X ¥ -, then ¢ is undetermined by (or deductively
independent of ) X. We say that ¢ is determined by X if ¢ is not undetermined
by X.

Remark 3.1.4. Note that the intersection of any family of relations that satisfy
(i)—(vi) also satisfies (i)—(vi). Also note that F itself satisfies (i)—(vi). Thus, the
derivability relation is well-defined and is equal to the intersection of all subsets
of P F x F satisfying (i)—(vi).

Remark 3.1.5. An alternative but equivalent definition of the derivability
relation involves the notion of a derivation. A derivation of ¢ from X
is a countable sequence ((Xg,pg): 8 < @), where a is a countable ordinal,
(Xa,9a) = (X, ), and for each § < «, the term (Xg,pg) is obtained from
((Xe,@¢) 1 € < B) by an application of one of the six rules in Definition 3.1.3.
In this case, X F ¢ if and only if there exists a derivation of ¢ from X.

Definition 3.1.6. The finitary derivability relation is the smallest relation Fgy,
from P Fan to Fan such that, for all o, € Fg, and all finite @ C F, conditions
(i)—(vi) from Definition 3.1.3 hold.
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Remark 3.1.7. The finitary derivability relation is a typical natural-deduction
calculus for finitary propositional logic. Clearly, Fg, C F. As we will see in
Proposition 4.1.15, if X C Fgn, @ € Ffn, and X F ¢, then X Fgy . In
other words, when restricted to finitary formulas, our infinitary calculus cannot
produce any new inferences beyond those already available with the finitary
calculus.

The proofs of the structural rules in the following proposition are exactly
the same as in finitary propositional logic (see, for instance, [28, Section 1.4]).

Proposition 3.1.8. The derivability relation satisfies the following:
(a) X F (¢ — ) if and only if X, 1,
(b) if X by and X,p 1), then X F 1),
(c) if X,—oF o, then X F ¢, and
(d) if X,¢o F -, then X F —¢.

In the remainder of this section, unless otherwise specified, lowercase Roman
numerals refer to Definition 3.1.3 and letters refer to Proposition 3.1.8.

Lemma 3.1.9. Let &, 9’ C F be countable andy € F. If ® C " and AP F 9,
then \ @' 9.

Proof. Suppose ® C & and A ® + ¢. By (i) and (iii), we have A ®' F @ for all
6 € ®. Thus, by (iv), we have A &' - A ®. The result now follows from (b). O

Theorem 3.1.10 (o-compactness). Let X C F and ¢ € F. Then X F ¢ if
and only if there exists a countable subset Xo C X such that Xg & ¢.

Proof. We will actually prove that the following are equivalent:

X o, (3.1.1)
there exists countable Xy C X such that AXp F ¢, and (3.1.2)
there exists countable Xy C X such that Xg F . (3.1.3)

By (i), (ii), (iv), and (b), we have that (3.1.2) implies (3.1.3), and by (ii), we
have (3.1.3) implies (3.1.1).

To prove that (3.1.1) implies (3.1.2), we define I’ so that X F ¢ if and
only if X F ¢ and (3.1.2) holds. The proof will be complete once we show that
(1)—(vi) still hold when F is replaced by F'.

Clearly, (i)—(iii) hold for F'. To see that (iv)—(vi) hold for F’, use Lemma
3.1.9 and the fact that a countable union of countable sets is countable. O

Proposition 3.1.11. Let ® C F be countable and b € F. Then ® - ¢ if and
only if N® 1.
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Proof. By (i), (ii), and (iv), we have ® = A ®. Thus, by (b), it follows that
A\ @+ ¢ implies @ | 1.

Now suppose ® F 1. By (3.1.2), there exists countable ®' C & such that
AP F . By Lemma 3.1.9, we have A\ @ I 1. O

Proposition 3.1.12. If X FY and Y ¢, then X F .

Proof. Suppose X Y and Y F ¢. By o-compactness, there exists countable
Yo C Y such that Yy - ¢. By Proposition 3.1.11, we have A Yy - . By (iv),
we have X + A Yy. Hence, by (b), we have X F . O

A set X C Fisinconsistent if X F ¢ for all ¢ € F; it is otherwise consistent.
If X is inconsistent, then X L. Conversely, by the definition of L, and by (iii)
and (v), we have that X | implies X is inconsistent. Thus, X is inconsistent
if and only if X L. The derivability relation can, in fact, be characterized in
terms of consistency.

Theorem 3.1.13. Suppose X C F and ¢ € F. Then X F ¢ if and only if
X,~pkF L, and X F —p if and only if X, p F L.

Proof. Suppose X . By (i) and (ii), we have X, - F ¢ and X, —¢p F —¢. By
(v), this implies X, ~¢ L. Conversely, suppose X, F L. Then X U {-¢}
is inconsistent, so that X,—¢ F ¢. By (c¢), we have X F . The proof of the
second biconditional is analogous. O

Since T = -1, the preceding theorem shows that X + T if and only if
X, 1+ 1. Hence, by (i) and (ii), we have X - T for all X C F, which by (ii)
is equivalent to + T.

A formula ¢ is a tautology if + ¢; it is a contradiction if {¢} is inconsistent.
By the preceding proposition, we see that ¢ is a tautology if and only if —¢ is
a contradiction, and vice versa. The set of tautologies is denoted by Taut, or
Taut r.

Proposition 3.1.14. Let X C F and p € F. Then X - ¢ if and only if there
exists a countable Xo C X such that \ Xo — ¢ € Taut.

Proof. By o-compactness, we have X ¢ if and only if there exists countable
Xo C X such that X F ¢. And by Proposition 3.1.11 and (a), we have Xy F ¢
if and only if A Xo — ¢ € Taut. O
3.1.3 A Hilbert-type calculus

Let A = Ax be the smallest subset of F such that if p, ¢, € F and ® C F is
countable with ¢ € ®, then the following formulas are in A:

(A1) (p = =) = (=)= 9—=(
(A2) (p = ) = 1p =~
(A3) NP — o
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The formulas in A are called azioms.

We define a proof of ¢ € F from X C F as an (a + 1)-sequence of formulas,
(pp | B < @), where « is a countable ordinal, ¢, = ¢, and for each § < «,
either pg € X U A, or there exist 4, j < 8 such that ¢; = (¢; — ¢g), or there
exists nonempty, countable ® C {p, | £ < S} such that g = A . Note that
if (pp | B < ) is a proof of ¢, from X, then for any § < «, it follows that
(pe | € < f) is a proof of g from X. For ¢ € F and X C F, define X ¢ to
mean there is a proof of ¢ from X.

Let Ag, be the smallest subset of Fg, such that if ¢, ¢, ( € Fg, and & C Fgy
is finite with ¢ € ®, then (A1)-(A3) are in Agn. A finitary proof of ¢ € Fein
from X C Fgy is a finite sequence of formulas, (pi | k < n), where ¢, = ¢,
and for each k < n, either ¢ € X U Agy, or there exist 4,5 < k such that
i = (¢; = @r), or there exists nonempty, finite ® C {¢, | £ < k} such that
or = N®. For ¢ € Fgn and X C Fgy, define X pv, ¢ to mean there is a
finitary proof of ¢ from X.

A finitary proof is the classical notion of proof. It is finitely long, and each
sentence in it has finite length. An infinitary proof, on the other hand, can be
infinitely long. And individual sentences in such a proof can themselves have
infinite length.

Remark 3.1.15. The relation pvg_ is a typical Hilbert-style calculus for finitary
propositional logic. It is well-known that g, = Fgn. (See, for example, [28,
Theorem 1.6.6].) In Theorem 3.1.17, we will see that = . Hence, according
to Remark 3.1.7, if X C Fqn, ¢ € Fhn, and X K ¢, then X pvp . In other
words, if we can find an infinitary proof of ¢ from X, then a finitary proof
necessarily exists.

Proposition 3.1.16 (Induction principle for ). The relation  is the
smallest relation from B F to F such that if X CF, o, € F, and ® C F is
countable, then

(1) X p 0 for all® € X UA,

(2) if X b (¢ — ) and X |~ ¢, then X p 1, and
(3) if X 1~ 6 for all§ € @, then X o \ ©.

Proof. The fact that |~ satisfies (1)—(3) follows from the fact that a countable
concatenation of proofs is again a proof. (See [16, Chapter 2] for details on
infinitary concatenation.)

Let > be a relation from B F to F satisfying (1)-(3). Let X C F be
arbitrary. Fix a countable ordinal o, and consider the statement,

for all ¢ € F, if there exists a proof of ¢ from X with length o + 1,
then X > .

We will prove this statement is true for all countable o by induction on «, and
this will show that X k ¢ implies X > .
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If ¢ has a proof from X of length 1, then it must be {p), implying ¢ € X UA.
Therefore, X > ¢ by (1), and the statement is true for a = 0.

Suppose the statement is true for all § < «, and that ¢ has a proof from X
of length o+ 1. Let (pg | B < @) be such a proof. If ¢ € X UA, then X > ¢ by
(1). Suppose there exists 4,5 < « such that ¢; = (¢; = ¢). Then (pg | 8 < 1)
and (pg | B < j) are proofs of ¢; and ¢;, respectively, each with length less than
a+1. By the inductive hypothesis, X > ¢; and X > ¢;, so that by (2), we have
X > ¢. Finally, suppose there exists ® C {¢g : 8 < a} such that p = A ®.
Each @3 € ® has a proof, (pe|& < ), of length B+ 1 < a+ 1, so by the
inductive hypothesis, X > 6 for all § € ®. Thus, by (3), we have X > ¢. O

Theorem 3.1.17. Let X C F and ¢ € F. Then X |~ ¢ if and only if X .

Proof. In this proof, Arabic numerals will refer to Proposition 3.1.16.

We first prove that X | ¢ implies X - ¢. By Proposition 3.1.16, it suffices
to show that (1)—(3) hold when h is replaced by .

By (iv), we have that (3) holds for . Suppose X F (¢ — v) and X F ¢.
By (a), we have X, ¢ I 1, so by (b), it follows that X . Thus, (2) holds for
F. By (i) and (ii), we have X F @ for all § € X. It remains only to show that
X F ¢ whenever ¢ is an axiom. By (ii), it suffices to show that F ¢ whenever
(p is an axiom.

Consider first (Al). Let Y = {¢p = ¥ — (9o — ¢, ¢}. By (i) and (ii), we
have Y I (¢ — ), so that (a) yields Y,p - 4. But YU{p} =Y, s0Y F ¢.
We similarly obtain Y F (¢p — (), so that Y,¢ F ¢. By (b), we obtain Y + (.
Repeated applications of (a) now yield ¢ — ¥ — ¢, — ¥ F ¢ — ¢, followed
by o > ¢ = (F (¢ = v¢) = ¢ = followed by F (p =9 = () = (¢ —
Y) = —C.

For (A2),let X = {¢ = ¢, ¢} and Y = X U {p}. By (i) and (ii), we have
Y F ¢ — =1, so that (a) yields Y,p F —¢p. But YU{p} =Y, s0 Y F ). On
the other hand, (i) and (ii) imply Y F 4, so by (v), we have Y - =y, or in other
words, X, ¢ b —p. By (d), we have X - —¢. Repeated applications of (a) yield
= W — —p, followed by F (¢ = ) — ¢ — —p.

For (A3), let ® C F be countable and ¢ € ®. By (i), we have A ® - A ®.
By (iii), we obtain A ® I . Thus, by (a), it follows that - A ® — ¢.

To prove that X F ¢ implies X | ¢, it suffices to show that (i)—(vi) hold
when I is replaced by k. The fact that (i), (ii), (v), and (vi) hold for p follows
exactly as in the finitary case (see [28, Section 1.6], for example). We obtain
(iii) and (iv) from (A3) and (3), respectively. O

3.1.4 Deductive theories and logical equivalence

Definition 3.1.18. A set T C F is called a (deductive) theory if the following
conditions hold:

(i) ACT,

(ii) if (¢ = ¢) € T and ¢ € T, then ¥ € T, and
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(iii) if ® C T is countable, then A ® € T.

Note that the intersection of any family of theories is again a theory. Also
note that F itself is a theory. Hence, if X C F, then we may define the
(deductive) theory generated by X, denoted by T'(X) or Tx, as the smallest
theory having X as a subset.

Theorem 3.1.19. Let X C F and p € F. Then X b ¢ if and only if p € T(X).

Proof. Suppose X F ¢. By Theorem 3.1.17, there exists a proof of ¢ from X.
As in Proposition 3.1.16, we can use induction on the length of the proof to show
that ¢ € T(X). For the converse, define 77 = {¢ € F : X  ¢}. By Theorem
3.1.17 and Proposition 3.1.16, it follows that 7" is a theory with X C T”. Thus,
T(X)CT. O

Corollary 3.1.20. A set T C F is a theory if and only if it is deductively
closed, meaning that T F ¢ implies p € T.

Proof. This follows immediately by combining Theorem 3.1.19 with the fact
that T C F is a theory if and only if T'=T(T). O

Remark 3.1.21. Theorem 3.1.19 exhibits an alternative approach to defining
derivability. One can define the theory generated by a set X, as we did above,
without any reference to derivability. Then one can define derivability in terms
of T(X). This is the approach we will take when considering inductive inference.

If T is a theory and S C F, then T 4 S denotes the theory generated by
TUS. For ¢ € F, we write T + ¢ for T + {®}. The smallest theory is Taut,
the largest theory is F, and every theory T satisfies Taut C T C F. A theory
T is inconsistent if and only if T'= F. A theory T is said to be (deductively)
complete if it is consistent and every ¢ € F is determined by 7. That is, for
every ¢ € F, either p € T or ~p € T

Formulas ¢ and ¢ are (logically) equivalent, written ¢ = 1, if ¢ F 1 and
¥ F . By (a), (iii), (iv), and the shorthand definition of <+, we find that ¢ = ¢
if and only if ¢ <> ¢ € Taut. Note that ¢ € Taut if and only if ¢ = T. Also
note that if X ¢ and ¢ = ¢, then X F .

More generally, if X C F, we say that ¢ and v are equivalent given X,
written ¢ =x ¥, if X, F ¢ and X,¥ - ¢. As above, we have ¢ =x 9 if and
only if ¢ <> ¢ € T(X). Also, ¢ € T(X) if and only if ¢ =x T. Note that = is
simply =. Also note that =x C =x+ whenever X C X'.

It can be shown that =x is a congruence relation, meaning it is an
equivalence relation on F such that

if o =x ¢, then ~p =x —=¢’, and
if C'is countable and ¢, =x ¢, for n € C, then A\ . ©n =x N,cc Pn-
For X, Y C F,wesaythat X =Y if X Y and Y F X. Note that X Y if

and only if Y C T'(X), which holds if and only if T(Y) C T(X). Thus, X =Y
if and only if T(X) = T(Y). Also note that if X F ¢ and X =Y, then Y F ¢.
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The operations, -, A, and V, pass in the usual way from F to B(X) = F/=x,
making B(X) into a Boolean o-algebra, called the Lindenbaum-Tarski o-algebra
of X. If [p]x € B(X) denotes the equivalence class of ¢, then ¢ =x ¢ if and
only if [¢]x = [¢]x. The partial order in B(X) corresponds to the derivability
relation. That is, [p]x < [¢]x if and only if X, F . In B(X), we have
0= [J_]X and 1 = [T}X

We end this section with two items that we will need later. The first is a
piece of notation. If Ty and T} are theories with Ty C Ty, then we write [Tp, 7]
to denote the set of theories T that satisfy Ty, € T C Ty. The second is the
following lemma.

Lemma 3.1.22. Let T be a theory, ¢ € F, and S C F. Define 8" = {¢p — 0|
0eS}t ThenT+yp+S=T+¢y+ 5.

Proof. Foreach# € S, we have T+ +S+ 6+ — 0. Thus, T+y+S+ S, so
that T+ + S+ T+ + 5. Conversely, for any 6 € S, we have ¢ — 0, - 0,
so that S, + S. Hence, T+ ¢+ S'FT +¢ + S. O

3.2 Inductive statements and entire sets

Let F'S =B F x F x [0,1]. The elements, (X, ¢, p), of F'5 are called inductive
statements. Intuitively, we interpret (X, y,p) as asserting that X partially
entails ¢, and that p is the degree of this partial entailment. In an inductive
statement, X is called the antecedent, ¢ is called the consequent, and p is called
the probability.

The remainder of this chapter is devoted to extending the derivability
relation, -, to inductive statements. Informally, the assertion, @ + (X, ¢, p),
where Q C F'S, means that (X, ¢,p) can be derived from @, using the rules of
inductive inference. We will have nine such rules. They are:

(R1) the rule of logical equivalence,

(R2) the rule of logical implication,

(R3) the rule of material implication,
(R4) the rule of deductive transitivity,
(R5) the addition rule,

(R6) the multiplication rule,

(R7) the continuity rule,

(R8) the rule of inductive extension, and

(R9) the rule of deductive extension.
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The first rule, among other things, ensures that our collective inferences form a
function mapping antecedent-consequent pairs, (X, ), to probabilities p. Rules
(R2)—(R4) describe the relationship between deductive and inductive inference.
Rules (R5)—(R7) are the usual mathematical rules for working with probabilistic
assertions. And the final two rules provide a natural “completeness” to our
inferences.

We follow the approach outlined in Remark 3.1.21. That is, we begin
by defining an inductive theory, which will be a set of inductive statements
that is closed under the nine rules of inductive inference, and satisfies certain
connectivity requirements. This will allow us to speak of the inductive theory
generated by a set Q C F'S, which we denote by P(Q). We then take
QF (X, p,p) to mean that (X, ¢, p) € P(Q).

The notion of being closed under the nine rules of inductive inference will be
built up in tiers. An admissible set is one that is closed under the first rule. An
entire set is closed under the first seven rules. A semi-closed set is closed under
the first eight rules. And a closed set is closed under all nine. In this section,
we focus only on entire sets.

3.2.1 Seven of nine

We now formally state the first seven of the nine rules of inductive inference.
A set P C F'S is admissible if it satisfies the rule of logical equivalence:

(R1) If (X,p,p) € P, X' = X, and ¢/ =x ¢, then (X', ¢',p) € P and there is
no other value p’ such that (X', ¢’,p') € P.

If P is admissible, then it is a function from P F x F to [0,1]. In this case, we
write P(p | X) = p to mean that (X, ,p) € P, and read the left-hand side,
P(p | X), as the probability of ¢ given X. We also write X, ¢ as shorthand for
X U {9}, so that P(¢ | X,¢) means P(p | X U{¢}). When X = (}, we will
omit it, leaving only P(p) or P(p | ¢). For admissible P, if (X, ¢, p) € P, then
we say P(¢ | X) exists or is defined.

Note that any subset of an admissible set is also a function from P F x F
to [0,1]. We will therefore also use the notation P(y | X) = p for subsets of
admissible sets.

If P C F'S, we define

ante P ={X C F: (X,¢,p) € P for some ¢ € F and p € [0,1]}.

That is, X € ante P if and only if X is the antecedent of some inductive
statement in P.

The next six rules of inductive inference are encoded in the following
definition.

Definition 3.2.1. A set P C F'S is entire if it is admissible and satisfies the
following:

(R2) (the rule of logical implication) If X € ante P and X + ¢, then P(p |
X)=1.
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(R3) (the rule of material implication) If X € ante P and P(¢ | X, ¢) = 1, then
Plp =9 [X)=1.

(R4) (the rule of deductive transitivity) If P(p | X) = 1 and ¢ F 4, then
P(y | X) = 1. Also, for any X’ € ante P, if X'+ X and P(p | X) =1,
then P(p | X') = 1.

(R5) (the addition rule) Let X F —(¢ A ). Consider the equation,
P(o V| X) = P(o | X) + Py | X). (3:2.1)

If two of the above probabilities exist, then so does the third and (3.2.1)
holds.

(R6) (the multiplication rule) Consider the equation,
PleAy | X) = Ple | X)P(Y | X, ). (3.2.2)

If two of the above probabilities exist and are positive, then the third
exists and (3.2.2) holds.

(R7) (the continuity rule) If P(p, | X) exists and X, ¢, F p,41 for all n € N,
then
PV, ¢n | X) =lim, Ppn | X). (3.2.3)

Remark 3.2.2. If P is entire and X € ante P, then X is consistent. To see
this, suppose X is inconsistent. Choose ¢ € F such that X F ¢ and X F —p.
By the rule of logical implication P(p | X) =1 and P(—¢ | X) = 1. Thus, by
the addition rule, P(¢ V =) = 2, which violates the definition of an inductive
statement.

Remark 3.2.3. The first seven rules of inductive inference leave open the
question of whether P(¢ | X) = 1 implies X F ¢. In general, it does not,
but a partial converse to the rule of logical implication will be given in Theorem
3.5.6.

3.2.2 Relative negation and certainty

Given an entire set P and a set X € ante P, the domain of P( - | X) is not
necessarily closed under conjunctions and disjunctions. It is, however, closed
under relative negation. Also, conjunctions and disjunctions with a formula
whose probability is 0 or 1 are still in the domain of P( - | X). These and
related facts are described in this subsection.

Example 3.2.4. The possible failure of the domain of P( - | X) to be closed
under conjunctions and disjunctions can be seen in the following simple example,
using X = 0. Let PV = {r;,r2}. Fix ¢ € (0,1) and define Q C F'S by
Q(r1) = Q(r2) = Q(r1 <» r2) = ¢. In Example 4.3.8, we construct an entire
set P such that @ C P, but in which P(r; Ary) is undefined. As we will see in
Theorem 3.2.18 below, this also implies P(ry V rz2) is undefined.
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Proposition 3.2.5. Let P be entire. If P(p | X) and P(¢ | X) exist and
X, ok, then P(Y A—p | X) exists and

Py A= | X) =P | X) - Pe | X). (3.2.4)
In particular, P(p | X) < P(¢ | X).

Proof. Let ¢/ = 1 A —p. Since ¥ =x ¢ V 1)/, the rule of logical equivalence
implies P(¢ V¢’ | X) exists. Since ¢ A1’ is a contradiction, the addition rule
implies that P(¢’ | X) exists and

P(p V| X) = Plp| X)+ P’ | X),
which gives (3.2.4). O

Remark 3.2.6. The final conclusion of Proposition 3.2.5 is referred to as the
monotonicity property of P.

Corollary 3.2.7. Let P be entire. If P(p | X) exists, then P(—p | X) exists
and

P-p | X)=1- P(p| X). (3.2.5)

Proof. Suppose P(p | X) exists. Then X € ante P, so by the rule of logical
implication, P(T | X) = 1. Applying Proposition 3.2.5 with ¢y = T, and using
T A= = —p together with the rule of logical equivalence, we obtain (3.2.5). O

Remark 3.2.8. Proposition 3.2.5 requires neither the multiplication rule nor
the continuity rule in its proof. Consequently, Corollary 3.2.7 also does not
require them.

Proposition 3.2.9. Let P be entire. If P(¢ | X) =1 and P(p Ay | X) exists,
then P(p | X) = Plp Ay | X).

Proof. Since ¢ F —¢ V 1), the rule of deductive transitivity gives P(—¢ V 9 |
X) = 1. By Corollary 3.2.7 and the rule of logical equivalence, P(p A =) |
X) = 0. Hence, the result follows from the addition rule and the rule of logical
equivalence. O

Lemma 3.2.10. Let P be entire and suppose P(p | X) exists. Then X U{yp} €
ante P if and only if P(¢ | X) > 0.

Proof. Suppose P(p | X) > 0. Applying the multiplication rule with ¢ = ¢,
and using ¢ A ¢ = ¢ together with the rule of logical equivalence, we get
P(p | X,¢) =1, which implies X U {(} € ante P.

Now suppose P(¢ | X) = 0 and X U {p} € ante P. Then (3.2.5) implies
P(—¢ | X) = 1. Since X,p F X, the rule of deductive transitivity gives
P(—¢ | X,¢) = 1. Thus, again by (3.2.5), we have P(¢ | X,¢) = 0. But
this contradicts the rule of logical implication. O
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Proposition 3.2.11. Let P be entire and suppose both P(p | X) and P(y | X)
exist. If P(¢ | X) € {0,1}, then both P(pV ¢ | X) and P(e A | X) exist, and

PleVvy | X) =max{P(p| X), P(y | X)},
Pl Ay | X) =min{P(¢ | X), P(¢ | X)},

Proof. By (3.2.5) and the rule of logical equivalence, it suffices to consider the
case p A 1. Suppose P(¢ | X) = 0. By (3.2.5), we have P(—¢ | X) = 1. Since
- F =V ), the rule of deductive transitivity gives P(—¢V - | X) = 1. By
(3.2.5) and the rule of logical equivalence, P(¢ Ay | X) = 0, proving the claim.

Now suppose P(¢ | X) = 1. If P(¢p | X) = 0, then we are done by the
previous case. Assume then that P(¢) | X) > 0. By Lemma 3.2.10, we have
X U{¢} € ante P. Since X,v + X, the rule of deductive transitivity gives
P(¢ | X,9) = 1. By the multiplication rule, P(¢» A ¢ | X) = P(¢ | X). O

Corollary 3.2.12. Let P be entire and suppose that P(p, | X) = 1 for all
n €N. Then P(\, ¢n | X) = 1.

Proof. By Proposition 3.2.11 and induction, we have P(A] ¢; | X) = 1 for all
n. By (3.2.5) and the rule of logical equivalence, P(\/] —p; | X) = 0. The
continuity rule then gives P(\/, =y, | X) = 0, which implies P(\,, on | X) =
1. O

For Q@ C F'S and X C ante Q, let
T(Q;X)={0e F|(X,0,1) € Q for all X € X}. (3.2.6)

For X € ante@, we write 7(Q; X) for 7(Q;{X}). We also write 7(Q), or 7g,
for 7(Q; ante Q). Informally, 7(Q) is the set of all formulas that are true under
@, regardless of the antecedent used.

Proposition 3.2.13. If P is entire and X C ante P, then 7(P; X) is a deductive
theory.

Proof. Suppose 7(P; X) F ¢. By o-compactness, choose countable ® C 7(P; X))
such that ®  ¢. By Corollary 3.2.12, we have A ® € 7(P;X). Now let X € X.
Then P(A® | X) =1 and A® F ¢. By deductive transitivity, P(¢ | X) = 1.
Hence, ¢ € 7(P; X), so 7(P; X) is a deductive theory. O

3.2.3 Inductive vs. deductive inference

Rules (R1)—(R4), the rules of logical equivalence, logical implication, material
implication, and deductive transitivity, describe the relationship between
inductive and deductive inference. The next three results provide useful
generalizations of these rules.

Proposition 3.2.14. Let P be entire. If P(p | X) =p and P(p < ¢' | X) =1,
then P(¢' | X) = p.
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Proof. Since ¢ A (¢ <> ¢©') = @ A ¢/, the rule of logical equivalence together
with Proposition 3.2.11 imply P(p A ¢’ | X) = p. Also, ¢ & ¢ F oV ¢/,
so by the rule of deductive transitivity, P(¢ V ~¢’ | X) = 1. Thus, (3.2.5)
implies P(—p A ¢’ | X) = 0. Hence, by the addition rule and the rule of logical
equivalence, P(¢' | X) = p. O

Proposition 3.2.15. Let P be entire. If P(p — ¢ | X) =1 and P(¢ | X) > 0,
then P(¢ | X, @) = 1.

Proof. Suppose P(¢p — 1 | X) =1 and P(p | X) > 0. By (3.2.5) and the rule
of logical equivalence, P(p A =t | X) = 0. Thus (3.2.4) implies P(p Ay | X) =
P(¢ | X) > 0. Thus, by the multiplication rule, P(¢) | X, ) = 1. O

Proposition 3.2.16. Let P be entire with X € ante P and P(p | X,() = 1.
Assume at least one of the following holds:

(i) X, o1,

(i) P(y | X,¢) =1,
(iii) Pl — ¢ | X) = 1.
Then P(y | X, () = 1.

Proof. Suppose X € ante P and P(¢ | X, () = 1. First note that (i) is equivalent
to X F ¢ — 1. Thus, by the rule of logical implication, (i) implies (iii). Also,
by the rule of material implication, (ii) implies (iii). Hence, we may assume (iii)
holds. In this case, deductive transitivity gives P(¢ — ¢ | X,() = 1. By (3.2.5)
and the rule of logical equivalence, P(¢ A =) | X, () = 0. Thus, by (3.2.4), we
have P(o A | X, () = 1. Finally, since ¢ A ¢ F 4, deductive transitivity gives
P | X,0) = 1. O

3.2.4 Generalizations of the addition rule

Lemma 3.2.17. Let P be entire and suppose X F —(p; A ;) whenever i # j.
If P(p; | X) exists for 1 < i< n, then P(\/[_, pi) = >y Plpi | X).

Proof. The case n = 2 is the addition rule. Suppose the lemma holds for
some n = k and consider the case n = k + 1. Note that X F —(¢ A ) is
equivalent to X,v¢ F —p. Thus, X, o1 F —p; for all ¢+ < k. This implies
X, ora1 b /\11€ - = - \/]f ;. Therefore, X + ﬁ(\/llc ©i A pr+1), so the addition
rule and the inductive hypothesis show that the result holds for n =k + 1. O

Theorem 3.2.18 (Inclusion-exclusion). Let P be entire and consider the
equation

Plevy | X)=Ple| X)+ P | X) - PleAd | X). (3:2.7)

If three of the above probabilities exist, then so does the fourth and (3.2.7) holds.
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Proof. Let (1 = ¢ A =) and (o = =@ A 1. Suppose three of the probabilities in
(3.2.7) exist. There are four possible cases.

The first case is that P(¢ | X), P(¢ | X), and P(p A ¢ | X) exist. In
this case, since (1 = ¢ A =(p A ¢), Proposition 3.2.5 implies that P(¢; | X)
exists. Similarly, P((s | X) exists. Thus, by the addition rule and the fact that
eV =G VeV (pAY), we have that P(e V1) | X) exists.

The second case is that P(e V¢ | X), P(¢ | X), and P(¢ | X) exist. In this
case, since (1 = (¢ V ¢) A b, Proposition 3.2.5 implies that P(¢; | X) exists.
Similarly, P({2 | X) exists. By the addition rule, Proposition 3.2.5, and the fact
that @ A = (o V) A ({1 V (), we have that P(p At | X) exists.

By symmetry, the third and fourth cases are covered by the assumption that
PV | X), Plp | X), and P(p A ¢ | X) exist. The argument from the
second case shows that P((s | X) exists. By the addition rule and the fact that
= (p A1)V (2, we have that P(¢ | X) exists.

Hence, in all cases, all four probabilities in (3.2.7) exist. By Lemma 3.2.17,

Plp | X)=P(G [ X)+ Pleny | X),
P | X)=P(C|X)+ Pl | X), and
PleVvy | X) = PG| X)+ PG| X)+ Pl Ay | X).

Putting these together yields (3.2.7). O

Remark 3.2.19. By Theorem 3.2.18, if P is entire, then in the addition rule,
it is not necessary that X - —(¢p A ). It is sufficient that P(p Ay | X) = 0.

3.2.5 Generalizations of the multiplication rule

Theorem 3.2.20. If P is entire, then in the multiplication rule, it is not
necessary that the two defined probabilities be positive. It is enough to assume
that solving for the third probability does not result in dividing by zero.

Proof. First suppose P(p | X) and P(¢ | X, ¢) both exist. By Lemma 3.2.10,
we have P(p | X) > 0. Suppose P(¢ | X,¢) = 0. Then P(—¢ | X,¢) = 1, by
(3.2.5), so by the multiplication rule, P(¢ A ) | X) = P(p | X). Therefore,
Proposition 3.2.5 implies P(p Ay | X) = 0.

Next, suppose P(p | X) > 0 and P(p A9 | X) = 0. Then Proposition
3.2.5 implies P(o A = | X) = P(y¢ | X) > 0, so by the multiplication rule,
P(— | X, ) = 1. Applying Proposition 3.2.5 again gives P(¢ | X, ¢) = 0.

Finally, suppose P(¢) | X, ) > 0 and P(poAv | X) exists. By Lemma 3.2.10,
we have X U {p, 9} € ante P. But X U {p, ¢} = X U {p A ¢}, so by the rule
of logical equivalence, X U {p A ¢} € ante P. Thus, by Lemma 3.2.10, we have
PloAny | X)>0. O

Theorem 3.2.21 (Bayes’ theorem). If P is entire, then
Plp | X)P( | X,0) = P(y | X)P(¢ | X, ), (3.2.8)

provided that all four of the above probabilities exist.



42 CHAPTER 3. PROPOSITIONAL CALCULUS

Proof. Since ¢ A = 1 A ¢, this follows immediately from the multiplication
rule. O

3.2.6 Generalizations of the continuity rule
Proposition 3.2.22. Let P be entire. If P(p, | X) exists and X, ont1 b ©n
for alln € N, then
P(A\,, ¢n | X) = lim, P, | X).
Proof. Let ¥, = =p,. By the continuity rule,
P\, ¥y | X) = lim, P(¢, | X).
But \/,, ¥ = - A, ¢n, so (3.2.5) gives the desired result. O

Theorem 3.2.23. Let P be entire and assume P(p, | X) exists for all n. If
P(ont1 | X,0n) =1 for all n, then

PV, ¢n | X) = lim, P(p, | X). (3.2.9)
Similarly, if P(on | X, ont1) =1 for all n, then
P(A,, #n | X) = lim,, P(pn | X). (3.2.10)

Proof. Suppose P(pni1 | X,pn) = 1 for all n. By Lemma 3.2.10, we have
P(pn | X) >0 for all n. Let ¢, = \/7_; ;. We first show that

Pt | X) = P(on | X) >0, and (3.2.11)
P(‘pn+1 | X, wn) = 1> (3212)

for all n.
Since 91 = 1, we have that (3.2.11) and (3.2.12) hold for n = 1. Suppose
it is true for n — 1. Then

Y = Yn_1 V Pn =@n V (d)n—l A _‘<Pn)-

But P(p, | X,¢¥n-1) = 1, so it follows from the rule of material implication
and (3.2.5) that P(¢¥n—1 A =, | X) = 0. Hence, Proposition 3.2.11 gives us
(3.2.11).

By Proposition 3.2.16 and induction, we have P(p,4+1 | X, ) = 1 for all
m < n, which gives P(pm — ¢nt1 | X) = 1 for all m < n by the rule of
material implication. Note that Al _;(¢m — ©nt1) = ¥n — @ni1. Hence,
by Proposition 3.2.11 and induction, we have P(¢, — @n4+1 | X) = 1. Since
P(¢, | X) > 0, Proposition 3.2.15 gives (3.2.12).

Having established (3.2.11) and (3.2.12) for all n, observe that 1, F ¥n4+1
for all n. Thus, by the continuity rule,

PV, ¢n | X) = limy, P(¢y | X).
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Using (3.2.11) and the fact that \/,, ¥, =V/,, ¢n, we obtain (3.2.9).

For (3.2.10), assume P(y, | X, on+1) = 1 for all n. Define ¢, = —p,. By
the rule of material implication, P(p,+1 — ¢n | X) = 1 for all n, which gives
Py, = py1 | X) =1 for all n.

We first suppose that P(y, | X) < 1 for all n. Since P(¢, | X) > 0 by
(3.2.5), Proposition 3.2.15 implies P(t,11 | X,9,) = 1 for all n. Applying
(3.2.9) and (3.2.5) gives (3.2.10).

Now suppose that P(p,, | X) = 1 for some n. By Proposition 3.2.16, we have
P(p; | X)=1forall j <n. Let ng =sup{n: P(p, | X) =1}. If ng = oo, then
P(p, | X) =1 for all n. This implies P(t,, | X) = 0 for all n by Proposition
3.2.11. Hence, by Corollary 3.2.12 and (3.2.5), we have P(\/, v, | X) =0, and
this establishes (3.2.10). Assume, then, that ng < 0o, so that P(¢,, | X) =1 for
all n < ng and Py, | X) <1 for all n > ny. By what we have already proven,

P(/\ZT)-H on | X) =lim, P(p, | X).

By Proposition 3.2.11 and induction, we have P(A, ¢n | X) = P(A; 11 ¢n |
X), and so (3.2.10) holds. O

Theorem 3.2.24 (Countable additivity). If P is entire and P(p; A ¢; |
X)=0 foralll <i<j< oo, then

PV, on| X) =3, Plen | X).

Proof. Let ¢, = \/711 ©;, so that ¥, F ¥p41 and V, ¥, =V, ¢n. Note that
U A pnt1 = V1 (@j A @nt1). By Proposition 3.2.11 and induction, we have

Pt A ont1 | X) = 0. Thus, by Theorem 3.2.18,

PV ony1 | X) = P(n | X) + P(pn1 | X).

It follows by induction that P(¢,, | X) = Y7 P(p; | X) for all n. Letting
n — oo and applying the continuity rule completes the proof. O

3.3 Closed sets and inductive derivability

3.3.1 The rule of inductive extension

The first seven rules of inductive inference encapsulate the core of our inductive
calculus. There are, however, two important and essential supplemental rules
we must define. The first is called the “rule of inductive extension.” To motivate
this rule, recall the situation in Example 3.2.4. As mentioned therein, we will
later construct an entire set P in which P(r;) = P(r2) = P(r; <> r2) = ¢, but
P(r1Arg) is undefined (see Example 4.3.8). This situation is entirely satisfactory
and will not violate our rules of inference in any way. It is, in fact, self-evident
that without additional information, there is no way to deduce a probability for
r; A ro based solely on the probabilities of r1 and rs.
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We can, however, decide to assign, a priori, a probability to r; Ars. In other
words, given a value ¢, we may wish to consider the set P’ = PU{(0,r1Ar2,q’)}.
Of course, we must choose ¢’ so that our new, enlarged set P’ continues to
conform to the seven rules of inference we have already established. The question
naturally arises: which values of ¢’ are possible?

In a situation such as this, one of three things can occur. The first is
illustrated by the case ¢ = 1/4. In this case, we show in Example 4.3.10 that
there are no possible values of ¢’. In other words, although P is entire, there is
no way to assign a probability to r; Ars without violating one of our first seven
rules. There is, therefore, something defective about P, but this flaw cannot be
seen from our first seven rules alone.

The second possibility is illustrated by the case ¢ = 1/2. In this case, we
show in Proposition 4.3.11 that ¢’ = 1/4 is the unique value that works. In
other words, the only way to assign a probability to r; A ro without violating
one of our first seven rules is to assign it probability 1/4. In this case, it seems
reasonable that the uniqueness of this value ought to let us infer (#,r; Ars, 1/4)
from P. But such an inference is not possible with only the first seven rules,
because P is already entire.

The third possibility is that there are multiple values of ¢ that work.
Although this case does not arise in Example 3.2.4, it is clear that it can arise
in even simpler examples. In a case such as this, there is nothing necessarily
defective about our entire set P, but at the same time, we cannot make any
inference about the probability of ry A rs.

To describe the rule that will rectify these situations, we begin by defining
a new kind of set, which we call “complete.” Even after our inductive calculus
is fully developed, the process of inductive inference will not typically produce
complete sets. Rather, they represent a sort of ideal in which all meaningfully
connected probabilities have been logically determined.

Definition 3.3.1. A set P C FS ig complete if it is entire and satisfies the
following conditions:

(i) If P(¢ | X) and P(¢ | X) exist, then P(p A | X) exists.
(ii) If X € ante P and X U {p} € ante P, then P(p | X) exists.

Remark 3.3.2. In general, entire sets obey neither (i) nor (ii) in the definition
above. Example 3.2.4 describes an entire set that violates (i). In Example
4.3.12, we exhibit an entire set P with P(r1) = 1/2 and P(rz | r3) = 1, but
with P(r3) undefined, thereby violating (ii) with X = () and ¢ = r3.

Having defined complete sets, we are now in a position to state our eighth
rule of inductive inference. A set which is closed under the first eight rules will
be called “semi-closed.”

fPCPCF IS, then P is called an extension of P. A complete extension
will also be called a completion. A set P C FI8 is semi-closed if it is entire and
satisfies the rule of inductive extension:
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(R8) If P(¢ | X) = p for every completion P of P, then P(p | X) = p.

Note that every complete set is semi-closed.

Every semi-closed set has a completion. To see this, suppose P is semi-
closed but has no completion. Then (R8) implies P = F'5. But then P is not
admissible, and therefore not entire, a contradiction.

This means that an entire set can fail to be semi-closed in two ways. On
the one hand, it can simply not have enough probabilities. This happens, for
instance, in Example 3.2.4 when ¢ = 1/2. In this case, our set P will not
be semi-closed until we add more probabilities, including (@,r1 A re,1/4), as
required by (RS8).

On the other hand, it can fail to be semi-closed because it has no completion.
This happens, for instance, in Example 3.2.4 when ¢ = 1/4, since in that case
there is no way to assign a probability to r; A ro without breaking the entirety
of the set.

The following result is an analogue of Proposition 3.2.14 for antecedents, but
it requires that P be semi-closed.

Proposition 3.3.3. Let P be semi-closed. If P(¢ | X,v¢) =p and P(¢p < ¢’ |
X) =1, then P(¢ | X,9') =p.

Proof. Let P be semi-closed with P(¢ | X,¢) =p and P(¢p <> ¢’ | X) = 1. Let
P be a completion of P. Then P(¢ | X,1) = p and P(y) +» ¢’ | X) = 1. By
Definition 3.3.1(ii), we have that P(¢) | X) = ¢ for some ¢ € [0, 1], and Lemma
3.2.10 implies ¢ > 0. By the multiplication rule, P(p A9 | X) = pq.

By Proposition 3.2.11, we have P(p A A (¢ <+ ') | X) = pq. By the rule
of logical equivalence, P(p A9’ A (¢ <+ ¢') | X) = pq. Proposition 3.2.9 then
implies P(¢ A ¢’ | X) = pq. By Proposition 3.2.14, we have P(¢/ | X) = q.
Hence, by the multiplication rule, P(¢ | X,v’) = p. Since P was arbitrary, the
rule of inductive extension gives P(¢ | X, ') = p. O

3.3.2 The rule of deductive extension

Our final rule is the “rule of deductive extension.” Informally, it says that any
antecedent can be freely expanded to include any number of formulas already
known to have probability one. A set of inductive statements that is closed under
all nine rules of inference will be called “closed.” More specifically, a semi-closed
set P is said to be closed if it satisfies the rule of deductive extension:

(R9) If S C F is nonempty and P(f | X) =1for all § € S, then XUS € ante P
and P(-| X,S)=P(-]X).

With this final definition, our rules of inductive inference are complete.

3.3.3 Pre-theories

We now wish to use these rules to define inductive derivability. Our aim is to
make sense of the statement Q - (X, ¢, p). Informally, we imagine @ F (X, ¢, p)
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to mean that, starting from the inductive statements in @}, we may use a
sequence of applications of our nine rules of inference to derive the inductive
statement, (X, ¢, p). In keeping with the spirit of our infinitary language F, we
will imagine, when necessary, that this sequence is at most countable. We aim
to make this notion precise by using our nine rules of inference and their related
closure properties (admissible, entire, semi-closed, and closed).

As mentioned earlier, we plan to follow the route described in Remark 3.1.21.
That is, by analogy with deductive theories, we want to define an “inductive
theory.” We will then say that Q + (X, ¢,p) if (X,p,p) is an element of the
smallest inductive theory containing Q. Our first task, of course, is to determine
exactly what ought to constitute an inductive theory. At first glance, the answer
may seem trivially obvious: an inductive theory ought to simply be a closed set.
After all, closed sets, by definition, are those sets that are closed under all nine
rules of inference, so this would be the natural analogue of a deductive theory.
We will see, however, that closed subsets of 'S can be much larger than we
might initially expect, and as such, do not fit our intuitive understanding of
what an inductive theory ought to be.

To see this, let us first focus our attention on semi-closed sets, which are
closed under (R1)—(R8). Imagine we have a starting collection of inductive
statements, Q. Using @ together with rules (R1)-(R8), we begin making
inferences and adding new inductive statements to our collection. When we
have exhausted all inferences that are possible with (R1)-(R8), we arrive at a
finalized collection, Py, which we will call a “pre-theory.” Our pre-theory Py is
closed under (R1)—(R8), so by definition, P, is a semi-closed set. But Py has
another important property that arbitrary semi-closed sets do not share. The
elements of Py are all “connected” to the elements of () in a certain sense. They
are connected via (R1)—(R8).

To clarify the nature of this connection, let us consider the effects of (R1)-
(R8) on the antecedents of Q. That is, imagine we use a single application of
one of the rules (R1)-(R8) to infer (X, p,p) from Q. We wish to know how X
is related to ante Q. If we have used any of the rules (R2), (R3), (R4), (R5),
(RT7), or (R8), then we know that X € ante Q. If we used (R1), then X =Y for
some Y € ante Q. And if we used (R6), then either X € ante @ or X =Y U{¢}
for some Y € ante @ and some ¢ € F. Generally speaking, no matter which of
(R1)—(R8) we used, we may conclude that either X =Y or X =Y U {¢} for
some Y € ante@ and ¢ € F. More generally, if (X, ¢, p) is inferred from @ via
a countable sequence of applications of (R1)—(R8), then X =Y U ® for some
Y € ante Q and some countable ® C F.

Motivated by this, we make the following definition. A set Q@ C F'S is
strongly connected if there exists Xy € ante @ such that every X € ante( is
countably axiomatizable over Xy. That is, for every X € ante ), there exists a
countable set ® C F such that X = Xy U®. Note that a strongly connected set
is necessarily nonempty. A set Py C F'S is a pre-theory if it is semi-closed and
strongly connected.

Strong connectivity formalizes the notion that the inductive statements in a
set can be related to one another via the calculus of (R1)-(R8). A pre-theory
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represents the results of exhausting all possible inferences using (R1)—-(R8). We
require not only that a pre-theory be closed under (R1)—(R8), and therefore a
semi-closed set, but also that it be strongly connected. A set which is semi-
closed but not strongly connected will not violate (R1)—(R8), but it will include
unnecessary parts and statements which can never be related to one another by
the calculus of (R1)-(R8).

3.3.4 Inductive theories

We now turn our attention to (R9). The first issue to address is the interplay
between (R9) and the previous eight rules. Suppose we have exhausted all
inferences from (R1)—(R8) and obtained a pre-theory, Py. We then use (R9) to
infer a new inductive statement, (X, p,p). Is it possible that Py U {(X, ¢, p)}
can be extended to an even larger pre-theory? Corollary 3.3.5 assures us that
it cannot. In other words, we lose nothing by requiring that all applications of
(R9) take place after all applications of (R1)—(RS).

With this in mind, we aim to say that an “inductive theory” is what we
obtain by first constructing a pre-theory and then “closing it up” with (R9).
Theorem 3.3.4 below shows that this closure operation is well-defined and
produces a unique result. The proof of Theorem 3.3.4, as well as all the other
results in the remainder of this section, will be postponed until Sections 3.4 and
3.5. We present here only the statements of the results, so that we may first see
an overview of the entire construction.

Theorem 3.3.4. Fvery pre-theory has a unique smallest closed extension.

If Py, C FS is a pre-theory, let P(Py) or Pp, denote its smallest closed
extension.

Corollary 3.3.5. Let Py, P} C F'S be pre-theories. If P(Py) = P(P}), then
Py = Pi. In particular, if Py is a pre-theory, then there is no pre-theory Py such
that Py C P} C P(P).

Having established these results, we will be able to say that an “inductive
theory” is a set of the form P(Py) for some pre-theory Py. Before formally
defining it as such, we pause to characterize such sets in a way analogous to our
characterization of pre-theories. For this characterization, we first define a new
connectivity property.

Recall the notation established in (3.2.6). We say that a set Q C F™®
is connected if there exists a strongly connected @ C @ such_that for all
X € ante@, there exists an X € ante@ and a set S C 7(Q;X) such that
X = XUS. Any such @ will be called a basis for Q). In other words, a connected
set is a “lift” of a strongly connected set, where we lift up the antecedents by
including formulas that have probability one.

Note that if @ is strongly connected, then @ is connected and is its own
basis. Also note the following important difference between connectivity and
strong connectivity. Strong connectivity is a property of ante Q. That is, if
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ante ) = ante Q’, then () is strongly connected if and only if @’ is strongly
connected. Connectivity, on the other hand, is not. Connectivity depends not
only on ante @, but also on {(X,0) | (X,6,1) € Q}.

Theorem 3.3.6. Let P C F'S. The following are equivalent:
(i) P =P(Py) for some (unique) pre-theory Py.
(i) P is closed and connected.

With this last result, we can finally state the definition that is the linchpin
of our entire inductive calculus: a set P C F'S is a inductive theory if it is closed
and connected.

The intuitive interpretation of connectivity is analogous to strong
connectivity, but instead of using only (R1)-(R8), we use the whole of our
inductive calculus. That is, a connected set P is one whose inductive statements
can be related to one another via the calculus. A set which is closed but not
connected will not violate the calculus, but it will have unnecessary parts which
the inductive calculus can never reach.

3.3.5 Inductive derivability

It is now straightforward to define inductive derivability. We begin by defining
aset @ C FS to be consistent if it is connected and can be extended to
an inductive theory. The requirement that a consistent set be extendable to
an inductive theory ensures that it does not violate the calculus of inductive
inference. The requirement that it be connected ensures that its statements are
all logically related to one another.

Note that every pre-theory is consistent. Moreover, if Py is a pre-theory,
then P(Fp) is the smallest extension of Py to an inductive theory.

Theorem 3.3.7. Every consistent set has a unique smallest extension to an
inductive theory.

If Q@ C F' is consistent, let P(Q) or Py denote its smallest extension to an
inductive theory. We call Py the inductive theory generated by Q. If Q C FIS
and (X, p,p) € F, we write Q - (X, ¢, p) to mean that Q is consistent and
Po(p | X) = p. When the turnstile symbol, I, is used in this fashion, we
will call it the inductive derivability relation. When Q + (X, ¢, p), we say that
(X, ¢, p) is inductively derivable from @, or that @ proves (X, p,p). Note that
unlike deductive derivability, our convention is that if @ C F'S is inconsistent,
then Q) does not prove anything.

Remark 3.3.8. If P C F' is consistent, then P is an inductive theory if and
only if P = P(P), which holds if and only if P(P) C P. Hence, using the above
definition of inductive derivability, we can say that a consistent set P C F'S
is an inductive theory if and only if P F (X, ¢, p) implies (X, ¢,p) € P for all
(X, ¢,p) € FS.
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3.4 Connectivity, restrictions, and lifts

In this section, we prove the results in Section 3.3.4. We begin with four
subsections on preliminary results needed in the proofs. In the first two
subsections, we establish some basic facts about connected and strongly
connected sets, and how they relate to the rules of inference. The third
subsection looks at restrictions of sets @ C F'5, and examines which closure
properties are preserved under restriction. Finally, the fourth subsection defines
the “lift” of a pre-theory, which we denote by L(F,). After establishing
these preliminaries, we gives the proofs of Theorem 3.3.4, Corollary 3.3.5, and
Theorem 3.3.6.

3.4.1 Connectivity properties

For X, Xo C F'S, we write X < X{ to mean that X is countably axiomatizable
over Xp. If X C ‘B]-', we write X — X to mean X — X for some Xy € X.

Proposition 3.4.1. Let X, Xo C F. Then X — Xy if and only if X = XoU{¢y}
for some ¢ € F.

Proof. This follows immediately from the fact that & = A ® for any countable
o C F. O

Proposition 3.4.2. If Q C F'S is connected, then there exists Xy € ante Q
such that X F Xy for all X € ante Q. This X is unique in the sense that if X,
is another such antecedent, then Xo = X{).

Proof. Let @ be a basis for (). Since @ is strongly connected, we may choose
Xg € anteQ such that X — Xy for all X € anteQ Now let X € ante( be
given. Choose X e anteQ and S C 7(Q; X) such that X = X US. Since
X < Xo, we have X+ Xp, and therefore X + Xy. Uniqueness is immediate
since Xo F X{ and X F X, implies X, = X{. O

Let @ C F™ be connected. Choose X, as in Proposition 3.4.2 and let
To = T'(Xo). By Proposition 3.4.2, the deductive theory Ty does not depend on
the choice of Xy. We call Ty the root of Q. Note that if @ is admissible, then
by the rule of logical equivalence, T € ante Q.

Proposition 3.4.3. If Q C F'S is strongly connected with root Ty, then for
each X € ante Q, there exists 1 € F such that T(X) =Ty + .

Proof. Since @ is strongly connected, we may choose Xy € ante (@ such that
X — X for all X € ante@. Hence, X - X for all X € ante Q). By Proposition
3.4.2, we have Ty = T(Xj). Now let X € ante Q be given. Then X — Xj, so
by Proposition 3.4.1, we may choose ¢ € F such that X = X, U {¢}, and this
gives T(X) = Tp + 9. O

Proposition 3.4.4. If Q is connected and @ is a basis for Q, then Q and @
have the same root.
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Proof. Let Ty be the root of @ and fo be the root of @ Then Ty = T(Xy) for
some X, € ante(@ and To = T(Xo) for some X, € anteQ Since Q C Q, we
have anteQ C ante Q. Hence, XO € ante @, so by the definition of Ty, we have
Xo F Xo.

On the other hand, since Xy € ante Q) and Q is a basis for (), we may choose
X e anteQ and S C T(Q X) such that Xo = X U S. Hence, X, - X. But

X € ante Q, so by the definition of TO, we_get X Xo. Thus, X F XO, which
shows that Xo = Xo, and therefore Ty = Tp. O

3.4.2 Connectivity and inductive inference

If P is admissible and strongly connected with root Ty, and ¢ € F satisfies
To + ¢ € ante P, then we call ¥ an antecedent formula of P. The set of all
antecedent formulas of P is denoted by AF(P). Note that

ante P = {X C F | T(X) = Tp + 1 for some ¢ € AF(P)}.

This follows from Proposition 3.4.3 and the rule of logical equivalence.
For this next result, recall the notation introduced in (3.2.6).

Proposition 3.4.5. If P is entire and connected with root Ty, then 7(P) =
T(P; TQ)

Proof. Let § € 7(P). Then P(f | X) = 1 for all X € ante P. In particular,
PO | Tp) =1, so 0 € 7(P;Tp). Conversely, suppose P(0 | Tp) = 1 and let
X € ante P be given. Since Tj is the root of P, we have X + Ty, so by
deductive transitivity, P(6 | X) = 1. Since X was arbitrary, 0 € 7(P). O

For this next result, recall the interval notation introduced just prior to
Lemma 3.1.22.

Proposition 3.4.6. Let P be semi-closed and connected with root Ty. If
X € ante P, then X = T + ¢ for some T € [Ty, 7(P)] and some tp € F.
Moreover, 1 can be chosen so that Ty + ¢ € ante P.

Proof. Let Q be a basis for P. By Proposition 3.4.4, Q also has root Ty. Let
X € ante P. Choose X € anteQ and S C 7(Q; X) such that X = X U S.
By Proposition 3.4.3, we may choose ¢ € F, such that T(X) =Ty + 4. Since
@ C P, we have X € ante P. By the rule of logical equivalence, Ty +1 € ante P.

Now define " = {¢p — 0 | 965’} and T =Ty +5’. Then Ty C T and, by
Lemma 3.1.22, we have X = T'(X )+S To+yv+S=Ty+¢v+8 =T+1.
Hence, it remains only to show that 7" C 7(P). By Proposition 3.4.5 and the
fact that To C 7(P;Tp), we need only show that S’ C 7(P;Tp).

Let n € S’. Choose 6 € S such that n = ¢ — 6. Since S C T(@;X), we
have @(0 | )?) = 1. Since Q C P, we have P8 | )?) = 1. By the rule of logical
equivalence, P(0 | Typ,v) = 1. Hence, by the rule of material implication, it
follows that P(n | Tp) = P(¢ — 0| Tp) = 1, showing that n € 7(P; Tp). O
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3.4.3 Restrictions
For Q@ C F'S and X C ante Q, we define

Qlx={(X,p,p) € Q[ X = X}
Note that if @ C @', then Q| x,C Q' |x,-
Theorem 3.4.7. Let P C F'S, X C ante P, and define P' = P | x.
(i) If P is admissible, then P’ is admissible.
(ii) If P is entire, then P’ is entire.
(iii) If P is complete, then P’ is complete.
(i) If P is semi-closed, then P’ is semi-closed.

Proof. Assume P is admissible. Suppose (X,p,p) € P/, so that X — X
and (X,p,p) € P. Let X’ = X and ¢ =x . Since P is admissible, we
have (X', ¢',p) € P, and since X’ = X, it follows that X’ < X. Hence,
(X', ¢',p) € P'. Now suppose (X',¢',p') € P'. Then (X',¢',p') € P, so the
admissibility of P gives p’ = p, and therefore P’ is admissible.

Note that

(a) X € ante P’ if and only if X € ante P and X — X,
(b) P'(p| X)=pifand only if P(p | X) =p and X — X, and
(¢) X — X implies X U {p} — X.

Assume that P is entire. From (a) and (b), we easily see that P’ satisfies
(R2)—(R5) and (R7). From (a)—(c) we get that P’ satisfies (R6), so P’ is entire.

Assume P is complete. As above, (a) and (b) easily show that P’ satisfies
Definition 3.3.1, so that P’ is complete.

Finally, assume P is semi-closed. Assume every completion of P’ contains
(X,p,p). Let P be a completion of P. By (iii), P |x is complete. Since
P C P, we have P = P|x C P|x, so that P |y is a completion of P’. Hence,
Plx (p | X) =p. By (b), we have P(p | X) = p and X — X. Since P was
arbitrary and P is semi-closed, it follows that P(¢ | X) = p. Since X — X, we
get P'(p | X) =p, and P’ is semi-closed. O

Corollary 3.4.8. If P is complete and Xo € ante P, then P |x, is complete
and strongly connected with root T(X).

Proof. This follows immediately from Theorem 3.4.7. O

Corollary 3.4.9. If P is entire and P is a completion of P, then P |anep is
also a completion of P.
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Proof. Let P be entire and let P be a completion of P. Define P/ = P |nte p-
Theorem 3.4.7 implies that P’ is also complete. Suppose P(p | X) = p. Since
P C P, we have P(¢ | X) = p. Since X € ante P, it follows that P'(¢ | X) = p,
showing that P C P'. O

Corollary 3.4.10. Suppose P is an entire set thalt has a completion. If
P(p | X) =p for all completions P of P, then X — ante P.

Proof. Let P be an entire set that has a completion. Assume P(y | X) = p for
all completions P of P. Choose a completion P of P. By Corollary 3.4.9, the

set P’ = P |ante p is also a completion of P. Hence, P'(¢ | X) = p. By (b)
above, we have P(p | X) = p and X — ante P. O

Corollary 3.4.11. Let Py be a pre-theory with root Ty and let Py be a
completion of Py. Define Pj = Py |1,. Then P} is a completion of Py that
18 also a pre-theory with root Ty.

Proof. By Theorem 3.4.7, the set P} is complete and strongly connected with
root Tp. Since complete sets are semi-closed, it follows that P is a pre-theory.

Suppose Py(p | X) = p. Since Py C Py, we have Py(¢ | X) = p. Since P is
strongly connected with root Ty, it follows that X < Ty. Thus, Pi(¢ | X) = p,
showing that Py C P;. O

3.4.4 The lift of a pre-theory

Let Py be a pre-theory with root Ty. By Proposition 3.2.13, the set 7(Fp) is
a deductive theory. Since P, is admissible, we have Ty € ante Py, so that by
Proposition 3.4.5 and the rule of logical implication, Ty C 7(Fp). Let X C F.
If T(X) =T+ for some T € [Ty, 7(FPy)] and some ¢ € AF(P), then we call
X a generalized antecedent of Py. The set of all such generalized antecedents is
denoted by GA(F).

Proposition 3.4.12. Let Py be a pre-theory with root Ty and let X € GA(P,).
Suppose T(X) =T+ =T+, where T,T' € [Ty, 7(Py)] and ¢, € AF(Fy).
Then PO( . ‘ Toﬂb) = PO( : | T07¢I)’

Proof. By symmetry, it suffices to show that Py(¢ | To,%) = p implies
Py(p | To,¥") = p. Assume Py(p | Tp, ) = p. First note that T+ =T + ¢/
implies ¢’ € T+ C 7(Fy) + 1, so that 7(Py), v b ¢’'. Likewise, 7(Py), ¢’ - 1.
Hence, ¢ < ¢’ € 7(P), giving Py(vp < ¢ | Tp) = 1. Since ¢ € AF(F),
we have Ty + 1)/ € ante Py, so by two applications of deductive transitivity,
Py(y" — ¢ | To,¢p') = 1. By the rule of logical implication, Py(¢’ | To,v’) = 1.
Applying Proposition 3.2.16(iii) with { = T gives Py(¢ | To,v’) = 1. A similar
argument shows that Py(¢)' | Ty, ) = 1.

Now, by Proposition 3.2.11, we have Py(¢ A ¢' | To,¥) = p. By the
multiplication rule, Py(¢ | To,%,%’) = p. A second application of the
multiplication rule then gives Py(p A ¢ | To,¢') = p. By Proposition 3.2.9,
it follows that Py(¢ | To, %) = p. O
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Let Py be a pre-theory with root Ty. For each X € GA(F), choose
TX € [Ty, 7(Py)] and 1x € AF(Pp) such that T(X) = T* + t¢x. Define

L(P) ={(X,¢,p) | X € GA(P), Po(¢ | To, ¥x) = p}-

By Proposition 3.4.12, the definition of L(P) does not depend on the choices
of TX and x. We call L(Py) the lift of Py, and may sometimes denote it by
Lp,.

Proposition 3.4.13. Let Py be a pre-theory with root Ty. If X € ante L(P)
and T(X) =T + ¢, where T € [To, 7(Py)] and 3y € F, then ip € AF(Fp).

Proof. Since X € anteL(FP,), we may choose ¢ and p such that (X, p,p) €
L(Py). Then T(X) = T + ¢x and Py(p | To,x) = p. As in the proof
of Proposition 3.4.12, since T,TX C 7(Py) and T + ¢ = TX + 1x, we have
Y < Yx € 7(Py). Thus, Py(¢p < vx | To) = 1. Since Py is semi-closed,
Proposition 3.3.3 gives Py(p | To, %) = p, showing that Ty + ¢ € ante Py, and
therefore ¢ € AF(Fp). O

Proposition 3.4.14. If Py is a pre-theory, then Py C L(P).

Proof. Let Ty be the root of Py. Suppose Py(¢ | X) = p. Since Py is strongly
connected, we may choose ¢ € F such that T'(X) = Ty+1). By the rule of logical
equivalence, Py(p | To, ) = p. Thus, v € AF(P,) and, since Ty € [Tp, 7(FPo)],
we have X € GA(Fy). Therefore, (X, p,p) € L(Fp). O

Proposition 3.4.15. If Py is a pre-theory with root Ty, then L(FPy) |1,= Po.

Proof. From Proposition 3.4.14, it follows that Py = Py |1, € L(Fy)|1,. For the
reverse, suppose (X, p,p) € L(Py)|r,. Then X € GA(Py), T(X) = TX +¢x,
Py(p | To,vx) = p, and X <— Ty. By Proposition 3.4.1, we may write
T(X) = Tp + ¢ for some ¢p € F. By Proposition 3.4.13, we know that
1 € AF(FP,). Therefore, by Proposition 3.4.12, we have Py(p | To,¢) = p.
By the rule of logical equivalence, Py(p | X) = p. O

Lemma 3.4.16. Let Py be a pre-theory. If X € anteL(Py) and X F ¢, then
(X, ¢,1) € L(F).

Proof. Choose A and p such that (X, \,p) € L(Fy). Then T(X) = TX +¢x
and Py(A | To,vx) = p. In particular, To + ¢¥x € ante Py.

Since X F ¢, we have ¢ € T(X) = TX + 9x, meaning T~ ¢y . Choose
countable ® C T such that ®,¢x F . Since ® C TX C 7(P,), it follows that
Py(0 | Tp) = L for all @ € ®. By Corollary 3.2.12,if { = A @, then Py (¢ | Tp) = 1.
Since Tp + v x € ante Py, deductive transitivity gives Po(¢ | To, ¥x) = 1. By the
rule of logical implication, Py(¢¥x | To,¥x) = 1. Hence, by Proposition 3.2.11,
we obtain Py(CAvx | To,¥x) = 1. But (Ax F ¢, so by deductive transitivity,
Py(¢ | To,x) = 1, which gives (X, ¢, 1) € L(P). O

Proposition 3.4.17. If Py is a pre-theory, then L(FPy) is admissible.
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Proof. Suppose (X,p,p) € L(P), X' = X, and ¢’ =x . Then T(X) =
TX +4x and Py(p | To,vx) = p. Since ¢’ =x ¢, we have X F ¢ & ¢.
From Lemma 3.4.16, it follows that (X,¢’ + ¢,1) € L(F), which gives
Py(¢' + ¢ | To,vx) = 1. By Proposition 3.2.14, we have Py(¢’ | To,¥x) = p.
But X' = X, s0 T(X') = T(X) = T* +¢x. Thus, (X', ¢',p) € L(F). Finally,
if (X',¢,p") € L(F), then Py(¢’ | To,v¥x) = p’. But Py is admissible, so
p'=p. O

Let Py be a pre-theory with root Ty and let P = L(F,). By Proposition
3.4.17, we may now use the notation P(p | X) = p instead of (X, ¢,p) € P.
Note that by Proposition 3.4.13, if X € ante P, T € [Ty, 7(P)], ¥ € F, and
T(X)=T+1, then P(-|X) = Py(-|To, ).

Proposition 3.4.18. Let Py, P| be pre-theories with a common root. If
Py C P, then L(FPy) C L(F)).

Proof. Let Ty be the common root of Py and PJ. Assume Py C Pj. Let
P = L(Py) and P’ = L(P}). Suppose P(¢ | X) = p. Then T(X) = TX + ¢x
and Py(¢ | To,¥x) = p. Since Py C Pj, we have 7(Fy) C 7(P)), and therefore
[To, 7(Py)] C [Ty, 7(Py)]. From Py C Py, it also follows that AF(Py) C AF(FY).
Hence, TX € [Ty, 7(P})] and ¢x € AF(P}). This shows that X € GA(P)) and
P'(¢| X) = Fi(¢ | To,bx). But By © g, so Py | To, ¢x) = p. O

3.4.5 Identifying lifts with inductive theories

We are now ready to prove Theorem 3.3.4. We will do this by showing that
L(P) is the smallest closed extension of Py. The proof of Theorem 3.3.4 is
broken into five pieces for greater readability.

Proposition 3.4.19. If Py is a pre-theory, then L(Py) is entire.

Proof. Let Py be a pre-theory with root Ty and let P = L(P,). By Proposition
3.4.17, P is admissible, and by Lemma 3.4.16, P satisfies the rule of logical
implication. It therefore remains only to verify (R3)—(R7).

We begin with the rule of material implication. Suppose X € ante P and
P(e | X,9) = 1. Then T(X) = TX ++¢x and P(- | X) = Py(- | To,¥x)-
Thus, T(X U {¢}) = TX + ¥x A 1, so by Proposition 3.4.13, we have
Po(p | To,vx Ap) =1. Let T" =Ty +vx, so that T" + ¢ = Ty +¢x Av. Then
T’ € ante Py and Py(¢ | T',¢) = 1. By the rule of material implication for Py,
it follows that Py(v — ¢ | T") = 1, which implies P(¢ — ¢ | X) = Py(¢b — ¢ |
To,x) = Po(p = ¢ | T") = 1.

We next verify deductive transitivity. Suppose P(p | X) = 1 and ¢ .
Then Py(¢ | To,vx) = 1. By the deductive transitivity for Py, we have
Py(v | To,vx) = 1, which gives P(¢ | X) = 1. Now suppose X’ € ante P,
X'+ X,and P(p | X) =1. Then Py(p | To,¥x) = 1 and, since X' € ante P,
we get T(X') = TX' +x: and P(-| X') = Py( - | To,1x/). Since X' F X, we
have TX/,z/JX/ F ¢ x. Choose countable & C T such that ® Yx: Fpx and let
¢ =A®. Then ® C TX' C 7(P,), so Corollary 3.2.12 implies Py(¢ | Tp) = 1.
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Since Ty +1x € ante Py, deductive transitivity for Py gives Py(¢ | To, ¥x/) = 1.
By Lemma 3.2.10, we have To+1x/+( € ante Py. Since To+v¢x+( F Ty, ¥x, we
may again apply deductive transitivity for Py to obtain Py(¢ | To, ¥x/,¢) = 1.
By the multiplication rule, Po(¢ A ¢ | To,%x) = 1. By Proposition 3.2.9,
we obtain Py(p | To,vx) = Po(C A ¢ | To,x) = 1, and this shows that
P(e | X') =1,

To show that P satisfies the addition rule, suppose X F —(p A ¢) and
assume two of the probabilities in (3.2.1) exist. Then X € ante P, so that
T(X)=TX+vx and P(-| X) = Py(- | To,¥x). Thus, two of the probabilities
in the following equation exist:

Po(e VY | To,vx) = Pole | To,vx) + Po(v | To, ¢x).

By the addition rule for Py, so does the third, and the above equation holds.
Hence, all three probabilities in (3.2.1) exist and (3.2.1) holds. The proof that
P satisfies the multiplication rule is similar.

Finally, suppose P(p, | X) exists and X, ¢, b @,q1 for all n. We want
to show that (3.2.3) holds. Since X € ante P, we have T(X) = TX + ¢x and
P(-|X)=Po(-|To,%). Thus, Py(¢n | To, ) exists for all n.

First assume Py(p, | To,¢) = 0 for all n. Let ¢, = \/{¢;. Then
Po(n | To,9¢) = 0 by Proposition 3.2.11. Therefore, Py(V,, ¢¥n | To,%) = 0
by the continuity rule. But \/, ¥, = V,, ¢n, so Po(\,, ¢n | To,%) = 0, which
implies P(\/,, ¢n | X) =0, and (3.2.3) holds in this case.

Now assume there exists ng such that Py(¢n, | To,%) > 0. By Remark 3.2.8,
we have that P satisfies Proposition 3.2.5. Thus, P(p, | X) < P(pnt1 | X),
which implies Po(¢n | To,¢) < Po(pnt1 | To, ). Hence, Po(on | To,4) > 0 for
all n > ng. Since X F ¢, — ¢nt1, we have P(v, — @nt+1 | X) = 1, which
gives Po(¢on — @nt1 | To,%) = 1. From Proposition 3.2.15, it follows that
Py(on+1 | To, ¥, on) = 1. Therefore, by Theorem 3.2.23, we have PO(\/:; ©on |
To,¥) = lim, Po(pn | To,v), which implies P(\/:; on | X) = lim, P(p, | X).
But /¥ ©n =x V,, ¢n, 50 (3.2.3) holds in this case as well. O

Proposition 3.4.20. If Py is a complete pre-theory, then L(Py) is complete.

Proof. Let Py be a complete pre-theory with root Ty and let P = L(F).
Proposition 3.4.19 implies P is entire. Suppose P(¢ | X) =pand P(¢ | X) = q.
Then T(X) = TX +¢x, Po(¢ | To,¥x) = p, and Py(v | Tp,¥x) = q. Since Py
is complete, Po(¢p A9 | To,x) = r for some r. Thus, P(p Ay | X) =7, and P
satisfies Definition 3.3.1(i).

Now suppose X € ante P and X U {p} € ante P. Then T(X) = TX + 1y,
so that T(X U{¢}) = T(X)+¢ = T*X +vx +¢ = TX +¢x A . By
Proposition 3.4.13, we have ¥x A p € AF(P). Thus, To + ¢¥x A ¢ € ante P.
Since Ty + ¥vx A ¢ = (To + ¥x) U {¢}, the rule of logical equivalence gives
(To + vx) U{p} € ante Py. But Ty + ¢x € ante Py and P, is complete, so
Py(¢ | To,x) exists. Hence, P(p | X) = Pyo(p | To,¥x) exists, so that P
satisfies Definition 3.3.1(ii). O
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Proposition 3.4.21. If Py is a pre-theory, then L(Fy) is semi-closed.

Proof. Let Py be a pre-theory with root Ty and let P = L(F,). Proposition
3.4.19 implies P is entire. Suppose P(p | X) = p whenever P is a completion of
P. Since Py is a pre-theory, it is semi-closed. It therefore has a completion. Let
Py be a completion of Py. Corollary 3.4.11 implies P} = Pg |7, is a completion
of Py that is also a pre-theory with root Ty. Let P’ = L(P}). Then Proposition
3.4.20 implies P’ is complete and Proposition 3.4.18 implies P C P’. Hence, P’
is a completion of P, so by supposition, P'(¢ | X) = p.

By Corollary 3.4.10, we have X — ante P. Choose X’ € ante P and ¢’ € F
such that X = X’U{¢'}. Then T(X) = T(X')+¢' = TX +opx +¢/ = TX 44,
where ¥ = tx/ A¢)'. From Proposition 3.4.13, it follows that ¥ € AF(F).
As in the proof of Proposition 3.4.18, we have [Ty, 7(Fy)] C [To, 7(F)] and
AF(Py) C AF(P}). Hence, TX € [Ty, 7(P})] and ¢ € AF(P}), which implies
Pl(¢ | To,9) = p. But Pj C Py, so Po(p | To, %) = p. Since Py was arbitrary
and Py is semi-closed, the rule of inductive extension gives Py(p | To, %) = p.
Hence, P(p | X) = P(p | TX,,w) = p, which shows that P satisfies the rule of
induction extension and is therefore semi-closed. O

Proposition 3.4.22. If P, is a pre-theory, then L(Fy) is a closed extension of
Py.

Proof. Let Py be a pre-theory with root Ty and let P = L(FP,). Proposition
3.4.14 implies P is an extension of Py, and Proposition 3.4.21 implies P is
semi-closed. Let S C F be nonempty and assume P(6 | X) = 1 for all
0 € S. Then X € anteP and Py(0 | To,vx) = 1 for all # € S. By the
rule of material implication, Py(¢¥x — 6 | Tp) = 1 for all § € S. Hence,
if we define S’ = {¢px — 0 | § € S} and T = TX + S’, then Proposition
3.4.5 implies S" C 7(P), so that T" € [Ty, 7(Fp)]. By Lemma 3.1.22, we have
XUS=TX+9¢x+S=T% +9yx +8" =T +x. It therefore follows that
X US € anteP and P(p | X US) = p if and only if Py(y | To,¥x) = p,
which holds if and only if P(¢ | X) = p. This shows that P satisfies the rule of
deductive extension and is therefore closed. O

Proof of Theorem 3.3.4. Let Py be a pre-theory with root Ty and let P = L(P).
Proposition 3.4.22 shows that P is a closed extension of Py. Let P’ be another
closed extension of Py and suppose P(¢ | X) = p. Then Py(¢ | To,¥x) = p,
which implies P'(¢ | Tp,¥x) = p. Since TX C 7(P), we have Py(0 | Tp) = 1
for all § € TX. Deductive transitivity gives Py(6 | To,x) = 1 for all § € T,
which implies P'(0 | To,vbx) = 1 for all § € TX. Since P’ is closed, the
rule of deductive extension gives P'(¢ | To,vx,TX) = 1. But Ty C TX, so
To +v¥x +TX = TX + ¢y = X, and the rule of logical equivalence gives
Plp| X) =p. 0

3.4.6 Characterizing inductive theories

Recall the notation P(F), established in Section 3.3.4. The proof of Theorem
3.3.4 shows that P(Fy) = L(F), so that P(Fy) is simply the lift of P,.
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In particular, this gives us an explicit construction of P(Fy) from Py. We
will use this explicit construction to prove Corollary 3.3.5 and Theorem 3.3.6.
Henceforth, we will drop the notation L(Fy), and write only P(Fp) instead.

Proof of Corollary 3.3.5. Let Py, P, be pre-theories with roots Tp, T,
respectively, and let P = P(P) and P’ = P(P)).

First assume P = P’. Then Ty € ante Py C ante P = ante P’. We may
therefore choose T" € [T, 7(P})] and ¢ € AF(P]) such that Top = T' + ¢’
Then T, C T C T' + 4 = Ty. By reversing the roles of Py and P}, we also
have Ty C T, showing that Ty = T}. Thus, by Proposition 3.4.15, we have
Py = Plp,= P'|y= P}

Now assume Py C Pé C P. Then P is a closed extension of P}, so Theorem
3.3.4 implies P’ C P. On the other hand, P’ is a closed extension of P} and
Py C P}, so P’ is a closed extension of Py, giving P C P’. Thus, P = P’, so by
the above Py = Py, a contradiction. O

Proposition 3.4.23. If P, is a pre-theory, then P(Py) is connected.

Proof. Let Py be a pre-theory with root Ty and let P = P(FPy). We will show
that Py is a basis for P. First note that Fy is strongly connected and Py C P.
Now let X € ante P be given. Define X = Ty + ¢x and S = TX. Then
X € ante Py. Since TX C 7(P), we have Py( | Ty) = 1 for all § € S. By
deductive transitivity, Py(6 | X) =1 for all @ € S. Hence, S C 7(P,, X). Lastly,
from Tp C T, it follows that X = TX +¢x =To+TX +yx =X US. O

Proof of Theorem 3.3.6. By Theorem 3.3.4 and Proposition 3.4.23, we have (i)
implies (ii). For the converse, let P be closed and connected. Let Ty be the root
of P and define Py = P |1,. By Theorem 3.4.7, the set Fp is semi-closed. By
construction, Py is strongly connected with root Ty. Thus, Py is a pre-theory.
We will show that P = P(F).

For notational simplicity, let P’ = P(P,). Since P is a closed extension of Py,
Theorem 3.3.4 gives P’ C P. Suppose P(p | X) = p. By Proposition 3.4.6, we
may choose T € [Ty, 7(P)] and ¢ € F such that X = T+ and Ty +1 € ante P.
Since T C 7(P), we have P(0 | Tp) = 1 for all @ € T. By deductive transitivity,
P(6 | To,¢p) =1 for all @ € T. Since P is closed, the rule of deductive extension
implies P( - | Tp,v) = P( - | To, ¥, T). But To + v+ T =T + ¢ = X. Hence,
P(-|To,¢) = P(-| X), and it therefore follows that P(y | To,v¢) = p. Since
Py = P|r,, this gives Py(p | To, %) = p. Finally, since P’ is the lift of Py, we
have P'(p | X) = P'(¢ | T,¢) = Poly | To, ¥) = p. [

Remark 3.4.24. Note that by Theorem 3.3.6 and Proposition 3.4.15, if P is
an inductive theory, then P = P(Fy), where Py = P |7,. Also note that by
Proposition 3.4.5, we have 7(P) = 7(P,). Hence, every X € ante P satisfies
X < [Ty, 7(P)].
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3.5 Generating inductive theories

In the first half of this section, we prove Theorem 3.3.7. One might think
that we could do this the same way we would do it for the deductive calculus.
Namely, we could try to prove that (i) the intersection of inductive theories
is an inductive theory; therefore, (ii) the intersection of all inductive theories
that contain @ is the smallest inductive theory containing @. Unfortunately,
as we will see in Section 4.4.1 (see Remark 4.4.3), it turns out that (i) is false.
(Surprisingly, though, (ii) is still true, provided we pay special attention to the
root of ).) We therefore have to find a different proof method.

As it turns out, the intersection of pre-theories (with a common root) is
a pre-theory. This will be the key to our proof, but it will require several
preliminary definitions and results. When we are done proving Theorem 3.3.7,
we present a partial converse to the rule of logical implication (see Theorem
3.5.6).

In the second half of this section, we generalize inductive derivability to
something that we call “inductive conditions”. This allows us to reason with
more general statements, such as Q(¢ | X) > 1/2.

3.5.1 Strongly connected equivalence

Our first preliminary on the way to the proof of Theorem 3.3.7 shows that,
when extending a consistent set to an inductive theory, we are never required
to change roots.

Proposition 3.5.1. Every consistent set can be extended to an inductive theory
with the same root. More specifically, let Q be consistent with root Ty and let P
be an inductive theory with Q@ C P. Then Ty € ante P and P |1, is a pre-theory
with root Ty that satisfies @ C P(P|r,) C P.

Proof. Let @Q be consistent with root Ty and let P be an inductive theory with
@ C P. Since Tj is the root of @, we have Ty = T'(Xj) for some X, € ante Q.
But @ C P, so Xy € ante P and, by the rule of logical equivalence, Tj € ante P.
Let P = P|g,. Then P} is strongly connected with root T and, by Theorem
3.4.7, the set P} is semi-closed. Therefore, P} is a pre-theory, and we may define
P’ = P(Py). Note that P’ is an inductive theory with root T. Since P; C P
and P is an inductive theory, Theorem 3.3.4 implies P’ C P. It remains only
to show that Q C P'.

Suppose Q(¢ | X) = p. We want to show that P'(¢ | X) = p. Since P’ is
the lift of P}, we must find T' € [Tp, 7(FP})] and ¢ € F such that X =T + ¢
and P(¢ | To,%) = p. Let Q) be a basis for Q. Choose X € ante@ and
S C T(é,)?) such that that X = X U S. Proposition 3.4.4 implies that
Ty is the root of @ Hence, we may choose 1y € F such that X = Ty + 4.
Define S’ = {¢p - 0|6 € S} and T = Tp + S’. By Lemma 3.1.22, we have
X=XUS=Ty++8=Ty+1p+S =T +1h, so it suffices to show S’ C 7(P})
and PY(p | To, ) = p.
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By Proposition 3.4.5, in order to show that S’ C 7(F(}), we must show
that Po(z/J — 60| Ty) =1forall @ € S. Let § € S. Then Q(9 | X)

But Q C Q C P, so P4 | X) = P(0 | Ty,v) = 1. By the rule of materlal
implication, P(¢) — 6 | To) = 1, which implies Py = 0| Tp) =1.

Finally, since Q C Q C P, we have 7(Q; X) C 7(P; X) Hence, S C 7(P; X).
Since P is closed, deductive extension implies P( - | X) = P(-| X U S). But
XUS=X. Also, Q C P, so we have P(¢ | X) = p. Using the rule of logical
equivalence, we have P(p | Ty, v) = P(¢ | X) = P(¢ | X) = p. Therefore, since
P} = P|r,, we obtain P}(¢ | Ty, ) = p. O

Our next result says that connected sets are, in a certain sense, logically
unnecessary. It is enough to only consider strongly connected sets. To make
this precise, we first define what it means for two subsets of 'S to be logically
equivalent.

Let Q,Q" C F' be connected. We say that Q and Q' are equivalent,
written Q = @Q’, if, for all inductive theories P, we have Q C P if and only if
Q' C P. After proving Theorem 3.3.7, we will be able to speak of the inductive
theory generated by . At that point, we will have the much more natural
characterization of equivalence given in Proposition 3.5.5.

Theorem 3.5.2. If Q) is connected, then there exists strongly connected Qo with
the same root as @ such that Qy = Q.

Proof. Let @ be connected with root Tj and let Q be a basis for (). For each
X € ante(, choose X € amteQ7 Sx C (Q X) and ¢x € F such that
X = XU Sx and X = Ty + ¢vx. For X € anteQ C ante(Q, assume we
have chosen X = X and Sx = ). Define

Qo ={(To +¥x,¢.p) | (X,9,p) € Q}.
Note that if X € ante@ C ante @, then Sg = ) and X = To + ¥ g. Thus, if
(X,QO,p) S Q g Q7 then (TO +w§a@ap) € QO-

Let P be an inductive theory. Assume Qo C P. Let (X, ¢,p) € Q. Then
(To + ¥x,p,p) € _Qo, which implies P | To,vx) = p. Let § € Sx C
7(Q; X). Then (X,0,1) € Q, so that (Tp + ¥,0,1) € Qo, which implies
PO | To,g) = 1. But Ty + g = X=T+ 1x, so by the rule of logical
equivalence, P(6 | To,®x) = 1. Since 6 was arbitrary, deductive extension gives
P(e | To,¥x,Sx) =p. But To +x + Sx = )Z'USX = X, so the rule of logical
equivalence gives P(¢ | X) = p, showing that Q C P.

Now assume @ C P. Let (Y,p,p) € Qo. Choose (X, p,p) € Q such that
Y =Ty + ¢x. Then P(p | X) = p. Note that X =Y, so that X =Y U Sy.
If Sy =0, then X =Y, so by the rule of 10g1ca1 equlvalence P(gp |Y) =p.
Assume Sx # 0. LetQGSXCT(Q X). Then (X,0,1) € Q. But Q CQ C P,
so P(§ | X) = 1. Since X = Y, the rule of logical equivalence implies

P(6|Y)=1. Since § was arbitrary, deductive extension gives Y U Sx € ante P
and P(-|Y)=P(-|Y,Sx). Since X =Y U Sx, we get P(¢ | Y,Sx) = p.
Therefore, P(¢ | Y) = p, showing that Qg C P. O
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3.5.2 Intersections of inductive sets

We now get to the heart of the matter, which is the intersection of subsets of
F'S. The next result shows that the closure properties are all preserved under
such intersections. It is straightforward to verify that strong connectivity is also
preserved. Hence, as a corollary, we find that the intersection of pre-theories
(with a common root) is a pre-theory. After establishing that result, we give
the proof of Theorem 3.3.7.

Theorem 3.5.3. Let C C B F'S be nonempty.
(i) If each set in C is admissible, then (\C is admissible.
(ii) If each set in C is entire, then (\C is entire.

(i1i) If each set in C is semi-closed, then [\C is semi-closed.
(iv) If each set in C is closed, then (\C is closed.

Proof. Let P =(C. Assume each set in C is admissible. Suppose (X, ¢,p) € P,
X' =X, and ¢ =x . Let P’ € C, so that P'(¢ | X) = p. Since P’ is
admissible, P'(¢’ | X’') = p. Since P’ was arbitrary, (X’,¢',p) € P. Now
suppose (X', ¢',p’) € P. Choose P’ € C. Then P'(¢' | X') = p' = p. Thus, P
is admissible.

Now assume each set in C is entire. Let X € ante P and X F ¢. Choose
¢ € Fandp € [0,1] such that (X, ¢’,p) € P. Let P’ € C. Then P'(¢’ | X) = p,
so that X € ante P’. Since P’ is entire and X F ¢, the rule of logical implication
gives P'(¢ | X) = 1. Since P’ was arbitrary, we have P(p | X) = 1, showing
that P satisfies the rule of logical implication. Similar proofs show that P
satisfies rules (R3)—(R7), and therefore, P is entire.

Assume each set in C is semi-closed. Suppose P(¢ | X) = p for every
completion P of P. Let P’ € C and let P’ be a completion of P’. Since
P C P' C P, it follows that P’ is also a completion of P. Thus, P'(¢ | X) = p.
Since P’ was arbitrary and P’ is semi-closed, we have P'(¢ | X) = p. Since P’
was arbitrary, this gives P(¢ | X) = p, and P is semi-closed.

Finally, assume each set in C is closed. Suppose S C F is nonempty and
PO | X)=1foralld € S. Thatis, 0 # S C 7(P; X). Let P’ € C. Since P C P/,
we have 7(P; X) C 7(P’;X), so that § # S C 7(P’; X). Since P’ is closed,
deductive extension implies X U S € ante P’ and P'( - | X,S) = P'( - | X).
Since P’ was arbitrary, we have

Plp| X,8)=p iff P(p|X,S)=pforal P'eC
iff P'(p|X)=pforall P'eC
it P(o] X) = p.
Since S is a nonempty subset of 7(P; X), it follows that 7(P; X) is nonempty,

which implies X € ante P. Hence, by the above, X U S € anteP and
P(-]X,8)=P(-]X),showing that P is closed. O
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Corollary 3.5.4. Let C° be a nonempty set of pre-theories with common root
To and define Py = (\C°. Then Py is a pre-theory with root Ty.

Proof. By Proposition 3.5.3, the set P, is semi-closed. Let X € ante Py. Choose
@ € F and p € [0,1] such that Py(p | X) =p. Let P € C°. Then P(p | X) =p,
so that X € ante P. Since P is strongly connected with root Ty, we may choose
¥ € F such that X = Ty + 1. Since X was arbitrary, Py is strongly connected
with root Tj. O

Proof of Theorem 3.3.7. Let @) be consistent. Then @ is connected and we may
choose an inductive theory P’ such that Q C P’. Let Ty be the root of Q. By
Proposition 3.5.1, we have T, € ante P’ and, if we define P} = P’ |r,, then P is
a pre-theory with root 7. By Theorem 3.5.2, we may choose strongly connected
Qo with root T such that Qo = Q. Let C° be the set of all pre-theories with
root Ty that contain Q.

Since Qo = Q and Q C P’, we have Q¢ C P’. Since Q) is strongly connected
with root Tp, this gives Qo C P). Hence, C° is nonempty. Let Py = (C°.
Corollary 3.5.4 implies Py is a pre-theory with root Ty. Define P = P(F).
Since Qg is a subset of every element of CY, it follows that Qo C Py C P.
Therefore, since Q¢ = @, we have Q C P.

To show that P is the smallest such inductive theory, let P” be an arbitrary
inductive theory with @ C P”. As above, if P = P”|g,, then P} is a pre-
theory with root Ty and Qo C PY. Hence, P} € C°, so that Py C P}/, which
implies P C P(F}). But P} C P”, so by Theorem 3.3.4, we have P(P}') C P”,
and therefore, P C P”. O

3.5.3 A converse to the rule of logical implication

Having proved Theorem 3.3.7, we now have the notation Pg at our disposal.
With this notation, we are able to give a more natural characterization of the
equivalence of two subsets of F18. We also give a definition that we will need
later, and provide a partial converse to the rule of logical implication.

Proposition 3.5.5. Let Q, Q' C F'S be connected. Then Q = Q' if and only if
either both are inconsistent or both are consistent and Po = Pg

Proof. Assume @ = Q’. Then Q C P if and only if Q' C P for all inductive
theories P. Hence, () is consistent if and only if Q’ is consistent. Suppose both
are consistent. Since @@ C Pg, we have Q' C Pg, which implies Py C Pg.
Similarly, Pg C P/, and therefore, Pg = P.

For the converse, if both are inconsistent, then neither can be extended to an
inductive theory, so they are vacuously equivalent. Assume both are consistent
and Pg = Pg/. Let P be an inductive theory with @ C P. Then Pg C P.
Thus, Q' C Pgr = Pg C P. Similarly, Q" C P implies @ C P, showing that
QR=Q. O
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If Q is consistent, we define T'(Q) = 7(Pg). We also denote T(Q) by Tg. By
Proposition 3.2.13, the set T is a deductive theory. We call T the deductive
theory determined by Q.

Note that ¢ € Ty if and only if @ F (X,¢,1) for all X € antePg. In
other words, Tg is the set of formulas which, under P, have probability one,
regardless of the antecedent. Informally, Ty represents the deductive hypotheses
that are implicit in the set Q.

Theorem 3.5.6. Suppose P is an inductive theory and let X € ante P. Then
Plp| X)=1if and only if X, Tp F ¢.

Proof. Let P be an inductive theory and X € ante P. Then P(6 | X) =1 for
all 8 € Tp. Hence, by the rule of deductive extension, X UTp € ante P and
P(-] X) = P(| X, Tp).

Suppose X, Tp - ¢. Since X UTp € ante P, the rule of logical implication
gives P(¢ | X,Tp) = 1. By the above, P(¢ | X) = 1. For the converse, suppose
P(e | X) = 1. Let Tj be the root of P, so that P = P(P,), where Py = P |r,.
We then have X = T + ¢x and Py(p | Tp,x) = 1. By the rule of material
implication, Py(vx — ¢ | To) = 1, which implies ©»x — ¢ € Tp. Therefore,
X, TpHvYx,x = ok p. [

3.5.4 Inductive conditions

At this point, we have proven all the results in Sections 3.3.4 and 3.3.5. We have
therefore fully established and justified the notation @ F (X, ¢, p). Informally,
we think of @ F (X, ¢, p) as representing a process of derivation, where we take
the inductive statements in @) as our hypotheses, then apply the nine rules of
inductive inference to derive (X, ¢,p). But every hypothesis in @ is a precise
inductive statements of the form Q(n | Y') = g. We are often interested in using
more general hypotheses, such as Q(n | Y) > ¢. Or we may wish to hypothesize
that @ and everything it entails satisfies a certain symmetry condition. To allow
for these more general hypotheses, we define the following.

An inductive condition is a collection C of inductive theories with a common
root. An inductive condition C is said to be consistent if C # (). If each P € C
has root Tp, then we call Ty the root of C.

For instance, C might be a collection of inductive theories P, each satisfying
P(n|Y) > q. Or C might be a collection where each member satisfies a given
symmetry property. If we wish to simply assume @, without any generalizations,
we can also do that with an inductive condition. Namely, if @) is connected with
root Tp, then let C(Q), which we also denote by Cq, be defined as the set of
inductive theories P with root Ty such that Q € P. Then Cg also has root
Tp and Cq is consistent if and only if @ is consistent. Moreover, by Theorem
3.3.7, we have Pg € Cg and P C P for all P € Cg. Hence, Pg = (Cq. If
we identify Co with @), then we can say that Cg generates the inductive theory
NCo.

Generalizing this to arbitrary inductive conditions is not straightforward.
The problem, as mentioned at the beginning of this section, is that the
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intersection of inductive theories is not necessarily an inductive theory. What
we will show, however, is that if C is an inductive condition with root Tg, then
there is a largest inductive theory with root Tj contained in (C. If C = Cq,
then that largest theory is Pg.

Let C be an inductive condition with root Ty. Define C® = {P |1, | P € C}.
By Corollary 3.5.4, if C is consistent, then (C° is a pre-theory with root Tp.
Hence, may define P(C) = P((NCY). We also denote P(C) by P¢, and call this
the inductive theory generated by C. The next result shows that the inductive
theory generated by C is indeed the largest inductive theory contained in () C.

Theorem 3.5.7. Let C be a consistent inductive condition. Then Pe C (C.
Moreover, if P is an inductive theory with the same root as C such that P C (\C,
then P C Pe.

Proof. Let C be a consistent inductive condition with root Ty. Let P’ € C. Then
NC° C NC C P’, which implies P C P’. Since P’ was arbitrary, this shows
Pc CNC.

Now suppose P is an inductive theory with root Ty such that P C C.
Then P = P(P,), where Py = P |7,. Let P € C° be arbitrary, and choose
P’ € C such that P; = P’ |r,. Since P’ € C, it follows that P C P’, which
implies Py C P}. Since P} was arbitrary, this gives Py C (C°. Therefore,
P=P(P) CP(NC" =Pe. O

As noted earlier, if Q C F' is consistent, then Py = (1Cq. Hence, by
Theorem 3.5.7, we have P(Q) = P(Cq).

If C is an inductive condition and P¢ € C, then we say the condition C is
determinate, otherwise C is indeterminate. Note that if @ C F'S is consistent,
then Cq is determinate.

If C is an inductive condition and (X, p,p) € F5, we write C F (X, @, p)
to mean that C is consistent and P¢(p | X) = p. Since P(Q) = P(Cg), we
have that Q F (X, ¢, p) if and only if Cg F (X, ¢, p), so that this new use of the
turnstile symbol is an extension of our previous use.

If C and C’ are inductive conditions with the same root, then C,C’ F (X, ¢, p)
means C N C' + (X,¢,p). In particular, if we identify @ and Cg, then
Q,CF (X, ¢,p) means Cg,C + (X, p,p). Lastly, we use C, X F ¢ as shorthand
for CF (X, ¢,1). For example, Q,C, X F ¢ means that @ and C have the same
root, Co N C is consistent (that is, nonempty), and, if P = P(Cg N C), then
Plp|X)=1.

Finally, if C is a consistent inductive condition, we define T(C) = T(P¢).
We also denoted T'(C) by T¢.

Proposition 3.5.8. IfC is a consistent inductive condition, then Te = (\{Tp |
P eC}.

Proof. Let C be a consistent inductive condition with root Ty. Let P} = (C°
and P’ = P¢, so that P’ = P(P}). Suppose § € Tz = Tp:. Then P'(0 | Tp) = 1,
so by Theorem 3.5.7, we have P(6 | Tp) = 1 for all P € C. By Proposition 3.4.5,
we have 6 € Tp for all P € C, so that § € {Tp | P € C}.
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Conversely, suppose § € (\{{Tp | P € C}. Then Py(6 | Tp) = 1 for all P € C°.
Hence, Pi(0 | Ty) = 1. As above, Proposition 3.4.5 gives 6 € Tp:. O

Recall Theorem 3.5.6, which gives a partial converse to the rule of logical
implication. The following result reformulates that in terms of our new notation
and shows that C, X F ¢ can be rewritten in terms of the classical derivability
relation from Section 3.1.

Proposition 3.5.9. Suppose C is a consistent inductive condition and let

X €antePe. Then C, X F ¢ if and only if Te, X F .

Proof. Let C be consistent and let X € antePe. Note that C, X F ¢ if and
only if Pe(¢ | X) = 1. Also note that Tz = T'(P¢). Hence, the result follows
immediately from Theorem 3.5.6. O

We conclude this section with a result that we will need in Chapter 4.

Proposition 3.5.10. Let P be an inductive theory with root Ty and let T} €
(To, Tp]. Let Py = P |r;. Then P is a pre-theory with root T4. Moreover, if
P = P(Pé), then Tp/ = Tp and P = PJ[T67TP]'

Proof. By Theorem 3.4.7, since P} is strongly connected, we have that P} is
a pre-theory with root 7. Let P’ = P(FP;). We first show that Tp: = Tp.
By Proposition 3.4.5, it suffices to show that P'(8 | 7}) = 1 if and only if
P(6 | To) = 1. Suppose P'(0 | T}) = 1. Then P(0 | Tj)) = 1. But T} C Tp,
so by the rule of deductive extension, we have P(6 | Tp) = 1. Conversely,
suppose P(6 | Top) = 1. Again by the rule of deductive extension, we obtain
PO |15) =1,and so P'(0 | Tp) = 1.

It remains to show that P’ = P |y 7). Since ) C P, Theorem 3.3.4 implies
P’ C P. Moreover, every X € ante P’ satisfies X < [T}, Tp/] = [T, Tp]. Hence,
P" C P gy p-

Conversely, suppose (X, p,p) € P |y, Then P(p | X) = p and
X < [T}, Tp]. Write T(X) = T + o, where T € [T}, Tp] C [Th, Tp]. Then
p=Plp| X)= Py | To, ). Since Py C P, we have P(y | To, ) = p. But
To C T§ € 7(P), so by the rule of deductive extension, we have P(¢ | T3, ¢) = p,
and this implies Pj(¢ | T§,%) = p. Since Tp = Tpr, we have T € [T§,Tp/].
Therefore P'(¢ | X) = p, and this shows P |7y 1,)C P’ O



Chapter 4

Propositional Models

The logical relationships between deductive and inductive statements in F and
F'S are described by the derivability relation - developed in Chapter 3. This
relation is a kind of calculus, based on a set of inferential rules. The rules
themselves depend only on the syntax of the statements. No interpretation or
meaning is given to them, and no such meaning is necessary to describe these
logical relationships.

We can, however, use meanings and interpretations to investigate the logical
relationships between statements. When we do this, we arrive at a different
relation, called the consequence relation, and denoted by E. When we study
logical relationships using -, we are studying the syntactics of the logic. When
we use F, we are studying the semantics.

Meanings are assigned to statements using models. The classical type of
propositional model (which we call a strict model) is one that simply assigns a
truth value (0 or 1) to each propositional variable. Truth values then propagate
to every sentence in F via the usual interpretations of — and /. These strict
models originated with Wittgenstein (see [33, Satz 4.31]) and can be visualized
as rows in what we now call a truth table.

In Wittgenstein’s view, a strict model represents a logically possible state
of the world. Since we are interested in modeling inductive inference, we wish
to model degrees of uncertainty about the state of the world. For us, then, a
model will be a collection of strict models, together with a set of weights whose
relative magnitudes represent relative degrees of uncertainty. Without loss of
generality, we may assume these weights add up to one. In other words, we will
define a model to be a probability measure on a set of strict models.

Models are used to define the consequence relation F. On the deductive side,
we say that X F ¢ if, in every model that satisfies X, the sentence ¢ is also
satisfied. A completely analogous definition holds on the inductive side when
we write P E (X, ¢,p).

In Section 4.1, we define models and we define the consequence relation for
deductive statements. That is, we define what it means to say that X F ¢,
when X C F and ¢ € F. We prove that, together, - and F form a sound

65
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logical system, meaning that X F ¢ implies X F . In other words, if we can
use X to prove ¢, then ¢ is satisfied in every model of X. We also prove that
this logical system is complete, meaning that X E ¢ implies X F ¢. In other
words, if ¢ is satisfied in every model of X, then there is a proof of ¢ from X.
Together, soundness and completeness show that X F ¢ if and only if X F ¢.
In particular, by Theorem 3.1.10, the consequence relation is o-compact.

These results should be contrasted with the usual approach to (deductive)
semantics in F. One can define a strict consequence relation using strict models.
It is well known (see Examples 4.4.5 and 4.4.6) that both completeness and o-
compactness fail in that case. By overlaying our semantics with a probability
measure, we recover both properties.

In Section 4.2, we extend the consequence relation to inductive statements,
and prove both the soundness and completeness of this extension. These results
finalize our description of probability as logic. Probability is a system of
inference on inductive statements. It contains classical propositional logic as
a special case and extends it in two directions: from deductive to inductive,
and from finite conjunctions to countably infinite conjunctions. It has both
semantics and a syntactic calculus. (In Chapter 5, we will repeat these
constructions in a predicate language, showing that probability, as inductive
logic, also extends first-order logic in both these directions.)

In Section 4.3.1, we address the relationship between this logical system
of probability and modern, measure-theoretic probability theory. Modern
probability has its origin in Kolmogorov’s 1933 manuscript, Foundations of
the Theory of Probability [20]. Therein, Kolmogorov lays out what he calls
the axioms of probability. Today, those axioms take the form of a definition,
namely, the definition of a probability space: a measure space with total mass
one. The foundation of modern probability, therefore, is the probability space.

For us, the probability space is the foundation of our semantics. In Theorem
4.3.1, we show that every probability space is isomorphic to a semantic model
in our logical system. The proof of Theorem 4.3.1 exhibits a natural mapping
from the outcomes and events of the given probability space to strict models and
sentences, respectively. With this result, we see that all of modern, measure-
theoretic probability is embedded in our logical system. Probability theory as we
know it today is simply the semantics of a larger system of logical reasoning. (In
Chapter 5, we will extend this embedding to include random variables. See, for
instance, Section 5.4.1 and the table of correspondences immediately preceding
Section 5.4.2.)

Generally speaking, there is a difference between saying that a model satisfies
a set of statements, and saying that it characterizes them. To say that it
characterizes them is to say that they are the only statements satisfied by the
model. In that case, the model is a perfect semantic reflection of the given set
of statements. Finding a model that characterizes a set of statements allows us
to see the logical structure of that set in a single semantic model.

In Theorem 4.2.4, we show that models (that is, probability spaces), are only
able to characterize complete inductive theories. The structure of an incomplete
inductive theory cannot be represented by a probability space. Proposition
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4.1.16 tells us why. Namely, if we start with a collection of inductive statements
and conditions, and then draw all available inferences, we are not led to a o-
algebra, but rather to a Dynkin system. Consequently, we see that Dynkin
systems arise naturally and organically in the study of inductive inference. This
fact may offer some insight into why Dynkin’s -\ theorem—a purely measure-
theoretic result—features so much more prominently in probability theory than
it does in analysis.

In the rest of Section 4.3 and in Section 4.4, we present several examples,
illustrating and applying many of the ideas presented in both Chapters 3 and
4.

Finally, in Section 4.5, we introduce the idea of (inductive) independence—
a purely logical and syntactic notion—and then show that it is semantically
characterized by the usual product formula from measure theory. We then
present two examples to illustrate its use.

4.1 Models and deductive semantics

4.1.1 Truth assignments

Recall that B denotes the Boolean o-algebra {0, 1}, whose partial order is the
usual <. The elements 0 and 1 are called truth values. If S is a set, then a
function v : S — B is an assignment of truth values to the elements of S. The
set of all such functions is denoted by B?.

Given an element s € S, we define the projection 7, : B® — B by m,v = vs.
Let B = 8 B. Then B° denotes the product o-algebra. That is, B is the
smallest g-algebra on B® such that each 7, is (B9, B)-measurable. In symbols,

BY=o({rs|s€S})=oc({r;'A|s€ S ,AcB)).
A subset of BY is called a cylinder set if it has the form

A N-nT A,

for some s1,...,8, € S and Ay,..., A, € B. Equivalent, a cylinder set is a set
of the form

{ve B® |vss =21,...,VS, = Tp}.
for some s1,...,s, € S and 1,...,z, € B. The o-algebra B° is also generated

by the collection of cylinder sets. Note that the collection of cylinder sets is a
m-system. That is, it is closed under intersections.

If we say that a function f : BS — B is measurable, we mean that it is
(B%, B)-measurable. Note that ~f = 1— f and A, f, = inf, f,,. Hence, if f and
fn are all measurable, then so are ~f and A, f,. Also note that every function
f: B® = B has the form f = 1p for some B C B, and f is measurable if and
only if B € B”.

Lemma 4.1.1. Let R C S, let h : B® — B, and define f : BS — B by
fv="nh(v|r). If h is measurable, then f is measurable.
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Proof. Let R C S and define
Y ={B e B?| v 15(v|g) is (B, B)-measurable}.

It suffices to show that ¥ = Bf. Since constant functions are measurable, we
have ) € ¥. Since 1gc = —lp, it follows that X is closed under complements.
Let {B,};2; C ¥ and define B = (), B,. Then 15 = A, 15,, so that B € 3,
and X is closed under countable intersection. Therefore, ¥ is a o-algebra.
Now let
B= {Z/EBR |vsy =@1,...,V8y = Ty}

be a cylinder set in BE. Define h : BS — B by hv = 15(v|g). Then
h_llz{VEBS|l/81 =21,...,VSy = Tpn}

is a cylinder set in B®. Hence, ¥ contains the cylinder sets in B. Since B is
the smallest o-algebra containing the cylinder sets, we have ¥ = B, 0

Let R C S. A measurable function f : B® — B is said to be R-ary if there
exists a measurable h : BR — B such that fv = h(v|g) for all v € BS.

Corollary 4.1.2. Let RC U C S. If f : BS — B is R-ary, then f is U-ary.

Proof. Let f : B® — B be R-ary. Choose measurable h : Bf — B such
that fv = h(v|g) for all v € B®. Define g : BY — B by gv = h(v|g).
Lemma 4.1.1 implies ¢ is measurable. Moreover, for any v € B®, we have
9(vlv) = M(v[v)|r) = h(v|r) = fv. O

Proposition 4.1.3. Let S be a set. Then every measurable f : BS — B s
R-ary for some countable R C S.

Proof. Let
¥ = {B € B%| 1p is R-ary for some countable R C S }.

It suffices to show that ¥ = BS. Clearly, 1 is (-ary, so that () € ¥. Since
1ge = —lp, it follows that X is closed under complements. Let {B,}52, C %
and define B = (), B,,. For each n, choose countable R, C S such that 1p,
is Ry-ary. Let R = (J,, R,. Then R is countable and, by Corollary 4.1.2, it
follows that 1p, is R-ary for all n. Choose measurable h,, : B — B such that
1p,v = h,(v | R) for all v € B¥, and define h = A\, hy,. Then h is measurable
and
v =N\, 1,v =\, ha(v[r) = h(v|r),

so that B € ¥. Hence, ¥ is closed under countable intersections, and ¥ is
therefore a o-algebra.
Now let
B:{VEBS |vsy =x1,..., V8, = xn}

be a cylinder set in B®. Then B is R-ary, where R = {s1, ..., s,}, showing that
¥ contains the cylinder sets. Since B is the smallest o-algebra containing the
cylinder sets, we have ¥ = BS. O
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4.1.2 Strict models and Boolean functions

A strict model is a function w : PV — B. That is, a strict model is an
assignment of truth values to each propositional formula. The set of all strict
models is BYY. The domain of a strict model can be uniquely extended to all
of F by formula recursion. That is, w—¢ = —wp and w AP = A we. We
call wy the truth value of ¢ in the strict model w.

The definition of a strict model depends on the choice of propositional
variables PV, which in turn determine the language F. When we wish to
emphasize this fact, we will call w a strict model in F.

A Boolean function is a measurable function f: BV — B. We say that a
formula ¢ represents a Boolean function f if we = fw for all strict models w.

ped

Proposition 4.1.4. FEvery formula represents a wunique Boolean function.
Conversely, every Boolean function is represented by a formula.

Proof. Let ¢ € F and define f, : BPY — B by f,w = wep. To show that f, is a
Boolean function, we must show that it is measurable. This follows by formula

induction since fr = mr, fop = ~fp, and fae = Ayes fo-
Now let

¥ = {B € BV | 15 is represented by a formula}.

It suffices to show that ¥ = BV, If we fix r € PV, then 1 is represented by the
formula rA—r, so ) € 3. If ¢ represents 1, then —p represents —1g = 1gc, s0 &
is closed under complements. And if ¢, represents 1p, , then A, ¢, represents
A, 1B, = 1n, B, so that X is closed under countable intersections, and ¥ is
therefore a o-algebra.
Now let
B={we B |wri=a,...,wr, =2,}

be a cylinder set. Recall the notation ¢! = ¢ and ¢° = =, and note that
we = z if and only if wp® = 1. Hence, 1p is represented by the formula
ri* A---Arfn, so that ¥ contains the cylinder sets, and therefore ¥ = BV, O

By Proposition 4.1.3, every Boolean function is Il-ary for some countable
set of propositional variables II C PV.

Proposition 4.1.5. Let ¢ € F and let f be the Boolean function that it
represents. Then f is Il-ary, where Il = PV N Sfp is the countable set of
propositional variables that appear in .

Proof. Let ¢ € F represent f, and let 11, = PV N S5f p. We will show that f,
is II,-ary by induction on ¢.

If r € PV, then II, = {r} and f, = 7, is {r}-ary. Suppose f, is II,-ary.
Then f-, = —f, is also Il -ary. Since Sf ¢ C Sf -, we have II,, C II-,. Hence,
by Corollary 4.1.2, it follows that f-, is II,-ary.

Now let & C F be countable and suppose fy is [Ig-ary for all § € ®. Define
¢ = A ®. Note that IIy C II, for each § € ®. Hence, Corollary 4.1.2 implies
that fy is Il -ary for each 6§ € ®, and therefore f, = A\, fo is also Il -ary. O
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4.1.3 Models and satisfiability

An inductive model, or simply a model, is a probability space, & = (2, X, P),
where 2 is a set of strict models.

As with strict models, the definition of a model depends on the choice of
propositional variables PV, which in turn determine the language 7. When we
wish to emphasize this fact, we will call & a model in F.

If X C F and w is a strict model, we say that w strictly satisfies X, written
wEX,ifwp=1forall p € X. We write w £ ¢ for w E {p}. Aset X C Fis
strictly satisfiable if there is a strict model w such that w E X.

Let € be a set of strict models. For ¢ € F, let

a={we|wEyp}

be the set of strict models in Q that strictly satisfy ¢. More generally, for
X C F, we define Xq = {pa | p € X}.

The mapping ¢ — pq satisfies (~p)q = ¢ and (A P)o = (,co gpg Similar
relations hold for the shorthand operators. For instance \/ D)o = <p€<1> »a,
(o = Y)a = ¢4 Utq, and (p <> ¥)a = (pa A Pa)°.

Note that if ¢ € F represents the Boolean function f, then ¢q = f~11.
Hence, by Proposition 4.1.4, if @ = BPV | then BYY = {pq | ¢ € F}.

Let & be a model and let ¢ € F. We say that & satisfies p, written & F ¢,
if Ppq = 1, where (92,3, P) is the completion of (2, %, P). For X C F, we write
P E X tomean & E ¢ for all ¢ € X. Note that & E () for every model £2. A
set X C F is satisfiable if there is a model &2 such that &2 £ X. Note that if
X CX and ZFE X', then Z F X.

Proposition 4.1.6. Let X C F.
(i) If X is strictly satisfiable, then X is satisfiable.

(i) If X is satisfiable and countable, then X is strictly satisfiable.

Proof. Note that w E X ifand only if & = ({w}, {0, {w}},d,) E X, which yields
(i). For (ii), suppose X is satisfiable and countable. Let & = (Q,%,P) be a
model that satisfies X. Then P mweX wq = 1, so we may choose w € ﬂ¢€X 0,
and this w strictly satisfies X O

If &2 is a model, we define
ThP ={peF|PEp} (4.1.1)

As we will see in Proposition 4.1.12, the set of formulas Th & is a consistent
deductive theory. Note that if 22 = (Q,%,P) is the completion of &2, then
Th P = Th 2.

Let 2 = (Q, %, P) be a model with completion (2, %, P). Let Xz = XNBY
and let P be P restricted to X7. Then X7 is a sub-o-algebra of X, so that
Pr = (Q,37,Pr) is also a model. For any ¢ € F, we have pq € ¥ if and only
if oo € 7. Hence, all of the logical information in &2 is contained in Z#. This
is made precise in Proposition 4.1.8 below. We say that two models & and 2
are isomorphic (as models), denoted by & ~ 2, if Pr = Dr.
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Lemma 4.1.7. If & is a model, then (Pr)r = Pr.

Proof. Let & = (€2, %, P) be a model. For notational simplicity, let T ii]: and
Q = P|r, so that £ = (Q,I',Q). We must show that I'r =T and Qr = Q.
Since I' € BV, we have

r=rnB?Y cTnB’Y =T

Conversely, let A € T = TN B"Y. Since A € T, we may write A = BU N,
where B € I', N C F €T, and QF = 0. By the definition of Q, this implies
PF=0. NowI =XNB"Y. Hence, B€ ¥ and F € ¥. Since N C F and
PF =0, we have N € ¥. Therefore, A= BUN € X. But A € BV also.
Hence, A€ S NBPY =X =T, and this shows T'» =T.

By definition, Q£ is Q restricted to I». But [' = I', so we have that
Tr=Qr =Q 0

Proposition 4.1.8. For any model & and any p € F, we have & E ¢ if and
only if Zr E .

Proof. Suppose & E . Then pq € ¥ and P g = 1. Since o € BPY, we have
Yo € Y7 and Pr wq = 1. For the converse, let I' = Y7 and Q = ?h‘, so that
Pr = (Q,T,Q). Suppose Zr E ¢. Then ¢q € T and Qpq = 1. By Lemma
4.1.7, we have oo € T'and Qg = 1. Since I' = ¥ N BPY and Q = P|r, this
gives po € ¥ and Py = 1, so that & F ¢. O

Remark 4.1.9. If & and 2 are isomorphic models, then & E ¢ if and only if
2 E @ for all p € F. This follows immediately from the definition of isomorphic
models and Proposition 4.1.8.

4.1.4 Deductive consequence and soundness

We say ¢ € F is a consequence of X C F, or that X entails ¢, which we denote
by X E ¢, if, for all models &2 such that & E X, we have & E ¢. Note that if
X is not satisfiable, then it is vacuously true that X F ¢ for all ¢ € F.

We write ¢ E ¢ for {1} F p and E ¢ for § E ¢. Note that F ¢ if and only if
P E ¢ for all models &2, which holds if and only if w E ¢ for all strict models
w. (If w E ¢ for all w, then g = Q in every model; conversely, if w E# ¢, then
P = ({w}, {0,{w}},d.) ¥ ¢.) We also write X F Y to mean that X F ¢ for
all ¢ € Y. Note here that X F Y if and only if & F X implies & E Y for all
models &.

A logical system is sound if every formula that is derivable from X is a
consequence of X. The following theorem shows that our notion of deductive
satisfiability yields a sound logical system, at least insofar as deductive inference
is concerned.

Theorem 4.1.10 (Deductive soundness). Let X C F andp € F. If X F ¢,
then X E .
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Proof. Tt suffices to show that (i)—(vi) in Definition 3.1.3 still hold when F is
replaced by E. Conditions (i) and (ii) are trivial.
Suppose X E A ®. Let & = (Q,%,P) F X. Then & E A @, which implies

(A®)g=Npeato €

and P(Nycp 00 = 1. Thus, PUyeq 05 = 0. For each 6 € @, we have that 6
is a subset of a null set. Hence, 65 € ¥ and P65 = 0, implying g € ¥ and
POg = 1. Therefore, & F 6, showing that X F 6 and proving (iii). The proof
of (iv) is similar.

For (v), suppose X F ¢ and X F -, and assume there exists a model &
such that 2 F X. Then Ppq = 1 and Py§, = 1, a contradiction. Hence, X is
not satisfiable, and so it is vacuously true that X F 1.

For (vi), suppose X,p E ¢, X,-p E ¢, and X ¥ 1. Choose a model
P = (,%,P) such that £ F X and & ¥ 3. If g € %, then Pyg < 1.
Suppose g ¢ . Then P, 1)q < P*1)q < 1. In this case, there exists a measure
P’ on (Q,0(X U {¥pq})) such that P’ |x = P and P’ ¢ = P, 9. In either case,
(€2, %, P) can be extended to a complete model &' = (2, %', P') in which ¢q € ¥’
and Pyq < 1. Therefore, 2’ £ X and &' £ .

By extending the model even further, we may assume ¢q € X'. Suppose
P’ oo = 0. Then &' E -, so by supposition, we have &’ F 9, a contradiction.
Hence, P’ oo > 0, and we may define a probability measure Q on (Q,%') by
Q=P (-] pq), and then define the model 2 = (£, ¥, Q).

Since Qg = 1, we have 2 = . Also,if Ac ¥ and P’ A=1,then QA = 1.
Thus, since &’ F X, it follows that 2 F X. By supposition, then, we have
2 F 1p. Since g € ¥/, this gives Qpg = 1. In other words, P'(¢q | ¢a) = 1.
By reversing the roles of ¢ and —, this same argument yields P’ (¢q | ¢§) = 1.
Therefore,

P o =P oo P'(Ya | va) + P oh P'(va | 9q) =P oo + P og =1,

which contradicts the fact that &2’ ¥ . O

Corollary 4.1.11. If X C F is satisfiable, then X is consistent.

Proof. Suppose X is inconsistent. Then X + L. By Theorem 4.1.10, we have
XEL But Lg=0,s0 @ ¥ L for all &. Hence, X is not satisfiable. O

Proposition 4.1.12. If & is a model, then Th & is a consistent deductive
theory.

Proof. Let T = Th & and suppose T F ¢. By Theorem 4.1.10, we have T F ¢.
Since & E T, this implies & E ¢. Hence, ¢ € T, so that T is a deductive
theory. Since ) = L, we have & ¥ |, so that L ¢ T and T is consistent. [
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4.1.5 Karp’s completeness theorem

In this subsection, we establish that our logical system is complete, meaning that
every consequence of X is derivable from X. Completeness is the converse of
soundness. Together, they show that the derivability and consequence relations
are identical.

In Theorem 3.1.10, we showed that |- is o-compact. In Theorem 4.1.17 below,
we will show o-compactness for F, and then use this to establish completeness
in Theorem 4.1.19.

It is well-known that both o-compactness and completeness fail when we
adopt the classical semantic notion of the strict model (see Example 4.4.5).
In that case, only a weaker version of completeness is available. This weaker
version was proven by Karp in [16]. We present Karp’s version below, and then
use it to establish the full completeness theorem for our notion of deductive
satisfiability.

Theorem 4.1.13 (Karp’s completeness theorem). For all formulas p € F,
we have + o if and only if E .

Proof. The only if direction is a consequence of Theorem 4.1.10. For the if
direction, we appeal to Karp’s completeness theorem. In [16, Theorem 5.3.2],
Karp proved that H ¢ if and only if w [E ¢ for all strict models w, where H
is a certain Hilbert-type system of deduction. As noted previously, F ¢ if and
only if w E ¢ for all strict models w. We therefore have that F ¢ if and only if
F . To complete the proof, we must verify that F' ¢ implies F .

To accomplish this, we must first describe the differences between F and
F. In Karp’s system, — is a primitive symbol; for us, it is defined shorthand.
This, however, causes no difficulties, since (p — ¥) +> (—p V ¥) is a tautology
in Karp’s system.

Recall from Theorem 3.1.17 that F ¢ if and only if there is a proof of ¢ from
the axioms A. Karp’s I’ differs from our F only in the choice of the axioms;
the notion of proof is the same. Aside from the aforementioned use of —, this
is the only difference between ' and . Hence, we need only verify that each
of Karp’s axioms can be proven in . The axioms of Karp that are not already
accounted for in A are:

(M) p—=9P =
(A5) (mp = ) = = ¢

(A6) Apea(b =) =9 = N\ O

By Theorem 3.1.17, it suffices to prove these by natural deduction, which is
entirely straightforward. O

Remark 4.1.14. As a consequence of Karp’s completeness theorem, we have
that ¢ is a tautology if and only if w E ¢ for all strict models w. Hence, in
any model &, we have ¢ ¢ implies pq C ¥q, and ¢ = ¥ implies pqo = ¥q.
If Q = BPV is the set of all strict models, then both of these implications are
biconditional.
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With Karp’s completeness theorem, we can now prove the result that was
described in Remark 3.1.7.

Proposition 4.1.15. Let X C Fg, and ¢ € Fan- If X F ¢, then X Fgy .

Proof. Let X C Fg, and ¢ € Fuy. Suppose X F . The well-known
completeness theorem from finitary propositional logic states that X Fg, ¢
if and only if w E X implies w E ¢ for all strict models w. (See, for instance,
[28, Theorem 1.4.6]).

Let w be a strict model and assume that w E X. By Proposition 3.1.14, we
may choose countable Xy C X such that - A Xy — ¢. By Karp’s completeness
theorem, F A Xo — ¢. Hence, w E A Xo — ¢. But w E X D Xj. Therefore,

w E p. O

4.1.6 Inductive theories and Dynkin systems

We briefly pause our development to make an observation about Dynkin
systems. Let P be an inductive theory and fix X € ante P. In Section 3.2.2,
we noted that the domain of P( - | X) need not be closed under conjunctions
and disjunctions. We are now in a position to say something in the positive
direction about the structure of this set of formulas.

Let Q = BPY and define

A=A(P,X)={pa | Ple]| X) exists}. (4.1.2)

Let A € BPY = {¢q | ¢ € F} and choose ¢ € F such that A = ¢q. By the
above definition, if P(y | X) exists, then A € A. Conversely, if A € A, then
Remark 4.1.14 and the rule of logical equivalence imply that P(p | X) exists.
Hence, A is an embedding of the domain of P( - | X) into BYY. The structure
of this domain, therefore, can be understood by looking at the structure of A.

Proposition 4.1.16. If P be an inductive theory, then A(P,X) is a Dynkin
system for every X € ante P.

Proof. Let P be an inductive theory and X € ante P. Let A = A(P, X) be
defined as above. By the rule of logical implication, P(T | X) = 1. Hence,
Q=Tgq € A, and A is nonempty. Let A € A. Choose ¢ € F such that A = ¢q.
Then A¢ = (—p)q. By Corollary 3.2.7, we have A° € A. Now suppose {4, } C A
is pairwise disjoint. Choose ¢,, € F such that A, = (¢,)q. For i # j, we have
lo=0=A,NA; = (i A pj)a. Hence, from Remark 4.1.14, it follows that
i A p; = L. By the rule of logical equivalence, P(p; A ¢, | X) = 0. Therefore,
Theorem 3.2.24 implies P(\/,, ¢n | X) exists. But (\, ¢n)o = U, 4n, so
U,, An € A, and A is a Dynkin system. O

4.1.7 The full completeness theorem

Theorem 4.1.17 (0-compactness). A set X C F is satisfiable if and only if
every countable subset of X is satisfiable.
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Proof. The only if part is trivial. Suppose every countable subset of X is
satisfiable. Assume X is inconsistent. Then X + 1. By Theorem 3.1.10, there
exists countable Xy C X such that Xy - L, implying that Xy is inconsistent.
By Corollary 4.1.11, we have that X is not satisfiable, a contradiction. Hence,
X is consistent.

Let Q be the set of all strict models. Let

Y ={palpeT(X)or~peT(X)}

Then ¥ is a o-algebra. If A € ¥, choose ¢ such that A = pq and define PA =1
if p € T(X) and 0 otherwise. By Remark 4.1.14, the function P is well-defined.
Since X is consistent, L ¢ T(X). Thus, P§) = PLlg = 0. Conversely,
TEeT(X),s0PQ=PTq=1.
Now let {4, }nen € X be pairwise disjoint, and define A = | J,, 4,,. For each
n, choose ¢, such that A, = (¢,)q, and define ¢ =/, ¢,. Note that A = ¢q.
Suppose m # n. Since

(@m/\@n)Q:AmQAn:@:J—fb

we have ¢, A ¢, = L, implying that ¢, A ¢, ¢ T(X). Since T'(X) is closed
under conjunctions, either ¢, ¢ T'(X) or ¢, ¢ T(X). This implies that there
is at most one n € N with P A,, = 1. Therefore, > P A, € {0,1} and

>PA,=1 iff there exists n such that PA4, =1
iff there exists n such that ¢, € T(X)
iff e T(X)
iff P Q= PA= 1,

showing that P is countably additive. Thus, P is a measure on (Q2,%) with
PQ =1, and so & = (Q, 3, P) is a model.

Now let ¢ € X C T(X) be arbitrary. Then pq € X, and since ¢ € T(X),
we have Pyq = 1, showing that & F X, so that X is satisfiable. O

Corollary 4.1.18. A set X C F is satisfiable if and only if X is consistent.

Proof. The only if part is Corollary 4.1.11. Suppose X is not satisfiable. By
Theorem 4.1.17, there exists a countable subset Xy C X that is not satisfiable.
By Proposition 4.1.6, the set X is not strictly satisfiable. Thus, w E - A Xo
for all strict models w, which implies E — A Xy. By Theorem 4.1.13, we
have + - AXo. Thus, X v AXy and X + = A Xo, showing that X is
inconsistent. O

Theorem 4.1.19 (Deductive completeness). For X C F and ¢ € F, we
have X F ¢ if and only if X F .

Proof. The if part is Theorem 4.1.10. Suppose X ¥ ¢. Then X U {-p} is
consistent, by Theorem 3.1.13. Thus, X U {—¢} is satisfiable, by Corollary
4.1.18. Let & be a model with &2 E X U {—¢}. Then & is an example of a
model with &# £ X and & ¥ ¢. Thus, X ¥ ¢. O
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4.2 Inductive semantics

4.2.1 Inductive satisfiability

We now define a notion of satisfiability for inductive statements. Let & =
(2,%,P) be a model with completion &2 = (Q,%,P). Let (X,¢,p) be an
inductive statement. We say that & satisfies (X, p,p), written & £ (X, ¢, p),
if there exists Y C Th & and ¢ € F such that X =Y U {¢} and

P o Nig
Py

Note that & F (X,¢,p) if and only if & F (X,¢,p). Hence, in many
circumstances, we may assume without loss of generality that our models are
complete.

For Q C F'S, we write 2 E Q to mean & E (X, ,p) for all (X, p,p) € Q.
A set @ is satisfiable if there exists a model & such that & E Q.

The next result shows that if & E (X, ¢, p), then (4.2.1) will hold, regardless
of how we decompose X into Y and . As a corollary, we see that for fixed X
and ¢, there can be only one p such that & E (X, ¢, p).

=p. (4.2.1)

Proposition 4.2.1. If X =Y U{y} =Y U{Y'} and P EY,Y’, then q = g
a.s. In particular, if 2 E (X, ¢,p) and X =Y U {4}, where & F Y, then
(4.2.1) holds.

Proof. Suppose X = Y U{¢} =Y U{¢'} and & F Y,Y’. Using Theorem
4.1.19, we have Y, E ¢/, which implies Y F ¢p — ¢’. Hence, & F ¢ — ¢/, so
that Papg N (¥5)° = 0. Similarly, Pepg, N 9§ = 0. Thus, P A 9l = 0.

Now suppose & £ (X,p,p) and X = Y U {¢}, where & E Y. Choose
Y’ C Fand ¢ € F such that X = Y'U{¢'}, Z FY’, and Ppg Nipg/ Pipg, = p.
By the above, 9 = 1§, a.s. Hence, Pyg = Py and P pg N = Ppg N g,
so that (4.2.1) holds. O

Corollary 4.2.2. Let & be a model. If Z E (X, ¢,p) and P E (X, p,p'), then
p=p.

Proof. Suppose & £ (X,p,p'). Write X = Y U {¢}, where & E Y and
Pya Na/Pihg = p'. By Proposition 4.2.1, if & £ (X, p,p), then (4.2.1)
holds, and so p = p'. O

4.2.2 Models determine theories

Given a model &, we define

ThZ = {(X,0,p) € FS | ZE (X,0,p)}. (4.2.2)
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Lemma 4.2.3. Let & = (Q,%,P) be a model. Let X,Y C F and ¢ € F.
Assume X =Y U{¢Y} and P EY. Then & E (X,¢,1) if and only if g € B
and Yo C pq a.s.

Proof. Without loss of generality, assume & is complete. Suppose & E
(X,p,1). Write X = Y' U {¢'}, where & E Y’ and Ppq N ¢,/ Py = 1.
By Proposition 4.2.1, we have v = v, a.s. Hence, Ppq N¢q/Pipg = 1, and
this gives P pg NyYq = 0. Conversely, suppose g € X and ¥ C ¢ a.s. Then
P N g = 0, which implies Py N@q = Piq, so that & E (X, p,1). O

Theorem 4.2.4. If & is a model, then Th & is a complete inductive theory
with root Taut.

Proof. Let & be amodel and let P = Th 2. Without loss of generality, assume
& is complete. We first show that P is admissible. Suppose (X, ¢,p) € P,
X'= X, and ¢’ =x . Choose Y and 9 such that X =Y U {¢y}, ZEFY, and
Pyoa Nia/Pihg =p. Then Y, F ¢’ < ¢, so that Y F ¢ — (¢ < ¢'). But
P EY,s0 Pyg N (ph A pa)=0. But

(P A va) NYa = (o Nba) A (g NYa).

Thus, pn NYa = Yo Nig a.s. Since & is complete, this gives ¢, NYg € ¥ and
Pog N = PoqNig. Hence, Py Nipa/Pig = p. Since X' =X =Y U{¢},
it follows that (X', ¢’,p) € P.

Now assume (X', ¢’,p') € P. By Corollary 4.2.2, we have p = p/, and
therefore P is admissible.

We next show that P is entire. Throughout the proof of entirety, we fix
X € ante P. Choose (X, ¢',p’) € P. Write X =Y U {n}, where & F Y and
Py Nna/Pno =p'

Suppose X F . Then Y F n — ¢. Hence & F n — ¢, which implies
Pna N g = 0. Since ng € %, it follows that Png N ¢ = Png, and therefore
P(p | X) = 1. Thus, P satisfies the rule of logical implication.

Suppose P(¢) | X,¢) = 1. Since X U{p} =Y U{n A ¢}, Lemma 4.2.3 gives
no Npa C Yo as. Thus, no = (na N ea) U (1o Npg) C Yo U e a.s. Since
(¢ = ¥)a =Y U e, Lemma 4.2.3 implies P(¢ — ¢ | X) = 1, and P satisfies
the rule of material implication.

Suppose P(¢ | X) = 1 and ¢ F 9. By Lemma 4.2.3, we have ng C ¢q
a.s. Remark 4.1.14 shows that oo C ¥q. Hence, nq C g a.s., so that Lemma
4.2.3 implies P(¢ | X) = 1. Now suppose X’ € ante P and X' - X. Write
X' =Y U{n}, where & £ Y’ and n; € . Then Y',n' F Y,n, so that
Y'F 79 — n. Hence, Z E ' — n, which gives Pn;, Nng = 0. Thus, 75 C 0o
a.s. It follows that 75, C ¢q a.s., so that Lemma 4.2.3 gives P(p | X') =1, and
P satisfies the rule of deductive transitivity.

Suppose X F —(¢ A ) and two of the probabilities in (3.2.1) exist. Then
YEn— =(pA),sothat PngNpagNig =0. Let o' =p Angand ' =9 An.
Then P ¢f, N1, = 0. Since two of the probabilities in (3.2.1) exist, two of the
sets o U g, ¢h, and ¥y are in X. Since ¢g N 1)g, is also in ¥ and ¥ is a
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o-algebra, it follows that all three sets are in ¥ and P pg, U g, = P og + Pag,.
From here, (3.2.1) follows immediately, and P satisfies the addition rule.

By Proposition 4.2.1, we have that P(¢ | X) exists and is positive if and
only if Ppg Nng/Png = p, for some p > 0. Similarly, P(p A ¢ | X) exists
and is positive if and only if P o N Nno/Png = r, for some r > 0. Since
XU{p} =YU{pAn}, Proposition 4.2.1 also gives that P(¢ | X, ¢) exists and is
positive if and only if P oo Npg Nna/PpaNnag = g, for some g > 0. From this,
it follows that if two of the probabilities in (3.2.2) exist and are positive, then all
three exist and are positive, and pg = r. Hence, P satisfies the multiplication
rule.

Now suppose P(p, | X) = p, for all n, and X, ¢, - ¢,+1. By Proposition
4.2.1, we have P(v,)a Nna/Png = p,. We also have Y F ¢, A — ¢p41, SO
that & E @, AN — @ny1, which gives P(p,)a Nna N (¢nt1)g = 0. Hence,
(pn)aNna C (¢nt+1)a a.s. This gives (pn)a Nna C (Pnt+1)a NNa a.s. Since

(V. pn)aNna = (U, (¢n)o) Nne = U, ((ern)a Nna),

it follows that (\/,, ¥n)o N1 € ¥ and, using continuity from below, we have
P(V,, ¢n)o Nna/Png = limy, o P(pn)o Nna/Pnq. Therefore, P satisfies the
continuity rule, and P is entire.

We next show that P is complete. Suppose P(¢ | X) exists. Then we may
write X = Y U {n}, where & F Y, Ppq Nnq exists, and Png > 0. Assume
P(¢ | X) also exists. From Proposition 4.2.1, it follows that Pygq N nq also
exists. Since X is a o-algebra, we have

(e A)aNna = pa NYaNna = (o Nna) N (Yo Nna) € .

Hence, P(p A ¥)q Nng exists, and so therefore, P(p A1 | X) exists, showing
that P satisfies Definition 3.3.1(i).

Now suppose X € ante P. Then we may write X =Y U {¢}, where Z EY
and Py > 0. Assume also that X U{¢} € ante P. Since X U{p} =Y U{pA9},
Proposition 4.2.1 implies that P oo N1 exists. Hence, P(¢ | X) exists, and so
P satisfies Definition 3.3.1(ii), showing that P is complete.

Since P is complete, it is therefore semi-closed. We next show that P is
closed. Assume S C F is nonempty with P(f | X) =1 for all § € S. Then we
may write X =Y U {¢}, where ¢ C 0 a.s. forall @ € S. Let ' = {¢p — 0|
fecStand Y =Y US’". By Lemma 3.1.22, we have X US =Y’ U {¢}. Also,
for any 6 € S, we have Q = 9§ U g C G Ubg = (¢ — 0)q a.s., which gives
P EY — 0. Hence, #Z FY’, and therefore P( - | X) = P(-| X,S), showing
that P satisfies the rule of deductive extension and is thus closed.

Finally, we show that P is connected with root Taut. Let Py = P |1aut-
Corollary 3.4.8 implies that Py is a complete pre-theory with root T. We will
show that Py is a basis for P. Let X € ante P. Write X = Y U {4}, where
P EY and Pipg > 0. Since {¢p} = DU {4}, we have {¢p} € ante Py. Let 6 € Y
be arbitrary. Since & E Y, we have POg = 1. Therefore, P(0 | 1) = 1, which
gives Py(6 | ) = 1. This shows that Y C 7(Py; {¢}), proving that Py is a basis
for P. O
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Remark 4.2.5. The relationship between Th & in (4.2.2) and Th & in (4.1.1)
is that if P = Th £, then Tp = Th &. To see this, let P = Th £ and note
that by Proposition 3.4.5, we have 6 € Tp if and only if P(6 | Taut) = 1, which
holds if and only if & E (Taut,6,1). But this holds if and only if Pfg = 1, and
this is the definition of & F 0.

4.2.3 Theories determine models

Theorem 4.2.6. Let P be a complete inductive theory with root Ty. Then there
exists a model & such that Tp = Th & and P = Th 2 |, 11, 2. In particular,
every inductive theory is satisfiable.

Proof. Let P be a complete inductive theory with root Ty. Let Q = B and
let ¥ = {pa | P(p | To) exists}. Since Q = Tgq, the rule of logical implication
implies Q € X. Since ¢ = (—¢)q, Corollary 3.2.7 implies that ¥ is closed under
complements. Let {A4,} C ¥ be pairwise disjoint, and let A ={J,, A,,. For each
n, choose ¢, such that A, = (¢5)q, and note that A = pq, where o =\/, ¥n.
Also note that since {4, } are pairwise disjoint, we have F =(p; A ¢;) for all
1 < i< j < oo. Hence, Theorem 3.2.24 implies A € ¥, so that X is closed under
countable, pairwise disjoint unions. It follows that ¥ is a Dynkin system. Since
P is complete, Definition 3.3.1(i) implies that ¥ is closed under intersections.
Therefore, ¥ is a o-algebra.

By Remark 4.1.14 and the rule of logical equivalence, we may define
P:X — [0,1] by Ppg = P(¢ | Tp). Note that Tg = Q and Lo = 0, so
that PQ =1 and P@ = 0. As above, Theorem 3.2.24 implies that P is countably
additive, so that P is a probability measure on (£, X).

Let £ = (Q,%,P) and let Z = (Q, X, P) be its completion. Let A € ¥NBFY .
Since A € BV, we may choose ¢ € F such that A = pq. Since A € ¥, we may
write A = pq = PoUN, where P(¢) | Tp) exists, N C nq, and P(n | Tp) = 0. By
(3.2.5) and the rule of logical implication, P(¢An | Tp) = 0. Hence, poNng € 3.
On the other hand, po N 1§ = Yo NnG € X. Therefore, A = pq € X, and
this shows that ¥ N BFY C X. Since the reverse inclusion is trivial, we have
SNBPYV =3

We next show that for any ¢, ¥ € F, we have

Py(p | To, ) =p iff PE(To+v,0,p). (4.2.3)

Suppose Py(¢ | To,%) = p. Then P(¢ | To,v) = p. By Definition 3.3.1(ii),
Lemma 3.2.10, and the multiplication rule, we have that P(¢ | Tp) > 0 and

Plony|To) _
P(y | To)

Hence, (4.2.1) holds, so & E (Ty + ¥, ¢,p). Conversely, suppose that & F
(To + v, ¢,p). Then (4.2.1) holds. Since ¥ N BFY = ¥, the same equality holds
for P instead of P. Hence, P(¢ | Ty) > 0, P(p A% | Tp) exists, and (4.2.4) holds,
which, by the multiplication rule, gives P(p | To,v) = p, proving (4.2.3).

(4.2.4)
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Now, Theorem 4.2.4 implies that Th & is a complete inductive theory with
root Taut, and Remark 4.2.5 implies T(Th &) = Th &?. By the rule of logical
implication, & E Ty. Hence, Ty € [Taut, Th &]. Tt follows from Proposition
3.5.10 that if we define Pj = Th & |y, and P’ = P(F)), then Tp) = Th & and
P'=Th 2 |1, mn #)- By (4.2.3), we have Py = Fj. Hence, P = P’, and so it
follows that Tp = Th & and P = Th & |1, 11 o). This proves the first claim
of the theorem.

For the second claim, let P be an inductive theory with root Ty. Let
Py = P|r,, so that P = P(Fy). Since P, is a pre-theory, it is semi-closed and,
therefore, has a completion. By Corollary 3.4.11, we may choose a completion
Py that is also a pre-theory with root Ty. Let P = P(Py). By Proposition
3.4.20, the set P is a complete inductive theory with root Ty such that P C P.
As shown above, we may construct a model & such that P C P C Th 2.
Hence, & £ P and P is satisfiable. O

4.2.4 Consistency and satisfiability

Note that by deductive completeness, the notions of connectivity and strong
connectivity can be completely characterized in terms of semantics. Therefore,
the following theorem shows that consistency can also be characterized in terms
of semantics.

Theorem 4.2.7. A set Q C F'S is consistent if and only if it is connected and
satisfiable.

Proof. Suppose @ is connected and satisfiable. Choose a model & such that
P E Q. Then Q C Th &. Theorem 4.2.4 implies Th & is an inductive theory.
Hence, @ can be extended to an inductive theory, so @ is consistent. Conversely,
suppose @ is consistent. Choose an inductive theory P such that Q C P. By
Theorem 4.2.6, there exists a model & such that that & E P. Since Q C P,
we have & E @, so @ is satisfiable. O

Recall that @ F (X, ¢, p) means that @ is consistent and Pg(¢ | X) = p.
As such, the following proposition gives a semantic characterization of inductive
derivability in the special case that X — Ty, where Ty is the root of Q. As a
corollary, we find that Ty also has a semantic characterization.

Proposition 4.2.8. Let Q be connected and satisfiable, so that Q is also
consistent. Let Ty be the root of Q. Then the following are equivalent:

(i) Po(e | To,¥) = p,
(ii) for all models &, if Z EQ and &P E Ty, then P E (Ty + 1, p,p).

Proof. Suppose that Pg(p | Tp,9) = p, and let & F Q and & E Ty. Then
@ C ThZ. By Theorems 4.2.4 and 3.3.7, this gives Pg C Th &, so that
P E(To+v,0,p).

Conversely, suppose that for all models &, if & E @Q and & E Tj, then
P E (To + ¢, ,p). Let Py = Pglr,. Let P be a completion of Py and
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define P = P(P|r,). Since Ty € ante P, Corollary 3.4.8 and Proposition 3.4.20
imply that P is a complete inductive theory with root Ty. By Theorem 4.2.6,
we may choose a model & such that Tp = Th & and P = ThZ |1, 11, 2
Note that Q C Pg = P(P) C P(P|r,) = P C Th?. Hence, Z F Q.
Also Ty € Tp = ThZ, so that & E Ty. Therefore, by assumption,
P E (To +v,0,p). But P =ThZ |1 11, 2, so this gives P(¢ | Tp,v) = p.
Also, P = P(P]|r,), which implies P |7,= P|r,. Hence, P(p | Ty, %) = p. Since
P was arbitrary, the rule of inductive extension yields Py(¢ | Ty,%) = p, and
therefore Pg (¢ | To, ) = p. O

Corollary 4.2.9. Let QQ be connected and satisfiable, so that @Q is also
consistent. Let Ty be the root of Q. Then the following are equivalent:

(Z) RS TQ,
(ii) for all models &, if Z F Q and & E Ty, then & F 6.

Proof. Assume 6 € T, so that Pg(0 | Tp) = 1. Suppose & F Q and & E T.
Proposition 4.2.8 implies & E (Tp,0,1). Since Top = To U {T} and & E Ty, we
have P N Tq/PTq =1. But Tg =, so PAg = 1, which means & F 6.
Now assume that for all models &2, if & E Q and & E Ty, then & E 6.
As above, if Z E Ty and & E 0, then & E (Tp,0,1). Hence, for all models
PP EQand & E Ty, then & E (1p,0,1). Proposition 4.2.8 implies
Pq(0 | To) = 1, so that by Proposition 3.4.5, we have 6 € T,. O

4.2.5 Inductive consequence and completeness

Having characterized T in terms of semantics, we are now ready to define the
inductive consequence relation.

Definition 4.2.10. Let Q C F' and (X, o, p) € F5. We say that (X, ¢, p) is a
consequence of @, or that @ entails (X, ¢, p), which we denote by Q E (X, ¢, p),
if

(i) @ is connected and satisfiable,
(ii) X < [To,Tg), where Tj is the root of @, and
(iii) £ E Q implies & E (X, ¢, p), for all models £.

Corollary 4.2.9 shows that T has an entirely semantic characterization.
Hence, Definition 4.2.10 is an entirely semantic definition.

Note that & E (Taut, T,1) for all models &. However, Q + (Taut,T,1)
only if the root of Q is Taut. Hence, (ii) cannot be removed if we are to have
completeness.

To simplify the verification that Q E (X, ¢, p), we can replace (iii) with

(i) & E Q implies & F (X, ¢, p) whenever & is complete and & F Tj.
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We show this below in Theorem 4.2.13, after proving two lemmas. Let
2 =(Q,%,Q) be a complete model and assume that Q (g > 0 for some ¢ € F.
Define the probability measure P on (2,X) by PA = QA N o/ Q¢q and let
Z = (Q,%,P). Note that if QA = 1, then PA = 1. Hence, 2 F Y implies
PEY forall Y C F.

Lemma 4.2.11. Let 2 and & be as above and let & = (Q,%,P) be the
completion of 2. Then A € % if and only if AN{q € X, and in this case,
PA=PAN Ca-

Proof. Suppose AN(q € 3. Since P (¢ = 0 and ANCE C (5, we have ANCS € 3.
Hence, A = (AN¢q)U(ANCS) € ¥ and PA =P AN (y. Conversely, suppose
AeX. Write A= BUF, where BEY, FCN,and N € ¥ with PN = 0. By
the definition of P, we have Q NN(n = 0. Now write ANCq = (BN{a)U(FN(q).
Then BN (g € ¥. Also, since FFN{n € NN (g and 2 is complete, it follows
that F'N (g € X. Therefore, AN (o € 3. Moreover, this shows that PA =P B
and PAN g =PBN{q. Since P{y =1, we have P B =P B N {n. Therefore,
PA=PAN(q. O

Lemma 4.2.12. Let 2 and & be as above. If 2 F (X, ¢,p) and ¢ € T(X),
then & E (X, ¢,p).

Proof. Suppose 2 E (X, ¢,p) and ¢ € T(X). Write X = YU{¢}, where 2E Y.
Then & EY also. Since ¢ € T(X), we have X =Y U{¢,(} =Y U{yA(}. By
Proposition 4.2.1 and the fact that 2 is complete, it follows that
_Quanyanda _ PyaNnve
Qo Nda Pyo

Therefore, Z E (X, ¢, p). O

Theorem 4.2.13. In Definition 4.2.10, we may replace (i) with (iii)'.

Proof. Clearly, Definition 4.2.10 implies (iii)’. For the converse, let Q C F'®
and (X, p,p) € FS. Assume (i), (ii), and (iii)’. To show that (iii) holds, let
2 be a model and assume that 2 F Q. We want to show that 2 F (X, ¢, p).
As noted below (4.2.1), we may assume without loss of generality that 2 is
complete.

By Proposition 3.4.2, we may choose Xy such that T, = T(Xp) and
Xy € ante@. We may then choose (Xo,&,q) € @, so that 2 E (Xo,&,q).
Write Xo = Y U {(}, where 2 FY and Q(q > 0. Define & = (Q,%,P) by
PA=QANC¢/QC. Then Z EY and & E (. Hence, & E X;, which
gives Z E Ty. Let (X',¢',p') € Q. Then ¢ € Ty C T(X’). By Lemma
4.2.12, it follows that & F (X', ¢, p’). This shows that & E Q. We therefore
have & E Ty and & F Q. By (iii)’, this gives &2 E (X, p,p), which implies
P E (X, 0,p).

By (ii), we may write X = T + v, where T € [Ty, Tg]. Since T C T and
2 E @, we have 2 E T. It remains only to show that Q pq N Yo/ Qva = p.
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For this, note that ¢ € Ty C T'(X), so that X =T+ ¢ A(. Since 2 F T, we also
have & E T. Hence, by Proposition 4.2.1 and Lemma 4.2.11, it follows that

_PeanNyande  QeaNve
Pyo N ¢a Qo

Therefore, 2 F (X, ¢, p), which shows that (iii) holds. O

Having defined the inductive consequence relation, we now show that it is
identical to the inductive derivability relation.

Theorem 4.2.14 (Inductive soundness and completeness). Let Q C F™
and (X, ¢,p) € FS. Then Q F (X, ¢,p) if and only if Q F (X, 0, p).

Proof. Suppose @ + (X, p,p). Then @ is consistent and Pg(p | X) = p. By
Remark 3.4.24, we have X — [Ty, Tp], where Ty is the root of Q. Theorem
4.2.7 implies @ is connected and satisfiable. Suppose & F Q). Theorems 4.2.4
and 3.3.7 implies & E Pg. Hence, Z F (X, ¢, D).

For the converse, suppose @ F (X, ¢, p). We need to show that Pg(¢ | X) =
p. By Definition 4.2.10(ii), we may write T'(X) = T + 1, where T' € [T, Tp).
Hence, it suffices to show Pg(p | Tp, ) = p. We will do this using Proposition
4.2.8.

Suppose Z F Q and & E Ty. Then Ty C Th &2, so by Remark 4.2.5 and
Proposition 3.5.10, if we define P = Th & |1, 4 2, then P is an inductive
theory with root Ty, and Tp = Th &. Corollary 4.2.9 gives Tg C Th &, so
that T' € [To, Th &]. Hence, X — [Ty, Th &?]. Moreover, Definition 4.2.10(iii)
implies (X,¢,p) € Th . Hence, P(p | X) = p. But T(X) = T + ¢ and
T € [Ty, Tp]. Therefore, P(p | To,¢) = p. This implies & £ (T + 9, ¢, p), so
by Proposition 4.2.8, we have Pq (¢ | Tp, ¥) = p. O

Remark 4.2.15. According to Remark 3.3.8 and Theorems 4.2.7 and 4.2.14,
a connected and satisfiable set P C F'S is an inductive theory if and only if
PE (X, p,p) implies (X, ¢,p) € P for all (X,p,p) € FS.

4.2.6 Differing roots

Proposition 3.5.10 shows that if P is an inductive theory with root T, and
Ty € [To,Tp], then P' = P |(1; 1) is an inductive theory with root 7. The
difference between these two theories is described entirely by the sentences in
T6\ To. In P’, these sentences are part of the root, which means they are
part of every antecedent. In P, they are part of Tp, which means they have
probability one under every antecedent. In either case, we are assuming such a
sentence is “true,” in one sense or another. It may be tempting, then, to think
that these two theories are effectively the same. In fact, for any model &2, if
Pk P, then & E P'. The converse, however, is not true. The theory with the
lower root, P, has fewer models, as we illustrate below in Proposition 4.2.16.
In other words, by placing a hypothesis in Tp rather than Ty, we are making
a semantically stronger assumption. Intuitively, the sentences in T are only
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hypothetical postulates. The inductive statements in P are all assertions about
the case in which we are given Tp. A sentence ¢ € Tp \ Tj has a different status.
In that case, we have P({ | Tp) = 1. Hence, the inductive theory P is asserting
that ¢ is entailed (probabilistically) by Tp.

To illustrate this fact, let 2 = (,%,Q) be a complete model and assume
that Qo € (0,1) for some ¢ € F. Define the probability measure P on
(,%) by PA = QANCa/QCo and let & = (,%,P). Let (2, 3,P) be the
completion of (2,3, P). Note that Th & is an inductive theory with root Taut,
and Ty = T(C) S [Taut, Th ,@] Let P = ThyJ[Tg,Th 2

Proposition 4.2.16. With notation as above, we have 2 E P, but 2 ¥ Th £.

Proof. Since & F (Taut,(,1), but Q(q < 1, we have 2 ¥ Th .%. Suppose
P(p | To,¥) = p. Then Ppg Ng/Pipg = p. By Lemma 4.2.11,

_PooNdande  QeaNdanda  Qean(¥Ada

Pyonéa  Qéanéa QWAQgq
Since To U {¢} = 0U{¢ A ¢} and 2 F (), we have 2 E (Tp U {9}, ¢,p). This
shows that 2 F P|r,. By Proposition 3.5.10, it follows that 2 F P. O

4.2.7 The semantics of inductive conditions

Remark 4.2.15 gives an entirely semantic characterization of inductive theories.
Consequently, inductive conditions can also be characterized semantically. We
are therefore ready to extend the notions of satisfiability and consequence to
inductive conditions.

We say that a model &2 satisfies an inductive condition C if & E P for some
P € C. An inductive condition is satisfiable if & F C for some model &. The
following proposition shows that this notion of satisfiability is an extension of
our previous definition.

Proposition 4.2.17. Let Q C F'S be connected and let P be a model. Then
P EQ if and only if P F Cq.

Proof. Suppose & E Cq. Choose P € Cq such that & F P. Since Q) C P,
we have & £ Q. Conversely, suppose & E Q. Theorem 4.2.7 implies @ is
consistent, so we may define P¢. Since Q C Th & and Theorem 4.2.4 implies
Th & is an inductive theory, we have Pg C Th &?. That is, & F Pg. But
P € Cq. Hence, Z E Cq. O

The next two results show that both the consistency of C and the deductive
theory T¢ have semantic characterizations.

Theorem 4.2.18. An inductive condition is consistent if and only if it is
satisfiable.

Proof. Let C be an inductive condition. If C is satisfiable, then by definition, it
is nonempty, and therefore consistent. For the converse, suppose C is consistent.
Choose P € C. By Theorem 4.2.6, we may choose a model & such that & £ P.
Hence, & £ C, and C is satisfiable. O
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Proposition 4.2.19. Let C be a satisfiable inductive condition, so that C is also
consistent. Let Ty be the root of C. Then the following are equivalent:

(Z) 0 € Tc,
(ii) for all models &, if  FC and & E Ty, then & F 0.

Proof. Suppose 0 € Te. Assume & E C and & E T. Choose P € C such that
P E P. Since Te = ({Tp | P € C}, we have 6 € Tp. From Corollary 4.2.9, it
follows that & E 6.

Now suppose that for all models £, if & E C and & £ T, then & F 6.
Assume 0 ¢ Te. Then we may choose P € C such that § ¢ Tp. By Corollary
4.2.9, we may choose a model & such that Z E P, & E Ty, and & ¥ 0. Since
P E P and P € C, we have & F C. Hence, by our initial supposition, & E 0, a
contradiction. O

Having characterized T¢ in terms of semantics, we can now extend the
consequence relation to inductive conditions.

Definition 4.2.20. We say that (X, , p) € F'8 is a consequence of an inductive
condition C, or that C entails (X, ¢, p), which we denote by C E (X, ¢, p), if

(i) C is satisfiable,
(ii) X < [To,Tc], where Tp is the root of C, and
(iii) £ E C implies & E (X, ¢, p), for all models £.

From Proposition 4.2.17, it follows that for any connected @ C F'S, we
have Q F (X, ¢,p) if and only if Cg F (X, ¢,p). Hence, Definition 4.2.20 is a
generalization of Definition 4.2.10.

As with Definition 4.2.10, we cannot remove (ii). In fact, in Section 4.4.1, we
provide an example where (i) and (iii) above are satisfied, but (ii) fails because
X is too large. (See Remark 4.4.4.)

Theorem 4.2.21 (Soundness and completeness for conditions). Let C
be an inductive condition and (X, p,p) € FS. Then C F (X, p,p) if and only if
CE (X, p,p).

Proof. Suppose C + (X, p,p). Then C is consistent and Pe(p | X) = p. By
Remark 3.4.24, we have X — [Ty, T¢], where Ty is the root of C. Theorem
4.2.18 implies C is satisfiable. Suppose & E C. Choose P € C such that
P P. Since Pe C P, we have P(¢ | X) = p. By Remark 4.2.15, this implies
PE (X,¢,p). But Tz € Tp, so X — [Ty, Tp]. Therefore, Definition 4.2.10(iii)
gives Z E (X, p,p).

For the converse, suppose C F (X, ¢,p). We need to show that Pe(p | X) =
p. By Definition 4.2.20(ii), we may write T(X) = T + ¢, where T € [Tp, T¢].
Hence, it suffices to show that Pe (¢ | To, %) = p.

Let P € C be arbitrary. If & E P, then & E C, so by supposition,
2P E (X,p,p). Since Tz C Tp, we have X — [Ty, Tp]. Thus, P E (X, ¢,p).
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By Remark 4.2.15, this gives P(¢ | X) = p. But T(X) = T + 1, where
T € [Ty, Tc) C [Ty, Tp). Therefore, P(p | Ty,1) = p. Since P was arbitrary, it
follows that (Tp + v, ¢,p) € C° C Pe, so Pe(p | Ty, ) = p. O

4.3 Counterexamples and resolutions I

In this section, we present several examples that serve to illustrate the necessity
of rules (R8) and (R9). More specifically, entire sets, which are closed under
only (R1)—(R7), exhibit a number of pathological behaviors. These behaviors
were alluded to in Chapter 3. In this section, we provide concrete examples.

To develop these examples, we must expand our tools for creating inductive
theories and entire sets. We do this in Sections 4.3.1 and 4.3.2.

4.3.1 Every probability space is a model

A model is a particular type of probability space, namely one in which € is a
set of strict models. Theorem 4.3.1 below shows that every probability space,
regardless of §2, is isomorphic to a model. More specifically, for every probability
space, there is an appropriate choice of PV such that the given probability space
is isomorphic to a model in F(PV).

Later, in Theorem 5.4.2, we will give a version of this result in predicate
logic. Theorem 5.4.2 will not only be concerned with an arbitrary probability
space, but also with an arbitrary collection of random variables on that space.

Theorem 4.3.1. Let PV be a given set of propositional variables and let
F = F(PV). Let (S,T,v) be an arbitrary probability space. Then (S,T',v)
has a subspace that is isomorphic to a model in F. If card(PV) > card(T"), then
(S, T, v) itself is isomorphic to a model. In particular, every probability space is
isomorphic to a model in F(PV') for an appropriate choice of PV.

Proof. Let G : PV — T. If card(PV) > card(T"), then take G to be surjective.
Extend G to F by G-¢p = (Gp)® and G\, ¥n =), Gpn. Let © =GF CT
and note that © is a o-algebra. Hence, (5,0,v]g) is a measure subspace of
(S,I,v). If card(PV) > card(T"), then © = I". We abuse notation and simply
write v for both v and v|g. We will show that (S,0,v) is isomorphic to a
model in F. More specifically, if Q = BV is the set of all strict models, and
Y = BBY = {pq | ¢ € F}, then we will construct a probability measure P on
(Q,%) such that (S,T',v) and (2,3, P) are isomorphic.

For xz € S, define the strict model w* by w” [ r if and only if z € Gr, for
all r € PV. By formula induction, it follows that w® E ¢ if and only if x € G,
for all p € F. Define h : S — Q by hx = w”®. After constructing P, we will show
that A induces an isomorphism.

To construct P, we first prove that ¢ = 1 implies Gy = G1p. Recall the set of
axioms, A, defined in Section 3.1.3. It is straightforward to verify that Gpo = S
if ¢ € A is an axiom. Suppose ¢ is a tautology. Then there is a proof of ¢ from
(). Using induction of the length of the proof, as in the proof of Proposition
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3.1.16, one readily verifies that Go = S. Now suppose ¢ = 1. Then ¢ < ¥
is a tautology. Hence Gp + ¢ = 5. But Gp > ¢ = (Gp A Gy)¢. Therefore,
Gy = G, proving the claim.

By Remark 4.1.14, we have pq = g if and only if ¢ = 1. Hence, if pq = 9q,
then Gy = GvY. We may therefore define g : ¥ — © by gpq = Gp. Let A € X
and choose ¢ € F such that A = pq ={w € Q| w E ¢}. Then

reh A iff hxecA
iff w” € pq
iff WwWEe
ifft xe€Gyp=gpq=gA.

Hence, h™' = g, so that h~lpq = Gp. In particular, this shows that h is
(6, ¥)-measurable, so we may define P = voh~! = vog, making Z = (Q, %, P)
a model.

To verify that h induces an isomorphism from (5, ©,v) to &, we must check
that for each U € ©, there exists A € ¥ such that h™'A = U v-a.s. Let U € ©
and choose ¢ € F such that U = Gy. Then A = ¢ € X and, by the above,
hlA=Gp="U. O

4.3.2 Dynkin spaces

Theorem 4.2.4 gives us the means to construct inductive theories. For the first
set of examples in the section, however, we need to construct entire sets that are
not inductive theories. We will do this using Dynkin systems. More specifically,
we will define what we call Dynkin spaces, a generalization of probability spaces
that use Dynkin systems instead of o-algebras. Then, analogous to Theorem
4.2.4, we will use these Dynkin spaces to construct entire sets.

Definition 4.3.2. A Dynkin space is a triple, (S, A, p), where S is a nonempty
set, A is a Dynkin system on S, and p: A — [0, 1] satisfies

(i) p2=1,
(i) if A,B € A with AC B, then pB\ A=pB —pA, and
(iii) if {A,} € A with A,, C A, 41, then p|J A, =limp A,.

Let (S, A, p) be a Dynkin space. A set A € Ais called (Dynkin) measurable.
Aset Ae Ais null if A e A and pA = 0. Note that a measurable subset of a
null set is a null set. A Dynkin space is complete if every subset of a null set is
a null set.

Proposition 4.3.3. If (S, A, p) is a Dynkin space, then p is countably additive.
That is, if {A,} C A is pairwise disjoint, then p|J A, = > p Ay.

Proof. Let A, B € A be disjoint. Since A is a Dynkin system, it is closed under
countable, pairwise disjoint unions. Hence, AU B € A. By Definition 4.3.2(ii),
we have p B =p AU B — p A. Therefore, p is finitely additive. From Definition
4.3.2(iii), we obtain pJA,, = lim, Y} p A;. O
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Proposition 4.3.4. Let (S,A,p) be a complete Dynkin space. If A € A,
pA=1, and AC B, then pB=1.

Proof. Suppose A € A, pA =1, and A C B. Then A¢ € A, pA°® = 0,
and B¢ C A°. Since (S, A, p) is complete, this gives p B¢ = 0, which implies
pB =1 U

Proposition 4.3.5. Let (S, A, p) be a complete Dynkin space and let {A,} C A.
If p A, =0 for allm, then pUA, =0. If p A, =1 for all n, then p() A, = 1.

Proof. Assume p A, = 0 for all n. Let B, = A, \ U?il Aj. Then B, C A,.
Since (S, A, p) is complete, we have p B,, = 0. Since {B,} is pairwise disjoint,
we also have |J B, € A. But B, =JAn, so plUA, =pUBn=>_pB, =0.
For the second claim, apply the first to A¢,. O

Lemma 4.3.6. Let Q = B"Y and let A C BPY be a Dynkin system. Suppose
2 = (Q,A,p) is a complete Dynkin space. Define

Th? ={p e F|pea=1}
Then Th 2 is a consistent deductive theory.

Proof. Suppose Th 2 = ¢. Choose countable ® C Th & such that F A ® — .
Then w E AP — ¢ for all strict models w. Hence, (A®)q C pqo. By
Proposition 4.3.5, we have p(\ ®)q = p(gce o = 1. Proposition 4.3.4 then
implies p pq = 1. Therefore, p € Th 2 and Th 2 is a deductive theory. Finally,
pla=p0=0,50 L& Th% and Th P is consistent. O

Lemma 4.3.7. Let 9 and Th 2 be as in Lemma 4.3.6. Let Ty C Th D be a
deductive theory. Define P C F™ so that (X,p,p) € P if and only if there
exists v € F such that T(X) =Ty + ¢ and

% = . (4.3.1)

Then P is entire.

Proof. Note that if A € A and pAA B =0, then B € A and pB = pA.
By adapting the proofs of Proposition 4.2.1, Corollary 4.2.2, and Lemma 4.2.3,
we obtain the following results. If Ty + ¢ = Ty + ¢, then piyg A g = 0.
In particular, if (X,p,p) € P and T(X) = Ty + ¢, then (4.3.1) holds. As
a consequence, if (X,¢,p) € P and (X,¢,p’) € P, then p = p/. Also, if
T(X) =To + v, then (X, p,1) € P if and only if g € A and pipo N = 0.
Using these results, we may adapt the first part of the proof of Theorem
4.2.4 to show that P is entire. Note that in the proof of the addition rule, we
must use the fact that if AN B € A and two of the sets AU B, A, and B are in
A, then all three sets are in A and pAUB=pA+pB—pANB. O
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4.3.3 Entirety is not enough

The examples in this subsection illustrate the insufficiency of entire sets as a
basis for inductive inference.

In Example 4.3.8 below, we use Dynkin spaces to construct a family of entire,
strongly connected sets, indexed by ¢ € (0,1). Every member of this family is an
example showing that probabilities of conjunctions need not be defined. That
is, if P is one of the entire sets constructed in Examples 4.3.8, then P(r;) exists,
P(r3) exists, but P(r; Ary) does not exist.

We follow up in Example 4.3.10 by considering the case ¢ = 1/4. In this
case, we show that P is inconsistent. That is, it cannot be extended to an
inductive theory. Since P is entire, it exhibits no violations whatsoever of rules
(R1)-(R7). However, if we try to extend P so that it is closed under (R8), then
we will inevitably create of violation of (R1)—(RT).

In Proposition 4.3.11, we consider the case ¢ = 1/2. As mentioned above,
P(r; Ary) does not exist. Proposition 4.3.11 is concerned with what happens
when we try to assign a value, ¢’, to this expression. The result is that ¢' = 1/4
is the unique value that we may choose in order to avoid violating rules (R1)—
(R7). As such, this provides an example of the necessary use of rule (R8) to
infer a probability.

Example 4.3.8. In this example, we construct an entire, strongly connected
set P with root Ty such that the domain of P( - | Tp) is not closed under
conjunctions.

For n € Ny and k > 1, define

di(n) = LQ*’“HnJ -2 {2*’“@ ,

where |z] is the greatest integer less than or equal to z. Then di(n) denotes
the k-th binary digit of n, counting digits from the right.
Let PV = {ry,ra}. Let Q = BFV be the set of all strict models, so that
Q = {wy, | 0 < n < 3}, where w,ry = di(n). Note that these four strict models
correspond to the usual rows of a truth table with two propositional variables.
Let

A1 = (rl)Q = {wl,wg}, and
AQ = (I‘Q)Q = {wg,w;g}.

Note that
(I‘l < I'g) = (Al A AQ)C = {wo,wg}.

Let I' = {Al, AQ, (Al A Ag)c} and
A={0,Q}UTU{A°| AeT}.

Then A C BV is a Dynkin system on Q. Fix ¢ € (0,1) and, for A € T, define
p? A = qand p? A° = 1 — q. Together with p?() = 0 and p? Q2 = 1, this makes
2 = (Q, A, p) a complete Dynkin space.
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Let Ty = Taut and let P be the entire set defined in Lemma 4.3.7. Note that

P(rl‘TO):(L
P(rQ‘TO)ZQ7
P(I‘l (—)I‘Q‘To):q.

On the other hand, (r; Ars)g = {ws} ¢ A so that P(r; Ary | Tp) is undefined.
Hence, P is an entire set such that the domain of P( - | Tp) is not closed under
conjunctions.

Lemma 4.3.9. Let P C F'8 be entire. Let X € ante P and let G C F denote
the domain of P( - | X). Let r1,ro € PV and assume ri,r2,r1 <> T2 € G. Let

po = rp A Trg,
p1 = 11 A-rg,
p2 =1 A ro,

Y3 = ry A ro.

If 3 € G, then ¢; € G for all j.

Proof. Note that 3 F ri,ro,r1 < ro. Also, ry A -3 = 1, ra A T3 = s, and
(r1 <> r2) A —p3 = po. Hence, the result follows from Proposition 3.2.5 and the
rule of logical equivalence. O

Example 4.3.10. Let P be as in Example 4.3.8 with ¢ = 1/4. Then P is entire
but not consistent. More specifically, P cannot be extended to a deductive
theory. To see this, suppose P’ is an inductive theory with P C P’. Let
P) = P’ |r, so that P C Pj and P} is a pre-theory. Since Pj is a pre-theory, it
is semi-closed and therefore has a completion. Let Py be a completion of Pj.
Then Py is also a completion of P. Let G C F be the domain of Pgy( - | Tp).
Definition 3.3.1 implies that G is closed under conjunctions. Thus, r; Ars € G,
so that by Lemma 4.3.9, we have ry A—ry, —r; Arg, -ry A—rgy € G. From Lemma
3.2.17 and Proposition 3.2.5, it follows that

1= Po(rl | T()) —|—F0(_\I‘1 A To | To) —i—?o(_\rl N —rg ‘ To)
< Po(r1 | To) + Po(rz | To) + Po(r1 > r2 | To)
=3/4,

a contradiction.

Note that this contradiction does not depend on Py being complete. It is
enough to assume that Py is an entire extension of P such that ﬁo(rl Ary | Tp)
exists. Consequently, there is no value of ¢’ such that P U {(Tp,r1 Ara,q’)} has
an entire extension.

Proposition 4.3.11. Let P be as in Example 4.3.8 with ¢ = 1/2. Let ¢’ € [0,1]
and Q@ = PU {(Ty,r1 Ara,q')}. Then Q has an entire extension if and only if
q =1/4.
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Proof. Suppose P’ is an entire set with @ C P’. Let G denote the domain of
P'( -] Ty). Let ¢; be defined as in Lemma 4.3.9, so that ¢; € G for all j. Let
pj = P'(¢; | To) and note that ps = ¢’. By the addition rule,

Po+p3=p1+p3=p2+p3=1/2,

which implies po +p1 +p2 +3p3 = 3/2. But >, p; =1, s0 14+ 2p3 = 3/2, giving
¢ =p;=1/4.

Now assume ¢’ = 1/4. Let &2 = (Q, %, P), where Q = {w, | 0 < n < 3} as
in Example 4.3.8, ¥ = B Q, and P satisfies Pw,, = 1/4 for all n. Then Th & is
an entire extension of Q. O

We conclude this section with an example of an inductive theory that fails to
be complete by violating Definition 3.3.1(ii). That is, we construct an inductive
theory P where X € ante P and X U {¢} € ante P even though P(y | X) does
not exist.

Example 4.3.12. Let PV = {ry,r2,r3}. Recall the notation di(n) defined in
Example 4.3.8. Let Q be the set of all strict models, so that Q = {w, : 0 <
n < 7}, where w,ry = dig(n). Let ¥ =P Q. Fix ¢ € (0,1) and let P? be the
probability measure on (2, X) determined by

Plwy =Plws =0,
Pwg =P w; = q/2,
Plw, =(1-¢q)/4for 0 <n <3

Define the model 229 = (Q, 3, P9) and let P¢ = Th 9. Then P? is a complete
inductive theory with root Taut. Note that

(P1)Q = {wl,w;),,w5,w7},
(ro)o = {w2, ws, ws, wr},

(1‘3)9 = {w47w5,w6,w7}-

Hence, Pi(r1) = 1/2, P(rs | r3) = 1, and P%(r3) =q.

Let @ be defined by Q(r1) = 1/2 and Q(rs | r3) = 1. Then @ is strongly
connected with root Taut. Also, @ C P9, so () is consistent. Let P = Pg be
the inductive theory generated by Q. Then P C P? for all ¢ € (0,1). Hence,
P(r3) is undefined, and P violates Definition 3.3.1(ii).

4.4 Counterexamples and resolutions I1

This section contains examples related to satisfiability and the consequence
relation. In Section 4.4.1, we construct an example where & F C implies
P E (X, p,p) for all models &2, but C ¥ (X, ¢,p). The failure occurs because
X is so large that it is not countably axiomatizable over [Taut,T¢]. As such,
this example demonstrates the need for Definition 4.2.20(ii). It also serves as
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an example of a collection of inductive theories whose intersection is not an
inductive theory, as well as an example of an indeterminate inductive condition.

In Section 4.4.2, we address the issue of completeness and strict satisfiability.
In [16], Karp showed that completeness fails when we try to use strict
satisfiability as a basis for our semantics. She presented therein two examples.
In Examples 4.4.5 and 4.4.6, we revisit Karp’s examples, demonstrate their
resolution in the current context, and show how they connect to classical
probability theory.

4.4.1 An unknown false statement

Let PV = {r" |t € [0,1]}. The idea behind this example is the following. We
wish to build an inductive theory based on the following assumptions. With
probability 1/2, every propositional variable is true. Otherwise, there is exactly
one r € PV that is false. But in this latter case, we do not want to make any
assumptions about which r is false.

Let Ty = Taut. For t € [0, 1], let

Q(t) = {(T07rt’ 1/2)} U {(T07rs7 1) | s 7& t}’
Lemma 4.4.1. For each t € [0,1], the set Q(t) is consistent.

Proof. The set Q(t) is clearly strongly connected with root Ty. By Theorem
4.2.7, it suffices to show that Q(¢) is satisfiable.

Let Q = BTV be the set of all strict models and X = BV = {¢q | p € F}.
For A C [0,1], define the strict model wa by war® = 0 if and only if ¢t € A.
Let w; = wyyy. Let 6(w) be the point mass measure concentrated on w. Define
P, = (0(wt) + 6(wy))/2 and P, = (Q, 2, P;). Then wy € rq for all r € PV, and
wy € rq if and only if r = r* for some s # t. Hence, P;r* = 1/2 and Pyr® = 1
for s # t. Therefore, &, F Q(t) and Q(t) is satisfiable. O

Define the consistent inductive condition C = {Pg |t € [0,1]}, so that P¢
is the inductive theory we were aiming to build.

Proposition 4.4.2. With notation as above, Pec C (C. In particular, Pc ¢ C.
That is, the condition C is indeterminate.

Proof. By Theorem 3.5.7, we have P¢z C (C. Assume Pe =[C.

Note that for any inductive theory P, by the rule of logical implication, X €
ante P if and only if (X, T,1) € P. Hence, ante P¢ = ({ante Py | t € [0, 1]}.

For t € [0,1], let S; = {r® [ s # t}. Then Pg)(r | To) = 1 for all r € S; and
P (r' | Ty) = 1/2. By Lemma 3.2.10, we have {r'} € ante Pg;). By the rule
of deductive extension, S; U{r'} = PV € ante P Since t was arbitrary, this
gives PV € ante P¢. Hence, we may write PV = T + 4, where T € [Taut, T¢|
and ¢ € F.

Let Q, 3, wy, wp, and &, be as in the proof of Lemma 4.4.1. Let f be the
Boolean function that i represent. Proposition 4.1.5 implies that f is IT-ary,
where II = PV NSf 4 is the countable set of propositional variables that appear
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in ¢. Hence, we may choose a measurable h : B! — B such that, for all w € Q,
we have wip = fw = h(w|n).

Enumerate IT as II = {r'* r'2,...}. Choose ty ¢ {t1,ts,...} and let
P = §(wy,) and & = (Q,3,P).

Assume for the moment that & E T + 1. Since T 4+ ¢ C T¢ 4+ ¢ and
PV =T + 1), this gives & = PV. In particular, & F r'°, so that rg’ € ¥ and
@rg’ = 1. By the definition of [P, this implies wy, € rg’, so that w,r* =1, a
contradiction. Therefore, P¢ C (\C, and we are done.

It suffices, then, to show that & E T 4+ . We first show that & E T¢.
Let 6 € T¢ be arbitrary. By Proposition 3.5.8, we have 6 € T'(Pg()) for all
t € [0,1]. Hence, P;fg = 1 for all ¢ € [0,1]. This implies that wy € 6o and
wy € O for all t. In other words, wpf =1 and wf = 1 for all ¢.

Let I" = PV N SfO = {r’*,r*2,...}. As above, we may choose measurable
g : B — B such that, for all w € €, we have wf = g(w|mr). Let §° = AV
For n € N, let 0" = —r*» A (A4, r%). Finally, define 6’ = Voo, 0m. If
to & {s1,82,...}, then w;,r% = 1 for all j € N, which implies w;,6° = 1. If
to = s, for some n € N, then w;,0™ = 1. In either case, we have w0 = 1, so
that wy, € 0, and therefore, Py, = 1.

Now suppose w € 6. Choose n € Ny such that w € 6¢. If n = 0, then
wlm = wyl|mr, so that wh = wed =1 and w € Og. If n € N, then w| = ws, |,
so that wf = w;, 0 = 1 and again w € Og. This shows that 6;, C 0. Therefore,
Plg =1, so that & 6. Since 0 was arbitrary, we have & E Te.

Lastly, we show that & F 4. Since (2,%,6(wy)) E PV and PV =T + 4,
we have wy € g, so that wypyp = 1. Since to ¢ {t1,%2,...}, we also have that
wpln = wiy|m. Hence, wi,tb = wptp = 1, which gives wy, € 1o and therefore

P E . O

Remark 4.4.3. Since P¢ is the largest inductive theory contained in (C, it
follows that (C is not an inductive theory. By Theorem 3.5.3, the set (C is
closed. Hence, it must not be connected. In other words, the condition C is an
example of a collection of connected sets whose intersection is not connected.

Remark 4.4.4. Note that if & F C, then & F Py for some t. But we also
have (PV, T,1) € Py for all t. Hence, & k= C implies & = (PV,T,1). On the
other hand, the proof of Proposition 4.4.2 shows that PV ¢ ante Pc. Therefore,
this example illustrates the necessity of Definition 4.2.20(ii).

4.4.2 Karp’s counterexamples

Example 4.4.5. It is well-known that o-compactness fails for strict
satisfiability. That is, there exists X C F such that every countable subset is
strictly satisfiable, but X itself is not strictly satisfiable. Karp gives an example
of such an X in [16, Example 4.1.3].

However, since strict satisfiability implies satisfiability (Proposition 4.1.6(i))
and satisfiability is o-compact (Theorem 4.1.17), we know that any such X
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must be satisfiable. We present Karp’s example below, and then show that it is
satisfied by one of the most common models in probability theory.

Let PV = {r% | (n,k) € Nx {0,1}}. Let ¢ = A,(x% v rl), and for each
FiN={0,1} let oy =~ A, th™. Let X = {¢} U{uy | f € {0,1}V}.

Suppose Xy C X is countable. Since {0,1}" is uncountable, there exists
g: N — {0,1} such that 1, ¢ X,. Define w by wrf =1 if and only if g(n) = k.
Then w = ¢. Note that w = ¢ if and only if there exists n such that wrh™ = 0.
Given f # g, we may choose n such that f(n) # g(n), and so for this value of
n, we have wri™ = 0. Hence, w = ¢y for all f # g, and therefore w = Xo. It
follows that every countable subset of X is strictly satisfiable.

Now suppose w E X. Since w E (, we may choose, for each n € N, a value
£(n) € {0,1} such that w = r4™. But then w AW /™ meaning w F£ 1)y, a
contradiction. Therefore, X is not strictly satisfiable.

As mentioned in the beginning of this example, however, we know that there
exists a model & = (Q, X, P) such that & E X. In this case, we can construct
such a model using Q = BV and taking ¥ = BV = {pq | ¢ € F}, thereby
assigning a probability to every formula in F. The model is a natural one
that is ubiquitous in probability theory. Namely, it is the one that models an
i.i.d. sequence of coin flips.

Let (S,T,v) be a probability space on which we have constructed an
iid. sequence (X, |n € N) of {0,1}-valued random variables with v{X,, =
1} = 1/2. Define G : PV — T by Grk = {X,, = k}. Let & = (Q,%,P) be the
model constructed in the proof of Theorem 4.3.1. Note that

G¢ ={X,, € {0,1} for all n},
Gy = {X,, = f(n) for all n}°.

Hence, P(q = vG( =1 and P(¢f)q = vGyy = 1 for all f, showing that & F X.
We will investigate this example further in Section 4.5.5, after covering the
topic of independence.

Example 4.4.6. We present here another example of Karp’s (see [16, Example
4.1.2]). Again we see an X that demonstrates the failure of o-compactness for
strict satisfiability. And again, we know that X is satisfiable. We could use the
construction in the proof of Theorem 4.1.17 to build a model that satisfies X.
In this example, though, we do not do that. Rather, we show that any such
model has a certain property. Namely, in any such model, & = (Q, 3, P), there
will be formulas ¢ € F such that o ¢ X.

Let I be an uncountable set and let PV = {r! | t € I,n € N}. For each
tel, let ¢"=\,r,. Foreachs,telandneN,let 5" ==(r$ Arl). Then
define

X={¢"|telfu{ys'|stecl,s#tnecN}

Let Xo € X be countable. Then there is a countable set S C I such that

Xo C{¢"|teSyu{yst|s,te S, s#tneN}L
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Let ¢ — n(t) be an injection from S to N. Define a model w by wrf, = 1 if
and only if t € S and n = n(t). Then, for each ¢ € S, we have w E 1}, ;), and
therefore w = ¢t. Also, if s,t € S, s # t, and n € N, then either n # n(s)
or n # n(t), implying that at least one of wr? and wrf, is 0. Thus, w E ¥
Altogether, this shows that w E Xo, so that every countable subset of X is
strictly satisfiable.

Now suppose w E X. For each t € I, we have w = ¢*. By the definition of
¢*, we may choose n(t) € N such that w E r;(t). But I is uncountable and N

t
n
t

is countable, so there exists distinct s,¢ € I such that n(s) = n(t). It follows
that ww;i’(ts) =0, and so w £ w‘;’(ts), a contradiction. Therefore, X is not strictly
satisfiable.

Again, by Proposition 4.1.6(1) and Theorem 4.1.17, we know that X is
satisfiable, meaning there is a model & = (Q,%,P) such that £ F X. In
this case, however, we cannot construct such a model using ¥ = BFY = {pq |
© € F}. In any model that satisfies X, there will exist ¢ € F such that ¢ ¢ X.
In other words, there will be formulas that are not assigned a probability.

To see that this is the case, let & = (Q,X,P) be a model. Assume that
Z E X and that rq € X for all r € PV. For n,k € N, define

S(nyk) ={teI|Pr)o =k}
Suppose s,t € I and s # t. Then ¢3! = =(r$ Arl) € X. Thus,
P ) = P((ry)a N (r)e) = L.

In other words, (rf)q and (r!)q are pairwise disjoint, up to a set of measure
zero. It follows that S(n, k) is a finite set with at most k elements.

Now fix t € I. Since ¢* =/, v}, € X, we have 1 = P{{, =PJ,,(r})q. Thus,
there exists n € N such that P(r})q > 0, showing that ¢ € S(n, k) for some
n,k € N. In other words, I = Un,k S(n, k), expressing I as a countable union
of finite sets, contradicting the fact that I is uncountable.

Remark 4.4.7. It follows from Example 4.4.6 that we cannot construct an
N-valued stochastic process (Y'(¢) |t € I) such that for all s # t, we have
Y (s) # Y (t) a.s. (Recall that a stochastic process is simply an indexed collection
of random variables taking values in the same measurable space.) To see this,
suppose we have such a process, built on a probability space (S,T,v). Define
G : PV — T by Grl, = {Y(t) = n}, and let & = (Q,%,P) be the model
constructed in the proof of Theorem 4.3.1. Then Z F X and ¥ = {pq | ¢ € F},
a contradiction.

4.5 Independence
In this section, we introduce the concept of (inductive) independence. It is a

purely logical concept, defined solely in terms of formulas and inductive theories,
without reference to any model. Intuitively, ¢ and ¢ are independent given X
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if P(¢p | X) is unchanged by adding % to X. More generally, a sequence of
formulas is independent if, whenever we take two disjoint subsequences and,
from each subsequence, create a formula using negation and conjunction, the
two resulting formulas are independent.

To make this notion precise, we will introduce the concept of a dialog set,
which describes all the formulas that can be created from a given set of formulas.
Dialog sets are the syntactic analogues of o-algebras.

After defining independence, we introduce the semantic concept of “measure
independence,” which is nothing more than the familiar notion of independence
in a measure space, defined by the property that the measure of an intersection
factors into a product. Using this, we give a characterization of independence
in terms of satisfiability and measure independence.

Finally, we give two examples in which we use independence to build
inductive conditions, and then look at the inductive theories generated by those
conditions.

4.5.1 Dialog sets
Definition 4.5.1. A set D C F is a dialog set if it satisfies the following:
(i) ¢ € D implies —p € D,
(ii) ® C D countable implies A ® € D, and
(iii) ¢ € D and ¢ = implies ¢ € D.

Note that the ® in (ii) may be empty. Hence, T € D, and by (i) and (iii),
also L € D. Note further that (iii) implies D is closed under —, <>, and \/.

The intersection of any family of dialog sets is again a dialog set. Also, the
language F itself is a dialog set, and is the largest dialog set. If X C F, then the
dialog set generated by X, denoted by 6(X), is the smallest dialog set containing
X. It is equal to the intersection of all dialog sets containing X. The smallest
dialog set is

0(0) = Taut U —Taut.

Intuitively, 6(X) is the set of all formulas that can be built out the formulas in
X using negation, conjunction, and logical equivalence. Note that §(PV) = F.

Proposition 4.5.2. Let Q) be a set of strict models. If D C F is a dialog set,
then Dq is a o-algebra on Q. More generally, if X C F, then 0(Xq) = §(X)q-

Proof. Let D C F be a dialog set. Then Q = T € Dq. Let A € Dg. Choose
¢ € D such that A = pq. Then ~¢ € D, so that A° = ¢§, = (—p)a € Dq.
Finally, suppose {A,} C Dgq. Choose ¢, € D such that A, = (¢n)a. Then
NA. = (Aen)a € Dq, and hence, Dq, is a o-algebra.

Now let X C F. Then X C 6(X)q. By the above, §(X)q is a o-algebra.
Hence, 0(Xq) C 0(X)q. For the reverse inclusion, define D = {p € F | ¢pq €
0(Xq)}. The set D clearly satisfies (i) and (ii) of Definition 4.5.1. Remark
4.1.14 shows that it also satisfies (iii). Thus, D is a dialog set. Since X C D, it
follows that 6(X) C D and therefore 6(X)q C o(Xq). O
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4.5.2 Independence of two formulas

Let P be an inductive theory. For X C F, let dom P( - | X) C F denote the
domain of P(-| X). If X ¢ ante P, then dom P( - | X) = 0.

Let ¢, € domP( - | X). We say that ¢ is dependent on ¢ given X
(under P) if P(¢ | X,%) exists and is not equal to P(p | X). We say
that ¢ is independent of ¢ given X (under P) if either P(¢p | X) = 0 or
Plo| X,¢) = P(p] X).

Note that if P(yp | X) > 0 and P(¢ | X,v¢) does not exist, then ¢ is
not dependent on ¢, and ¢ is also not independent of . If P is complete,
then this situation cannot arise. To see this, note that if P is complete and
v, € dom P( - | X), then P(p A4 | X) exists. Hence, by the multiplication
rule, if P(¢ | X) > 0, then P(¢ | X, 1) exists.

Lemma 4.5.3. If ¢ is dependent on v given X, then both 0 < P(p | X) < 1
and 0 < P(yp | X) < 1.

Proof. Let ¢ be dependent on 1 given X. By Lemma 3.2.10, we have
P(y | X) > 0. Suppose P(¢) | X) = 1. Then the multiplication rule and
Proposition 3.2.11 imply P(¢ | X) = P(¢ | X, %), a contradiction.

Now suppose P(¢ | X) = 1. As above, the multiplication rule and
Proposition 3.2.11 imply P(¢ | X,®) = 1, a contradiction. Finally, suppose
P(p | X) =0. Then P(—¢ | X) = 1. Again, this gives P(—p | X,9) = 1, so
that (3.2.5) implies P(¢ | X, %) = 0, a contradiction. O

Lemma 4.5.4. If ¢ is dependent on ¢ given X, then both P(¢ | X,¢) and
P(o| X, ) exist.

Proof. Suppose ¢ is dependent on 9 given X. Then P(p | X), P(¢ | X), and
P(o | X, ) exist, and P(y | X,v) # P(p | X). Since P(¢ | X) and P(p | X, )
exist, the multiplication rule implies P(p A ¢ | X) exists. By Lemma 4.5.3, we
have P(p | X) > 0. Hence, another application of the multiplication rule implies
that P(¢ | X, ) exists. From Proposition 3.2.5, it follows that P(p A =) | X)
exists. Lemma 4.5.3 implies P(—¢) | X) > 0. Therefore, a final application of
the multiplication rule gives the existence of P(p | X, ). O

Proposition 4.5.5. Suppose ¢ is dependent on ¢ given X. Then P(p | X,¢) >
P(p | X) if and only if P(¢ | X, ) < P(¢ | X).

Proof. Suppose P(p | X,9) > P(p | X). Lemma 4.5.3 implies P(¢) | X) > 0,
and Lemma 4.5.4 implies P(¢ | X, ) exists. Thus, by (3.2.8),

P | X)P(y | X ) > P(yp | X)P(¢ | X),
which implies P(¢ | X, @) > P(¢ | X). By (3.2.5), this implies P(—¢ | X, ¢) <
P(—% | X). On the other hand, Lemma 4.5.4 implies P(p | X, 1)) exists, so
that (3.2.8) implies

P~y [ X)P(p | X, ) = P(ep | X)P(=¢ | X, ).
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As before, this implies P(p | X,—¢) < P(¢ | X). The analogous argument
proves the converse. O

Proposition 4.5.6. Let p,v € F. Then ¢ is dependent on o given X if and
only if 1 is dependent on ¢ given X.

Proof. Let ¢ be dependent on ¢ given X. Then P(¢ | X) and P(¢ | X) exist.
By Lemma 4.5.4, we have that P(¢ | X, ) exists. Suppose P(¢ | X,¢) =
P(y | X). Lemma 4.5.3 implies P(¢) | X) > 0. Thus, by (3.2.8), we have
P(p| X) =P(¢| X,¥), a contradiction. Therefore, ¢ is dependent on ¢ given
X. The converse follows by reversing the roles of ¢ and . O

Theorem 4.5.7. Let p,¢ € dom P( - | X). Then ¢ is independent of ¢ given
X if and only if
Plo A | X) = Plp| X)P(w | X). (45.1)

Proof. Suppose P(¢ | X) = 0. Then ¢ is independent of ¢ given X. Also,
Proposition 3.2.11 implies P(¢ A | X) = 0, so that (4.5.1) holds.

Now suppose P(¢ | X) > 0. Then ¢ is independent of ¢ given X if and
only if P(¢ | X,v) = P(¢ | X). On the other hand, by the multiplication rule,
(4.5.1) holds if and only if P(¢ | X,v) = P(p | X). O

Corollary 4.5.8. Let p,¢ € dom P( - | X). If ¢ is independent of ¢ given X,
then ¢ is independent of = given X.

Proof. Suppose ¢ is independent of ¥ given X. By Proposition 3.2.5 and
Theorem 4.5.7, we have

PleA— [ X)=P(p|X) = Pleny|X)
=Plp| X) = Plp | X)P(¢ | X)
= Ple | X)(1 - Py | X))
= P(p | X)P(—¢ | X).
Hence, Theorem 4.5.7 implies ¢ is independent of =) given X. O

By Proposition 4.5.6 and Theorem 4.5.7, we can alter our terminology to
say that ¢ and v are dependent or independent, given X. Note that by
Theorem 4.5.7 and Proposition 3.2.11, if ¢,¢ € dom P( - | X) and either
P(p| X)€{0,1} or P(¢ | X) € {0,1}, then ¢ and v are independent given X.

4.5.3 Independence of a sequence of formulas

Let I be a set with |[I| > 2 and let (p; | ¢ € I) be an indexed collection of
formulas in dom P( - | X). Such a collection is independent given X (under
P) if p and ¢ are independent given X whenever ¢ € 6({¢; | ¢ € I;}) and
¥ € 0({ypi | i € Ix}), where I; and I are nonempty disjoint subsets of I.

Proposition 4.5.9. Let p,9 € dom P( - | X). Then ¢ and ¢ are independent
given X if and only if (¢,) is independent given X.
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Proof. The if direction is trivial. For the only if direction, suppose ¢ and v are
independent given X and let ¢’ € §({p¢}) and ¢’ € §({¢)}). Note that d({¢})
consists of tautologies, contradictions, and formulas that are equivalent to either
@ or —p, and similarly for 6({1}). We may assume that 0 < P(¢’ | X) < 1 and
0 < P(®' | X) < 1, so that neither ¢ nor v is a tautology or contradiction.
Clearly, ¢’ and ¢’ are independent if ¢’ = ¢ and ¢’ = 1. By Corollary 4.5.8,
¢’ and v’ are independent if ¢’ = ¢ and ¢’ = —). Repeated applications of
this result cover the cases ¢’ =~ and ¢’ = -, and ' = ~p and ¢’ =. O

Theorem 4.5.10. Let P be an inductive theory and X € ante P. If (@; | i € I)
is independent given X, then §({y; |i € I}) Cdom P( - | X).

Proof. Let Q = BFV and define A as in (4.1.2), so that A = Y, where
Y = dom P( - | X). Proposition 4.1.16 implies that A is a Dynkin system
on Q. Let U = {(pi)a | ¢ € I}. Since (p; | ¢ € I) is independent given X, it
follows that U C A. By Theorem 4.5.7, we have that U is a m-system, that is,
U is closed under pairwise intersections. Therefore, Dynkin’s -\ theorem gives
o(U) C A.

Now let o € §({g; | 7 € I}). By Proposition 4.5.2, we have pq € o(U) C A.
Hence, we may choose ¢’ € dom P( - | X) such that pq = ¢f. Since @ = BFV,
according to Remark 4.1.14, it follows that ¢ = ¢'. Therefore, by the rule of
logical equivalence, ¢ € dom P( - | X). O

4.5.4 A semantic characterization of independence

Let (S,T',v) be a probability space and I a set with |[I| > 2. For each
i €I, let A; € T. Then (A;|i€I) is measure independent in (S,T,v) if
v(Njes Ai = [lic v Aj, whenever J C I is finite. Note that this is the usual
definition of independence in a probability space. Also note that we may assume
without loss of generality that |J| > 2.

Let P be an inductive theory. Let & = (Q,%,P) be a model and suppose
P E P. Let X € ante P. Write X =Y U {¢}, where 2 F Y and Pvyq > 0.
Define the probability measure Px on (Q,%) by Px A = P A Nq/Pyq, and
let Zx = (,%,Px). Note that by Proposition 4.2.1, the model #x does not
depend on our choice of Y and .

Theorem 4.5.11. Let P be an inductive theory, X € ante P, and I a set with
|[I| = 2. Let (p; | i € I) be an indexed collection of formulas in dom P( - | X).
Then the following are equivalent:

(i) (@i | i€ I) is independent given X.

(ii) For any model &, if & E P, then ((¢i)a | i € I) is measure independent
m gzx.

(iii) There exists a model & such that P2 E P and ((p;)a | i € I) is measure
independent in Px.
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Proof. Suppose (i) holds. Assume & is a model and & F P. Let J C [
be finite with |J| > 2. Fix k € J. Let Iy = {k} and I = J \ {k}. Then
or € 6({pi 11 € I1}) and A\;cp, ¢i € 5({wi @i € I2}) are independent given X.
By (4.5.1),

P(Nicy i | X) = Pler | X)P(/\iej\{k} @i | X).

Since & E P, this implies
@X ﬂieJ(%‘)Q = @X(on)ﬁ @X ﬂieJ\{k}(%)Q-

Iterating this argument gives Px (,c;(¢i)o = [Lic;Px(¢i)o, so that the
indexed collection {(¢;)q | i € I) is measure independent in &y, showing that
(i) implies (ii).

By Theorem 4.2.6, (ii) implies (iii).

Suppose (iii) holds. For ¢ € I, let A; = (¢i)a, so that by hypothesis,
(A; | ¢ € I) is measure independent in &x. A result from measure theory tells us
that if I; and I are disjoint subsets of I, then A and B are measure independent
in #x whenever A € o({A; |i € 1}) and B € o({4; | i € I2}).

Let I; and I be nonempty disjoint subsets of I. Let U = {¢; | i € I} and
V ={pi|i€ L} Let ¢ € §(U) and ¢ € 6(V). By Proposition 4.5.2, we have
va € 0(Uq) and g € o(Vq), so that pq and ¢q are measure independent in
Px. Hence,

Px pa Na = Px pa Px . (4.5.2)
Theorem 4.5.10 implies ¢, ¢, and ¢ A ¢ are all in dom P( - | X). Since & F P,
it follows that (4.5.2) implies P(o A9 | X) = P(p | X)P(¢ | X). By Theorem
4.5.7, therefore, ¢ and 1 are independent given X. Thus, (iii) implies (i). O

Corollary 4.5.12. Let P be an inductive theory, X € ante P, and I a set with
|[I| = 2. Let {p; | i € I) be an indexed collection of formulas in dom P( - | X).
Then {(p; | i € I) is independent given X if and only if

P(/\jeJ wi | X) = HjeJP(SDj | X)
for all finite J C I.
Proof. This follows immediately from Theorems 4.5.11 and 4.2.6. O

4.5.5 Fair coin flips

In this subsection, our aim is to create an inductive theory that describes an
infinite sequence of independent flips of a fair coin.

We must first construct the language in which this will be done. Let
PV = {rk | (n,k) € Nx{0,1}}. We interpret r¥ as representing the proposition,
“The nth flip of the coin lands on k.” Here, k = 1 represents heads and k = 0
represents tails.

Our inductive theory will be built on three “axioms,” informally stated as:

(1) Each flip must land on heads or tails.
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(2) On an individual flip, the probabilities of heads and tails are each 1/2.
(3) The flips are independent.

We will enforce (1) with our choice of root, Ty. We will enforce (2) with a set
Q of inductive statements. We will enforce (3) with an inductive condition, C.
Let Ty = T'({¢}), where ¢ = A, (r% Vr}). Let

Q ={(Tv,r5,1/2) | (n,k) € N x {0,1}}.

Note that @ is connected with root Ty. Define the inductive condition C to

be the set of all inductive theories with root Ty such that <r£(n) | n € N) is
independent given Ty whenever f € {0, 1}
Recall that Q,C F (X, ¢,p) means Co NC F (X, ¢, p).

Lemma 4.5.13. The inductive condition Cqg NC is consistent.

Proof. Let & = (Q,%,P) be the model constructed in Example 4.4.5. As
shown in that example, & E T,. Hence, by Proposition 3.5.10, we have that
P =Th 2|1, T 2 is an inductive theory with root Ty. Note that
P(rf)g = vGrk = v{X, =k} = 1/2.

Hence, P(rk | To) = P(rk)q = 1/2, so that Q C P, and therefore P € Cq,.

Let f € {0,1}". Since (rﬁ(”))g = {X,, = f(n)}, it follows that <(r£(”))9 |
n € N) is measure independent in &2. Thus, Theorem 4.5.11 implies P € C, and
so P € CoNC. Hence, Co NC is nonempty, and therefore consistent. O

By Lemma 4.5.13, we may define Pg ¢ = P(Cg N C), the inductive theory
generated by @ and C. Note that Q,C F (X, ¢,p) ifand only if Pgc(¢ | X) = p.
In other words, Pg ¢ is precisely the inductive theory we are aiming for. It
contains exactly those inductive statements that can be derived from (1)—(3).

Proposition 4.5.14. The inductive condition Cq NC is determinate. That is,
PQ’C € CQ NncC.

Proof. Suppose & E CoNC. Choose P € CoNC such that & E P. Then P
is an inductive theory with root T such that @ C P and <rfl(") | n € N) is
independent given Ty whenever f € {0,1}". Let f € {0,1} and let I C N be
finite. By Corollary 4.5.12, we have P(/\,c; rlf(i) | To) = 2711, Hence, & F
(To, Nicr r{(i), 27111). By Theorem 4.2.21, we have Q,C & (Ty, A<, rzf(i), 2=,
Therefore, Pg c(A;c; r{(i) | To) = 2-11. Again by Corollary 4.5.12, this shows
that Pg ¢ € C. Taking |I| =1 shows Pg ¢ € Cq. O

Proposition 4.5.15. Let P be the inductive theory in the proof of Lemma
4.5.13. Then P = PQ7c.
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Proof. Since P € Cg NC, we have Pg¢ C ﬂCQ NC C P. For the reverse
inclusion, since P and Pg ¢ both have root 7y, it suffices to show that
P|r, CPg.clr,- For notational simplicity, let P’ = Pg c.

We first show that P'(¢ | Tp) exists for every ¢ € F. Let Y C F be
the set of all finite conjunctions of propositional variables. We claim that
Y C dom P’'( - | To). To see this, let ¢ € Y. Suppose, for some n, that ¢
contains both r? and r}. Then ¢ F r% Arl. Since r vV rl € Tp, we have
P'(xY vrl | Ty) = 1. Hence, Theorem 3.2.18 implies P'(r? Arl | Tp) = 0, and
therefore, P'(¢ | To) = 0. On the other hand, suppose that ¢ contains at most
one of r? and r}, for each n. Then p = Nicr rlf(z) for some finite I C N and some
f € {0,1}N. By the proof of Proposition 4.5.14, we have P'(p | Ty) = 271
Hence, Y C dom P'( - | Tp).

Recall that in Lemma 4.5.13, we have Q = BTV, The above shows that
Yo C A, where A = {pq | P'(¢ | To) exists}. Proposition 4.1.16 implies that A
is a Dynkin system. Since Yg is closed under pairwise intersections, Dynkin’s
7-A theorem implies that BPY = o(Yq) C A. Hence, if p € F, then ¢q € A,
so that pqo = ¢y, for some ¢’ € dom P'( - | Tp). Remark 4.1.14 gives ¢ = ¢', so
that by the rule of logical equivalence, P’(¢ | Tp) exists.

Now suppose P(¢ | Tp,%) = p. Then, by the definition of P, we have
Pyania/Pyq = p. Since P' (oA | Tp) and P’'(¢ | Ty) both exist and &2 F P/,
this implies that P'(¢ A | Tp)/P' (¢ | To) = p. From the multiplication rule,
it follows that P’(¢ | To, ) = p. O

Recall iy = =~ A, ] from Example 4.4.5, where f € {0, 1}, The function
f is simply a sequence of 1’s and 0’s. If we interpret f as a sequence of heads
and tails, then the formula 1) represents the sentence,

“The pattern of heads and tails produced by the coin is not f.”

By Proposition 4.5.15 and Example 4.4.5, we have Pg ¢ (¢ | Tp) = 1 for every
f € {0,1}. Hence, Tp, Q,C F 1, so that 1) is a logical consequence of (1)—(3),
and this is true for every f € {0, 1}V,

Classical intuition suggests that this is paradoxical, since the coin must
produce some pattern. But this classical intuition is rooted in the idea of
strict satisfiability. Indeed, Example 4.4.5 shows that there is no strict model
that strictly satisfies both T and every 9. A strict model is an assignment of
truth values to every sentence. Classical intuition thinks in terms of these truth
assignments. To remove any cognitive dissonance produced by this example,
intuition must be changed so that it thinks in terms of probability measures on
truth assignments.

4.5.6 Biased coin flips

As in the previous subsection, our aim here is to create an inductive theory that
describes an infinite sequence of independent coin flips. This time, however, we
will drop the assumption that the coin is fair.
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As before, we use the language built on PV = {rk | (n,k) € N x {0,1}},
where r¥ represents the proposition, “The nth flip of the coin lands on k.”
This time, the “axioms” of our inductive theory will be:

1) Each flip must land on heads or tails.

2) On an individual flip, the probabilities of heads and tails sum to 1.

3) Every flip has the same probability of heads, which is neither 0 nor 1.

(1)
(2)
(3)
(4) The flips are independent.

We will enforce (1) with our choice of root, Ty. We will enforce (2)—(4) with
inductive conditions.

As before, let Ty = T({¢}), where ¢ = A, (r v rl). Let Jz, be the set of
inductive theories with root Ty. Define the inductive conditions,

Co={PcTp | P(r2|Ty) + P(r} | Tp) = 1 for all n},
C,={P €Tr, | P(r} | To) = qforalln}, g¢e(0,1),
Cy={P e g | (rl(™ | n eN) is independent given Ty for all f € {0,1}}

Let C3 = qu(o 1)Cq- Then C; represents assumption (j) for 2 < j < 4. Let
C=CaNCs5NCy.

Proposition 4.5.16. The condition C is consistent, but indeterminate. That
is, Pc ¢ C. More precisely, the domain of Pc( - | Tp) does not contain any
propositional variables. Hence, Pec ¢ Ca, Pc ¢ C4, and Pe ¢ Cy for any
g€ (0,1).

Proof. Let & be the model constructed in Example 4.4.5 and let P =
Th 2 |1, 7n ). Then P € CoNCy/2NCy C€C and & F P. Hence, & F C, so
that C is satisfiable and therefore consistent.

Fix r € PV and assume P¢(r | Tp) exists. Let g9 = Pc(r | Tp). Choose
q € (0,1) such that qo ¢ {q,1 — ¢}. As in Example 4.4.5, we may construct a
model #7 such that P? = Th 29 |1, 11, 7)€ C2NCy NCy C C. Since P9 € Cy,
we have P1(r | Ty) € {q,1—q}. On the other hand, since P? € C, it follows that
Pc CNC C P, so that Pi(r | To) = qo, a contradiction. Hence, P¢(r | Tp)
does not exist. O

Proposition 4.5.16 shows that the domain of P¢( - | Tp) does not contain
any propositional variables. This domain, however, is not trivial. That is, it
contains more than just tautologies and contradictions. Recall the formulas
v = =\, rh™ where f € {0,1}Y.  As in Example 4.4.5, we can show
that P(¢¢ | Tp) = 1 for every P € C. Since P¢ |1,= (C°, it follows that
Pe(¢y | To) =1 for every f € {0,1}.

It might be tempting to think that Pe( - | Tp) is entirely deductive, in
the sense that Pc(p | To) € {0,1} whenever Pc(¢ | Tp) exists. After all, the
inductive condition C does not specify any numerical probabilities at all. What
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we will show, however, is that the opposite is true. For any p € (0,1), there is
a formula ¢ € F such that Pe(p | Tp) = p.

The intuition behind this is the following. It is possible to simulate a fair
coin flip with a biased coin. Simply flip the coin twice. If the results match, start
over. If they do not match, use the second of the two flips as the result. But
we can do this as many times as we like. So we can simulate an i.i.d. sequence
of fair coin flips. We can then use this sequence to simulate a random number
that is uniformly chosen from the interval (0, 1). Finally, we construct a formula
which asserts that this uniform random number is less than p.

Proposition 4.5.17. For any p € (0,1), there exists a formula ¢ € F such
that Pe(y | To) = p-

Proof. Fix p € (0,1). Let Q = BFY be the set of all strict models and
Y =B ={pq|pe F} Let ¢’ = A\, (r) Arl). Define YV, : @ — {0,1}
as follows. If w £ ¢ A (', then Y, (w) = 0. If w E ¢ A/, then define Y, (w)
so that w E ry* () Note that {Y,=1} = (CA{ Arh)g € . Hence, Y, is
Y-measurable.

Define 79 = 0 and

T =inf{n > 7_1 |niseven and Y, #Y,_1}.

Define Z, = 0on {1, = oo} and Z = Y;, on {7, < oo}, andlet U = > {° 27k 7.
Then U is X-measurable, which implies {U < p} € ¥. Choose ¢ € F such that
{U < p} = pq. We will show that Pc(¢ | To) = p.

Fix P € C. Let & be an arbitrary model with & E P. Define P’ =
Th 2 |1, h 2, so that P’ is a complete inductive theory with root Ty such
that P C P’. By the proof of Theorem 4.2.6, we may construct a model &’ =
(Q,%,P), where @ = BPY and ¥ = B”Y, such that P’ = Th &' |1, 71, o)

Using P € C, P C P’, and Theorem 3.2.18, we have P'({’ | Tp) = 1. Hence,
{Y,, = 1} = (r})q P-a.s. Thus, {Y,,} are i.i.d. in &’ with P{Y,, = 1} = ¢, where
q is the value satisfying P € C,. It is a straightforward exercise to verify that
{Z)} are i.i.d. with P{Z; = 1} = 1/2. Hence, U is uniformly distributed on
(0,1), which gives P'(¢ | Tp) = Ppq = P{U < p} = p.

From the definition of P’, we have & E (T, ¢,p). Since & was arbitrary,
Theorem 4.2.14 implies P + (Tp,¢,p). But P is an inductive theory, so
this gives P(¢ | To) = p. Finally, since P was arbitrary, it follows that
(To, 0, p) € NC° =P, so that Pe(p | To) = p. O



Chapter 5

Predicate Logic

In this chapter, we repeat the work we did in Chapters 3 and 4, but in the
setting of a predicate language. Most of the work in this chapter is devoted
to the deductive side of predicate logic. The development of inductive logic
requires hardly any modification from the propositional case.

The language we use is just like first-order logic, except it allows countable
conjunctions and disjunctions. It is typically denoted in the literature by L., ..
We will denote it simply by L.

In Section 5.1, we introduce the syntax of £. We define terms, formulas,
sentences, and all of their related concepts, such as subformulas, free and bound
variables, and substitutions. The set of formulas is denoted by L. As in the
propositional case, formulas are built from an alphabet of symbols. To the
propositional alphabet, we add an uncountable number of variable symbols,
and we add the logical symbol V. Unlike the propositional case, our alphabet
will not include the set PV. Instead, it will include a set of symbols L, called the
extralogical signature. The set L includes constant symbols, relation symbols,
and function symbols.

Sentences are formulas that have no free variables. For example, z > 0 is
a formula, whereas Vxx > 0 is a sentence. The set of formulas is denoted by
L, and the set of sentences is denoted by £° C £. Intuitively, a sentence says
something. It can be meaningful and have a truth value. On the other hand,
a formula is ambiguous. It could mean many different things, depending on
the values assigned to its free variables. As such, it cannot have its own truth
value. Predicate logic is concerned with sentences. In fact, both deductive and
inductive theories consist exclusively of sentences. As such, our models and
our inferential calculi should deal directly with £°. In the inductive case, that
is exactly what we will do. In the deductive case, however, we do something
different. In that case, it will be easier for us to build models and inferential
calculi for £. When we do so, we will treat free variables as if they are constant
symbols.

Section 5.2 is concerned with inferential calculus in predicate logic. The
bulk of this section is devoted to a system of natural deduction for deductive
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inference in £. We present this system, prove that it is o-compact, and then
show how it connects to inference in £°. We discuss the inductive calculus,
which carries over almost entirely unchanged from Chapter 3. Finally, we give
a Hilbert-type calculus for deductive inference. Specifically, this is the calculus
used by Carol Karp in [16].

In Section 5.3, we present the semantics of predicate logic. As before, the
majority of the section is given to deductive semantics. Inductive semantics
carry over from Chapter 4 with very little modifications. In predicate logic,
sentences are given meaning by interpreting them in a structure. A model
will be a probability measure on a set of structures. Using this, we will
define satisfiability and the consequence relation, then prove o-compactness,
soundness, and completeness.

Section 5.3 also contains the theory of Peano arithmetic in the infinitary
setting. We present the usual theory from first-order logic, as well as two
different extensions to the infinitary language £°. That is, we define three
theories, PAg, € PA_ C PA. The theory PAg, is the usual theory of Peano
arithmetic in first-order logic. The theories PA_ and PA are extensions to £°.
The first extension, PA_, is conservative, in the sense that every sentence in
PA_ \ PAg, is purely infinitary. In other words, in PA_, we cannot deduce
any new first-order sentences that we could not already deduce in PAg,. This
is because PA_ and PAg, have the same axioms. In particular, even in PA_,
we can only do induction on finitary formulas. The second extension, PA, is
stronger. There, we allow induction on infinitary formulas. In doing so, we
find that PA completely characterizes the natural numbers. That is, every true
sentence about arithmetic is provable in PA.

Finally, in Section 5.4, we connect inductive logic to the measure-theoretic
concept of a random variable. As described in Section 1.9, we will be forced
to deal with an issue we call “the relativity of randomness.” We will do so
by introducing and discussing “frames of references.” The connection between
inductive logic and random variables will allow us to show that a measure-
theoretic probability model—that is, a probability space, together with a
collection of random variables—is a special case of a model in inductive logic.
In other words, measure-theoretic probability is embedded in inductive logic. In
fact, this embedding is proper. As we will see in Example 5.4.8, inductive logic
is capable of expressing things that cannot be expressed in measure-theoretic
probability.

5.1 The syntax of predicate formulas

In this section, we present the predicate language £. We describe the alphabet,
and the rules for constructing terms, formulas, and sentences. In Karp’s original
construction of £ (see [16]), formulas are countably long strings of symbols. Our
construction follows [18] instead, building up formulas out of sets.
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5.1.1 The alphabet and terms

Let L be an extralogical signature. Recall the convention that, unless otherwise
stated, ¢ denotes a constant symbol, r a relation symbol, and f a function
symbol with arity n > 1.

Let Var = {z, | @ < w1} be an uncountable set of symbols. The symbols
in Var are called individual variables. Unless otherwise stated, letters such as
u, v, x,y, z will denote distinct individual variables.

We define an alphabet, A = LU Var U {—, \,V,=}. Let S = Sy, denote the
set of (finite) strings over A. We use boldface for the symbol, =, to distinguish
it from the ordinary equal sign. For instance, £ = ¢y = ®; means that £ is
equal to the length-3 string, ¢y = x;. Parentheses are not part of our alphabet,
but we may sometimes add them for readability. For example, the above might
be written as £ = (g = @1) to further emphasize the distinction between =
and =. We may also write £ : &y = 1, as another way to improve readability.

Definition 5.1.1. The set of terms in L, denoted by 7 = 7T, is the smallest
subset of S such that

(i) VarC T,
(ii) ¢ € T for all constant symbols ¢ € L, and
(iii) if f € Lis an n-ary function symbol and t1,...,t, € T, then ft;---t, € T.

Unless otherwise stated, letters such as s and ¢ will denote terms. Individual
variables and constant symbols are called prime terms. A term is called
compound if it is not prime. Terms of the form in (iii) are called function
terms. Note that every compound term is a function term.

Also note that terms have the same definition here as they do in first-order
logic. Hence, they have all the same properties. For instance (see [28, Section
2.2]), the unique term concatenation property says that if t1---t, = s1-- s,
then n = m and t; = s; for all i. Also, the unique term reconstruction property
says that if fty---t, = fs1---s,, then t; = s; for all 4.

When convenient, we will adopt the notation =t ---t, for a concatenation
of terms. We also adopt shorthand to improve the readability of terms. For
example, suppose z,y,z € Var, and let + and o be binary operation symbols.
Then t = +ay is a term, and otz = o4axyz is a term. This latter term is
especially difficult to read, and we would typically write it as (z + y) o z. Note
that parentheses are not symbols in our alphabet; this is simply shorthand. We
also adopt this shorthand for relations, so that <xy would be written as z < y.

Definition 5.1.2. For ¢t € T, the set vart C Var is defined recursively as
follows:

(i) if ¢ € L is a constant symbol, then varc = {),
(i) if z € Var, then varx = {x}, and

(iii) var ftq---t, =vart; U---Uvart,.
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Intuitively, var ¢ is the set of individual variables occurring in ¢. By induction
on t, it can be shown that vart is countable for all ¢t € 7. If vart = (), then we
call t a ground term, or constant term.

Definition 5.1.3. For ¢t € T, the set sym¢ C L is defined recursively as follows:
(i) if ¢ € L is a constant symbol, then symc = {c},
(ii) if € Var, then symz = ), and
(iii) sym fty---t, = {f}Usymt; U---Usymt,.

Intuitively, sym ¢ is the set of extralogical symbols occurring in ¢. Note that
symt is also countable. In addition, we define

cont = {c € symt | ¢ is a constant symbol},

which denotes the (countable) set of constant symbols occurring in ¢.

5.1.2 Formulas

A string ¢ € S is an equation if ¢ = (s = t), where s,t € T. A string p € Sisa
prime (or atomic) formula if it is an equation or if it has the form ¢ = rt1 - - - 4,
where r € L is an n-ary relation symbol and ¢1,...,t, € T.

Note that prime formulas have the same definition here as they do in first-
order logic. Hence, they have all the same properties. For instance (see [28,
Section 2.2]), the unique prime formula reconstruction property says that if
rt1--+tp, = TS1---Sp, then t; = s; for all 7. Also, terms do not contain the
symbol =. Therefore, if (s =t) = (s’ =t'), then s = and t =¢'.

We will define the set of formulas so that a formula is a finite tuple, where
each element in the tuple is either a symbol from our alphabet, a formula, or a
countable set of formulas.

Let Sy denote the set of prime formulas. For an ordinal o < w1, let

S;:Sau{<_‘790> | €S} U{(V,2,0) |z € Var,p € S,}.

As with strings, when writing tuples such as these, we will typically omit the
commas and angled brackets, so that, for instance, Ve = (V, z, ).
We then define

Sat1 =8, U{(A\,®) | ® C S, is nonempty and countable}.

Here, countable means finite or countably infinite. As above, we will typically
write A @ as a shorthand for ordered pairs of this type.

In the case that « is a nonzero limit ordinal, we define S, = [, Se.
Finally, we define £ = L, o = U(Km1 Sa. Note that S, C Sz whenever a < f3.
An element ¢ € L is called a formula. A formula ¢ is called a literal if o = 7
or ¢ = - for some prime formula 7.
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Theorem 5.1.4 (Unique formula reconstruction property). If ¢ is a
formula that is not prime, then exactly one of the following holds.

(i) There exists a unique ¥ € L such that ¢ = —p.
(i) There ezists a unique x € Var and a unique ¢ € L such that o = Vxi.
(iii) There exists a unique ® C L such that o = \ .

Proof. Let ¢ € L and assume ¢ is not prime. Let 5 be the smallest ordinal such
that ¢ € S. Since ¢ is not prime, 8 > 0. Since ¢ ¢ S¢ for all £ < f, it follows
that § is not a limit ordinal. Therefore, 5 is a successor ordinal, and we may
write 8 = o+ 1. Since ¢ ¢ S, we have

pe{(m¥) ¢ eSa}U{(V,z,¢) |z € Var,yp € S}
U{(A\,®) | ® C S/, is nonempty and countable}.

Note that the above union is a disjoint union. Hence, ¢ is in exactly one of the
above three sets. O

Let Lg, denote the smallest subset of £ that satisfies
(i) prime formulas are in Lgy,
(ii) if ¢ € Lg, and x € Var, then —p € Lg, and Vzy € Lg,, and
(iii) if ® C Ly is nonempty and finite, then A ® € Lay,.

Formulas in Lg, are said to be finitary. The set Lg, is, in fact, the set of
formulas used in first-order logic. The reader can consult any introductory text
on mathematical logic for the basic properties of Lg, and its corresponding
syntax and semantics. When necessary, we will cite [28] for this purpose.

We adopt all the same shorthand as in the propositional language F, except
for the definitions of falsum and verum, which will be given later in Section 5.2.5.
In addition, we also use the shorthand Jzp = —=V—p and (s # t) = =(s = t).
We may also write Va2 - - -z, or VZ instead of Vz1Vxs - - - Va,. If > is a binary
relation symbol, we will write

(Vx> t)p =Va(z >t — @),
Bx>t)p=Tx(z>tAp),

and similarly for #. In Section 5.1.5, after introducing substitutions, we will
give shorthand for 3!, the unique existential quantifier.

The set of formulas £ depends on the extralogical signature L. We may
sometimes emphasize this fact in our notation. For example, if L = {o,e}, we
may write £ = L{o,e}. We may also write Sy and T instead of S, and Ty.
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5.1.3 Formula induction and recursion

The proof of Theorem 3.1.1 carries over with minor modification to give us the
following.

Theorem 5.1.5 (The principle of formula induction). The set of formulas,
L, is the smallest set that satisfies the following:

(i) prime formulas are in L,
(i) if ¢ € L and x € Var, then —p € L and Vxp € L, and
(iii) if ® C L is nonempty and countable, then \ ® € L.

Given ¢ € L, we define Sfo C L, the set of subformulas of ¢, by
formula recursion. Namely, St = {x} if 7 is prime, Sf ¢ = {—¢} U Sfo,
SEA® = {A 2} UU,cq St e, and StVzp = {Vzp} USEep. It follows by formula
induction that Sf ¢ is countable for every ¢ € L.

Given ¢ € L, we define lenyp € N U {oo}, which we call the length of ¢,
by formula recursion. If ¢ is prime, then ¢ is a finite, nonempty string of
symbols from our alphabet A. In this case, let len be the length of this
string. We then extend this by len—¢ = 1+ len¢p, lenVzy = 2 + lenp, and
len A\® =1+ cglenyp. Note that if ¢ has a subformula of infinite length,
then ¢ has infinite length. Also note that ¢ € Lg, if and only if len ¢ < co.

Given ¢ € L, we define the ordinal rk ¢, called the rank of y, by formula
recursion. Namely, tkm = 0 if 7 is prime, tk—¢ = rkp + 1, Tk A® =
(Upeatk ) + 1, and rkVazyp = rke + 1. Note that rke = 0 if and only if
o is prime, and rk ¢ is a successor ordinal whenever ¢ is not prime.

5.1.4 Variables and symbols

Definition 5.1.6. For ¢ € L, the set varp C Var is defined recursively as
follows:

(i) vars =t = vars U vart,
(ii

)

) varrty -+ t, = vart; U---Uvart,,
(iii) var —p = var ¢,

)

)

(iv) var A @ = eq varg, and

(v

Intuitively, var ¢ is the set of individual variables occurring in ¢. It follows by
formula induction that var ¢ is countable for every ¢ € L. In other words, even
though Var is uncountable, any given formula will only make use of countably
many individual variables.

Given ¢ € L, we define bndp C Var, the set of bound variables in ¢,
by formula recursion. Namely, bndw = () if 7 is prime, bnd —¢ = bndp,

varVzyp = var o U {z}.
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bnd A® = U cpbndyp, and bndVae = bndep U {z}. Intuitively, bnd¢p is
the set of variables x such that the prefix Vx occurs in . If bnd ¢ = ), then ¢
is quantifier-free.

Given ¢ € L, we define the set of free variables in ¢, denoted by free @,
by formula recursion. Namely, freem = varz if 7 is prime, free =p = free p,
free A @ = U, cq freep, and free Vap = free p \ {z}. Intuitively, free ¢ is the set
of variables in ¢ that are not associated with a quantifier. For X C L, we define
free X' =, ¢ x free p.

Strictly speaking, bnd and free p need not be disjoint. For example,
suppose

p=(x<yAVzdyx +y =0).

Here, < is a binary relation symbol and 0 is a constant symbol. In this formula,
the first occurrences of = and y are both free, whereas the others are bound.
Hence, bnd ¢ = free p = {z,y}. Once we move beyond the syntax of formulas
and establish their logical relationships, we will see that ¢ is logically equivalent
to

¢ =(x<yAVuTvu+v=0).

In this formula, bnd ¢’ = {u, v} and free ¢’ = {x, y}, so that bnd ¢’ and free ¢’
are disjoint. In general, given any formula ¢, there is a logically equivalent ¢’
with bnd ¢’ N free ' = @). Hence, for most purposes, we may assume that no
variable is both bound and free.

A sentence, or closed formula, is a formula ¢ such that free p = (). The set
of sentences is denoted by £°. The set of finitary sentences is £ = £ N L.
Note that £2  is the set of sentences used in first-order logic. An open formula
is a formula that has one or more free variables.

If x1,...,2, € Var are distinct, we will write ¢ = p(21,...,2,) or ¢ = p(T)
to mean that free C {x1,...,z,}. Similarly, for t € T, we write t = ¢(Z) to
mean that vart C {x1,...,2,}.

Definition 5.1.7. For ¢ € L, the set symy C L is defined recursively as
follows:

(i) syms =t = syms Usymt,
(i) symrty---tn, = {ryUsymity U---Usymi,,
(ifi) sym—p = sym,
(iv) sym A @ = U,cq symep, and
)

(v

Intuitively, sym ¢ is the set of extralogical symbols occurring in ¢. Note
that sym ¢, like var ¢, is also countable. In addition, we define

sym Ve = sym .

cony = {c € symy | ¢ is a constant symbol},

which denotes the (countable) set of constant symbols occurring in ¢.
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5.1.5 Substitutions

A substitution is a function o : Var — T. Such a function can be extended to
o:T =T by ¢ =cand (ft)7 = ftJ--- ft%. Given ¢ € L, we want to define
7 € L so that ¢7 denotes the result of substituting for every term ¢ in ¢ the
new term t°. We do this by transfinite recursion on the rank of .

Suppose ¢ € L is prime. Then ¢ = (s = ¢) or ¢ = 1ty ---t,. In the first
case, we define 7 = (s7 = t?). In the second case, we define ¢7 = rt{ - 7.
In this way, we have defined the map o +— ¢ for every ¢ € £ with rtky = 0.

Let a be a nonzero ordinal and assume o +— ¢ has been defined for every
p € L with tky < a. Fix ¢ € £ with tk¢ = «. By the unique formula
reconstruction property, one of the following holds:

(i) ¢ =, where k¢ < «,
(ii) ¢ = A ®, where 1k < « for all § € @, or
(iii) ¢ = Va1, where k¢ < .

In the first two cases, define 7 = =7 and p7 = A\, 4 07, respectively. In the
third case, define ¢p° = Vay)™, where 7 : Var — T is the substitution defined
by 27 = z and y” = y” whenever y # z. By transfinite recursion on rk ¢, this
defines o — 7 for all p € L.

If £ € Var and t € T, we use the notation t/z to denote the substitution
o : Var — T defined by 27 =t and y° = y for y # x. We read t/x as “t for z”
and write ¢ as p(t/x). This is extended in the natural way for ¥ = (z1,...,2,)
and £ = (t1,...,t,).

Note that, in general, o(t1ta/x122) # ©(t1/x1)(t2/22). For example, if
© =1 < X, then p(zomy/x122) = T2 < 1, but (ze/x1)(21/22) = 21 < 7.

Proposition 5.1.8. Let s,t € T and x € Var. Then
var s(t/z) C (vars\ {z}) Uvart.

Proof. We prove this by induction on s. If s = xz, then s(t/x) = ¢, so
var s(t/x) = vart, and the result holds. If s = y, where y # z, or s = ¢,
then s(t/x) = s and x ¢ vars. Hence, var s(t/x) = vars = var s \ {z}, and the
result holds.

Now suppose the result holds for t¢y,...,t,, and let s = ft;---t,. Let
t; =t;(t/x), so that vart, C (vart; \ {z}) Uvart and s(t/z) = fti---t,. Then

var s(t/x) = U;L:l vart}
C U (vart; \ {z}) Uvart
= ((UiZy vart;) \ {z}) Uvart

= (vars\ {z}) Uvart,

and the result holds. O
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Proposition 5.1.9. Let p € L, x € Var, andt € T. Then
free p(t/x) C (freep \ {z}) Uvart.

Proof. We prove this by induction on ¢. An argument like the one in the proof
of Proposition 5.1.8 covers the cases where ¢ is prime, p = =), and ¢ = A P.
Suppose ¢ = Vap. Then freep = freet \ {z}. In particular, z ¢ freep.
Moreover, p(t/z) = ¢, so that free p(t/z) = free ¢ = free ¢ \ {2}, and the result
holds.

Now suppose ¢ = Vyi, where y # x. Then o(t/x) = Vyu(t/x), and
free p(t/z) = freeyp(t/x) \ {y}. Assume z € freep(t/z), but z ¢ (freep \
{z}) Uvart. Then z € freey)(t/x) and z # y. By the inductive hypothesis,
the result holds for ¢). Hence, z € (freey) \ {z}) Uvart. But z ¢ vart. Thus,
z € freet and z # x. Since free p = free ) \ {y}, we have z € free p. It follows
that z € freep \ {z}, a contradiction. O

Corollary 5.1.10. If p(x) € L and t is a ground term, then o(t) € LO.

Proof. Let ¢(x) € L and let ¢t be a ground term. Then freey C {z} and
vart = (. By Proposition 5.1.9, we have free p(t) = 0, so that p(t) is a
sentence. O

Using substitutions, we introduce the shorthand,

g = Jzp AVzy(p A p(y/z) = =y),

where y ¢ var ¢.

5.2 Predicate calculus

In this section, we define both the deductive and inductive derivability relations.
As in the propositional case, we will denote them both by . We begin with the
deductive case. As described in Section 5.2.6, the inductive case will require no
modification from its presentation in Chapter 3.

For deductive derivability, we wish to define a relation F from 3 £° to £°
such that X F ¢ captures what it means to say a sentence ¢ can be logically
deduced from the sentences in X. Our aim here is to do this through natural
deduction, as we did in Section 3.1.2 for the propositional language F. We
will keep all the rules in Definition 3.1.3, and add two rules each for V and =.
Ideally, we would like our new rules to be the following:

1. if X FVzp(z) and ¢ is a ground term, then X F o(t),
2. if ¢ ¢ con(X Up(z)) and X F ¢(c), then X F Vap(x),
3. Ft =1 for all ground terms ¢, and

4. if X F s =t,0(s), then X F (t).
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The problem with these rules is (2). We may not have enough constants in
our language to ensure there exists a ¢ ¢ con(X U ¢(z)). As shown later
in Proposition 5.2.16, we can always add constants to our language without
affecting derivability. But until that can be established, these rules will not be
easy to work with.

We therefore take a slightly different approach. We define the derivability
relation from P L to L. That is, we allow ourselves to use open formulas in our
derivations. In an open formula, we will treat free variables like constants.
In this way, every language will effectively have an uncountable number of
constants available for use in (2). This still doesn’t fully resolve the problem,
since X itself can be uncountable. But in Theorem 5.2.11, we will prove o-
compactness, so that we need only consider countable X.

Reasoning with sentences, however, is our primary concern in the bulk of
what we want to do. Both deductive and inductive theories consist entirely of
sentences. As such, after presenting our system of natural deduction and proving
o-compactness, we will look at expanding our language by adding additional
constants. This will give us two ways to connect our natural deduction to
reasoning with sentences. These are presented in Propositions 5.2.17 and 5.2.18.

We then define deductive and inductive theories, and finally finish the section
with a presentation of a Hilbert-type calculus. This is the calculus used by Karp
in [16], and we will need it in order to apply her completeness result in the setting
of predicate logic.

By allowing open formulas, however, we introduce a new problem. Suppose
L = L{o, e}, where o is a binary operation symbol and e is a constant symbol.
Let o(x) = Jyx # y and t = yoe. Then p(t) = Jyyoe # y. If we interpret
these formulas in group theory, where e is the group identity and o is the group
operation, then Vrp(z) = VaIyx # y is a true sentence in every group that
has more than one element. And yet, the sentence (t) is always false in that
context. Hence, Vzp(z) cannot logically imply ¢(t). This would not violate
(1), because t is not a ground term. But when we remove that restriction on ¢,
this will become a problem. The issue is that the variable y € vart is a bound
variable in ¢, so after the substitution, it becomes bound. If free variables are
to be treated as constants, then variables inside terms must become free after a
substitution. To ensure this, we will need to avoid substitutions that “collide”
with bound variables.

5.2.1 Free substitutions

Let ¢ € L, ( € Sfp, and = € Var. We say that ¢ is in the scope of Vx in ¢
if there exists ¥ such that Vxy € Sf o and ¢ € Sf. We say that  has a free
occurrence of x in @ if x € free ¢ and ( is not in the scope of Vz in ¢. Note that
if o' € Sfp, ¢ € Sf¢’, and ¢ has a free occurrence of = in ¢, then ¢ has a free
occurrence of z in .

Proposition 5.2.1. If ¢ has a free occurrence of x in @, then x € free .
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Proof. If ( = ¢, the result is immediate, so assume ¢ # ¢. Then ¢ is not prime,
so we may write ¢ = —¢’, o = AP, or ¢ = Vy¢'. By induction on ¢, we may
assume the result is true for ¢’ and for all § € .

In the first case, ¢ € Sf¢’, so ¢ has a free occurrence of z in ¢’. Hence,
x € freeyp’ = freep. In the second case, ¢ € Sf6 for some § € ®. Thus,
x € free @ C free p. Similarly, in the third case, we get x € free ¢’. But ( is not
in the scope of Va in ¢, so y # . Hence, free p = free ¢’. O

Let x,y € Var and ¢ € L. We say that y is not free for x in @ if there exists
¢ € Sf ¢ such ( is in the scope of Yy in ¢ and ¢ has a free occurrence of x in .
Otherwise, y is free for x in . For t € T, we way that t is free for x in p if y
is free for = in ¢ for all y € vart. More generally, a substitution o is free for ¢
if 7 is free for x in ¢, for all x € Var.

Proposition 5.2.2. Ifbndp N (vart\ {x}) = 0, then t is free for x in p. In
particular, y is free for x in @ if y = x or y ¢ bnd ¢.

Proof. Suppose t is not free for x in ¢. Then there exists y € vart such that a
free occurrence of x occurs inside the scope of Vy. In particular, we must have
y #x and y € bnd ¢, so that y € bnd ¢ N (vart \ {z}). O

Proposition 5.2.3. Let y ¢ var ¢ and ¢ € St o(y/x). If ¢ has a free occurrence
of y in o(y/x), then ¢ is not in the scope of Vx in p(y/x).

Proof. The proof is by induction on ¢ and follows the same lines as the proof
of Proposition 5.2.1. O

Corollary 5.2.4. If y ¢ var @, then x is free for y in o(y/x).

Proof. Suppose x is not free for y in p(y/x). Then there exists ¢ € Sf p(y/x)
such that ¢ is in the scope of Vz in ¢(y/x) and ¢ has a free occurrence of y in
»(y/z). But this contradicts Proposition 5.2.3. O

5.2.2 Natural deduction

Definition 5.2.5. The derivability relation, denoted by I or ., is the smallest
relation from P L to L satisfying (i)—(vi) in Definition 3.1.3, as well as the
following:

(vil) if X FVzp, then X F ¢(t/x) when t is free for x in ¢,
(viii) if z ¢ free X and X F ¢, then X F Vap,

(ix) Ft=tforall t € T, and

(x) if X Fs=1t,0(s/z), then X I ¢(t/x) when s and ¢ are free for z in .
Since z is always free for x in @, (vii) implies

(vii)" if X FVap, then X F .
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Remark 5.2.6. If X b, ¢ and £ C £/, then X ./ ¢. To see this, let £ C L’
and define H' = NP L x L). Since H satisfies (i)—(x) for £, we have - C .

Remark 5.2.7. The finitary derivability relation is the smallest relation Fgy
from P L, to Lan such that conditions (i)—(x) from Definition 5.2.5 hold, with
the exception that in (iii) and (iv), we require ® to be finite. The finitary
derivability relation is a typical natural-deduction calculus for first-order logic.
Clearly, g, € F. As we will see in Proposition 5.3.15, if X C Lg,, ¢ € L,
and X F ¢, then X Fgy, . In other words, when restricted to finitary formulas,
infinitary calculus cannot produce any new inferences beyond those already
available in first-order logic.

The proof of Proposition 3.1.8, which is based on (i)—(vi), is still valid
here. Throughout the rest of this chapter, unless otherwise indicated, we
will use lowercase Roman numerals refer to Definition 5.2.5 and letters refer
to Proposition 3.1.8.

Proposition 5.2.8 (Bound renaming). For any ¢ € L and y ¢ varp, we
have Vzo F Yy o(y/z) and Yy o(y/z) F Vzo.

Proof. If y = x, the result follows from (i). Assume, then, that y # x. Since
y ¢ var, it follows from (vii) that Vay - ¢(y/x). Hence, by (viii), we have

Vap By o(y/).

Let ¢ = p(y/x). Corollary 5.2.4 implies that x is free for y in ¢’. Hence,
by (vii), we have Yy’ F ¢'(z/y) = ¢. But = ¢ freeVyy', so (viii) implies
Yye' F V. O

Remark 5.2.9. Bound renaming gives us the following alternate to (viii):
(viil)" if y ¢ free X Uvar ¢ and X F ¢(y/z), then X F Vao,

To see this, suppose y ¢ free X Uvary and X F ¢(y/x). Then (viii) implies
X F Yy p(y/z) and Proposition 5.2.8 gives Vy p(y/x) - V.

We now prove o-compactness. In the predicate case, the theorem is stronger,
in that we can not only pass to a countable subset of formulas. We can also pass
to a countable subset of extralogical symbols. We begin with the basic version,
which is the analogue of the propositional version.

Proposition 5.2.10. Let X C L and ¢ € L. Then X + ¢ if and only if there
ezists a countable subset Xog C X such that Xg F .

Proof. As in the proof of Theorem 3.1.10, we will prove that the following are
equivalent:

X o, (5.2.1)
there exists countable Xy C X such that AXp - ¢, and (5.2.2)
there exists countable Xy C X such that Xg F . (5.2.3)
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The proof of Theorem 3.1.10 carries through to show that (5.2.2) implies (5.2.3),
and (5.2.3) implies (5.2.1). Define I’ so that X F ¢ if and only if X F ¢ and
(5.2.2) holds. Since Lemma 3.1.9 is still valid for -, the proof of Theorem 3.1.10
shows that (i)—(iv) hold for F'. Tt is straightforward to verify that ' satisfies
(vil)—(x). O

Theorem 5.2.11 (o-compactness). Let X C L and ¢ € L. Then X b, ¢ if
and only if there exist countable Xo C X and Lo C L such that Xo ., .

Proof. The if direction follows from (ii) and Remark 5.2.6. For the only if
direction, define H C PL x L by X F ¢ if Xg kg, ¢ for some countable
Xo C X and Lo C L. It suffices to show that ' satisfies (i)—(x).

Suppose ¢ € L. Let Ly = symy. Then Ly C L is countable, and by (i) for
Lo, we have ¢z, ». Thus, ¢ H ¢, and H satisfies (i).

Let ® C £ be countable and suppose X ' 0 for all § € . For each § € P,
choose countable Xy C X and Ly C L such that Xy ., 0. Let Xy = U9e<1> Xy
and Lo = (Jyeq Lo, both of which are countable. Remark 5.2.6 implies Xg 1, 0
for all # € ®. Hence, by (ii) for Ly, we have X k¢, 0 for all € ®. Therefore,
by (iv) for Ly, it follows that Xy Fo, A ®. Thus, X ' A ®, and I satisfies
(iv).

The proofs of (ii), (iii), and (v)—(x) are similar. O

Since they are based on (i)—(vi), Propositions 3.1.11 and 3.1.12 hold here as
well.

We finish this subsection with a result that we will need later. A wvariable
permutation is a bijection 7 : Var — Var. We extend a variable permutation
tom: T — T by ¢™ = cand (fty---t,)™ = ftT---tT. For ¢ € L, we
define ™ by (s = €)™ = (s™ = ™), (rt1---t,)" = rt7 -7, (=)™ = -7,
(A®)™ = Ayea ¢ and (Vap)™ = VzT™.

Proposition 5.2.12. If 7 is a variable permutation, then X & ¢ if and only if
XTF ™.

Proof. Define ' by X H ¢ if X ¢ and X™ 7. It is straightforward to
verify that ' satisfies (i)—(x). Hence, X ¢ implies X™ - ©™. Applying this
result to 7! gives the converse. O

5.2.3 Constant expansions

We now connect our deductive system back to sentences. To do this, we will
need to expand our language by adding additional constant symbols.

Let L be an extralogical signature with corresponding language £. Let C
be a set of constant symbols. Then £C denotes the language corresponding to
the extralogical signature L U C. If C' = {c}, then we write Lc for LC. The
language LC' is called a constant expansion of L.

Let C be a countable set of constant symbols. A C'-substitution is an injective
function o : C' — Var. Given a C-substitution, we extend it to o : Tp,c — Var
by 22 = z, ¢ = c for ¢ ¢ C, and (fty--t,)T = ft7---tn. Define pZ
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recursively by (s = )2 = (sZ = t2), (rty -+ tn)% = rt7 - 17, (7p)Z = —pZ,
(A®)T = A co ¢% and (Vzp)® = Vap?. Intuitively, ¢ and ¢ are obtained
from ¢ and ¢, respectively, by replacing each occurrence of ¢ € C with ¢Z. For
X C L, welet X2 = {pZ | ¢ € X}. Note that if X C LC, then X< C L.
For V' C Var, we say that o avoids V if ¢Z ¢ V for all ¢ € C. Since Var is
uncountable, given any countable Vy C Var, there exists a C-substitution that
avoids Vp. By term induction, it is easy to see that s(t/z)Z = sZ(tZ/x) when o
avoids z. Using this and formula induction, we have ¢(t/x)% = ¢Z(t2/x).

If ¢ is a constant symbol and y € Var, we use the notation y/c to denote
the {c}-substitution ¢ defined by ¢ = y. We read y/c as “y for ¢’ and
write ¢Z as o(y/c). In this case, the identity p(t/x)€ = pZ(t2/x) becomes
p(t/x)(y/c) = ¢ (t'/x), where t' =t(y/c) and ¢’ = p(y/c). This is extended in
the natural way for ¢= {(c1,...,¢,) and & = (x1,...,2,), provided the ¢;’s and
the x;’s are distinct.

Proposition 5.2.13. If ¢ and ¢’ both avoid var ¢, then there is a variable
permutation such that 2 = (¢Z)™. In particular, Fr ©Z if and only if Fr @< .

Proof. Since C' is countable and both ¢ and ¢’ are injective, we may choose a
bijection 7 : Var — Var such that m o 0 = ¢’ and 2™ = z for all x outside the
ranges of o and o’. We prove that ¢ = (¢2)™ by induction on ¢. The proof
is entirely straightforward except for the inductive step ¢ = Vxi. For this, let
@ = Va1p and assume g and ¢’ both avoid varp. Then ¢ and ¢’ both avoid
var 1, so by the inductive hypothesis, 12 = (¢2)™. Since g and ¢’ avoid var ¢,
we have ™ = x. Thus,

(%)™ = (Vap?)™ = Va™ (%)™ = Vay? = 7.
For the final result, we apply Proposition 5.2.12. O

Proposition 5.2.14. Let X C LC and p € LC. If g and ¢’ are C-substitutions
that both avoid var X U {p}, then X2, o2 if and only if X< Fr 2 .

Proof. Suppose XZ b, ¢Z. Choose countable X C X such that X5 . (2.
Let ¢ = A Xo. Since ¥& = Aycx, 0% and (¢ — @)% = & — %, we have
Fr (¥ — ¢)2. But ¢ and ¢’ both avoid var(yp — ¢). Hence, by Proposition
5.2.13, we have k. (¢p — ga)gl, which implies X< . 909/. Reversing the roles
of o and ¢’ gives the converse. O

Proposition 5.2.15 (Constant elimination). Let C be a countable set of
constant symbols and suppose X bFrpc @. Then there exists a countable set
Xo € X such that Xog Freo @ and Xg Fr ©% whenever g is a C-substitution
that avoids var XoU{p}. In particular, if o avoids var X U{p}, then X< ¢ ¢Z.

Proof. Define - CPLC x LC by X H ¢ if X o ¢ and there exists countable
Xo C X such that Xo Fzo ¢ and X5 Fz 92 whenever o avoids var Xo U {¢}.
It suffices to show that H satisfies (i)—(x).

It is immediate that (i) and (ii) hold. For (iii), suppose X ' A ®. Choose
countable Xy C X such that Xo bFpo A® and X5 Fz (A®)T = Ayeo 0%
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whenever g avoids var XoU{/A ®} = var XoU®. Now fix § € &. Then Xy b, 0
and Xg . 62 whenever g avoids var Xo U ®. Suppose g avoids var Xy U {6}.
Since var XoU @ is countable, we may choose ¢’ that avoids var Xo U ®. Since o
and ¢’ both avoid var X U {0}, the inductive hypothesis and Proposition 5.2.14
give X§ Fr 62. Therefore, X ' 6 and F satisfies (iii). The proofs for (iv)—(vi)
are similar.

For (vii), suppose X F Vzp and let ¢ be free for z in ¢. Choose countable
Xo C X such that Xy + Vzp and X7 + (Vzp)? = Ve whenever g avoids
var X U {Vze¢}. Now let g avoid var X U {¢(t/z)}. As above, by Proposition
5.2.14, we may assume ¢ also avoids both var Xy U {Vz¢} and vart. Then by
hypothesis, X5 b (Vzp)Z = Vap2.

We now show that tZ is free for x in <. Suppose not. Then there exists
y € vartZ such that a free occurrence of z in % occurs within the scope of Vy
in pZ. But ¢ avoids z, so every occurrence of x in ¢< is an occurrence of x in
. Also, by the definition of C-substitutions, any occurrence of the quantifier
Yy in pZ is an occurrence of Yy in ¢. Hence, there is a free occurrence of x in
o that occurs within the scope of Vy in . Since ¢ is free for z in ¢, we must
have y ¢ vart. On the other hand, since Yy occurs in ¢, we have y € var p.
Therefore, o avoids y. It follows that y ¢ vartZ, a contradiction.

Since tZ is free for z in ¢Z and X7 + VzeZ, it follows from (vii) that
X5 F oZ(t%/z). But ¢Z(t2/x) = @(t/z)Z, so that X5 b o(t/x)2, showing
that H satisfies (vii). The proofs of (viii)—(x) are the similar. O

Proposition 5.2.16. Let LC be a constant expansion of L. Let X C L and
pe L. Then X Fr ¢ if and only if X Fro .

Proof. The only if direction follows from Remark 5.2.6. For the if direction,
suppose X F,c ¢. By Theorem 5.2.11, we may choose countable Xy C X and
Lo C LUC such that Xg bz, ¢. Let Cy = (Lo N C) \ L denote the constant
symbols that are in Ly but not in L. Then Cj is countable and Ly C LCj.
Hence, by Remark 5.2.6, we have Xy k., ¢. Let g be a Cyp-substitution that
avoids var Xo U {¢p}. Proposition 5.2.15 gives us X tz ¢%. But symy C L,
so Cp Nsyme = P. In other words, none of the constants in Cy appear in .
By induction on ¢, it follows that ¢ = ¢. Similarly, X5 = X,. Therefore,
Xo Fr ¢, which gives X . ¢. O

5.2.4 Deduction with sentences

Using constant expansions, we can connect derivability back to sentences in two
ways. The first is to verify the four rules given at the beginning of this section.

Proposition 5.2.17. The derivability relation in L, when restricted to
sentences, satisfies (i)—(vi) in Definition 3.1.3, as well as the following:

(vii)? if X FVxp(x) and t is a ground term, then X F o(t),

(viii)° if ¢ ¢ con(X U p(z)) and X Fr. ¢(c), then X + Vap(x), and
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(iz)° =t =t for all ground terms t,
(x) if X Fs=t,0(s), then X F ¢(t).

Proof. Since | satisfies (i)—(vi) and £ is closed under negation and conjunction,
F still satisfies (i)—(vi) when restricted to sentences. Suppose X F Vxp(z) and
t is a ground term. Then ¢(t) is a sentence, and (vii) implies (vii)®.

For (viii)?, suppose ¢ ¢ con(X U p(z)) and X .. p(c). Since Vop(z) is a
sentence, we only need to show that X F Vxp. By Theorem 5.2.11, we may
choose countable Xy C X such that Xo Fz. ¢(c). Choose y ¢ var X U {p}.
Then the {c}-substitution y/c avoids var Xy U {¢(c)}. Hence, by Proposition
5.2.15, we have Xo(y/c) F p(c)(y/c). But p(c)(y/c) = ¢'(), where ¢ =
c(y/c) = y and ¢’ = ¢(y/c) = ¢, since ¢ ¢ conyp. Thus, p(c)(y/c) = .
Similarly, since ¢ ¢ con X, we also have Xo(y/c) = Xo. Therefore, Xy F ¢(y).
Now y ¢ free Xy U var ¢. Hence, from (viii)’, it follows that X, - Vap, which
gives X F Vxop.

If ¢ is a ground term, then ¢t = ¢ is a sentence, so (ix) implies (ix)?. Now
suppose X F s = t,¢(s). Then s =t is a sentence, which implies s and ¢ are
ground terms. Thus, ¢(t) is a sentence, and (x) implies (x)°. O

The second way to connect derivability to sentences is to replace the free
variables in open formulas with constants. For each x € Var, choose a distinct
constant symbol ¢, that is not already in L. Let C = {c, | * € Var}. A free
eliminator is a substitution o : Var — Ty¢ such that for all z € Var, either
27 =z or x° = ¢,. If 27 = ¢, for all x € Var, then o is called a full free
eliminator. Note that if o is a full free eliminator, then ¢ is a sentence for all
peLl.

Proposition 5.2.18. Let X C L and ¢ € L, and let o be a free eliminator.
Then X Fp ¢ if and only if X7 Fro 7.

Proof. Suppose X Fr . Let V! = {x € Var | 2 # z} and let C' = {c; |
x € V'}. Then X bzor ¢ by Proposition 5.2.16. By Theorem 5.2.11, there
exists countable Cy C C’ such that X Fr¢, ¢. Define the Cy-substitution g by
¢z = x, so that (¢2)° = for all ¥ € LCy, and (7)< = 1 whenever 1) € L and
Y7 € LCj. Then (XZ)7 Fre, (9%)?. But X C L and ¢ € £, so X& = X and
@< = . Therefore, X £, ¢7, so Proposition 5.2.16 gives X7 F,c ¢°.

Now suppose X7 .o ¢°. Note that ¢ € L implies ¢ € LC'. Hence,
Proposition 5.2.16 implies X7 Fro ¢?. By Theorem 5.2.11, we may choose
countable Xy C X and Cy C € so that X3 Fro, ¢°. Let Vo = {z € V' |
¢z € Cp} and note that Vj is countable. By Proposition 5.2.8, we may assume
bnd X§ U {7} is disjoint from both V5 and free X§ U {¢?}. We may then use
Proposition 5.2.12 to ensure free X§ U {7} is also disjoint from Vj. Now define
o as above. If ¢, € Cp, then ¢z = x € V. Therefore, g avoids var X§ U {¢° }.
Proposition 5.2.15 now gives (XJ)Z b, (p?)Z. Since ¢ € £ and @7 € LCy, we
have (¢7)Z = . Similarly, (X§)Z = Xo. Therefore, Xo . . O
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5.2.5 Tautologies and consistency

Proposition 5.2.19. For any x € Var, we have Iz z = x.

Proof. Let ¢(z) = (x = z). By (i) and (vii)’, we have Vz—p(x) - —¢(x). By
(ix) and (ii), we have Vx—p(z) b ¢(x). Hence, (v) implies Vz—p(x) F Jxp(x).
Since Jxp(x) = —Va—p(z), we have =Ve—p(z) F Jxp(x), by (i). Therefore, the
result follows from (vi). O

Let 3; = Jdxgxg = xo. Informally, 3; says that at least one object exists.
Justified by Proposition 5.2.19, we define verum and falsum, respectively, by
T =4y and L =-T.

More generally, for integers n > 1, we define

3, =3xo- Tp_1 /\i<j<nwi #x;.

Informally, 3,, asserts that there are at least n objects. Let 3=, = 3,, A =311,
which asserts that there are exactly n objects. We also define 3o, = /\2‘;1 3n,
which say that infinitely many objects exist. This last sentence is the only one
that is not in Lgy,.

A set X C L is inconsistent if X F ¢ for all ¢ € L; it is otherwise consistent.
Note that X is inconsistent if and only if X F L. Theorem 3.1.13 is easily seen
to hold also for L.

A formula ¢ € L is a tautology if + ¢; it is a contradiction if {p} is
inconsistent. Note that ¢ is a tautology if and only if —¢ is a contradiction, and
vice versa. As in Proposition 3.1.14, we have X I ¢ if and only if there exists
a countable Xy C X such that - A Xy — ¢.

5.2.6 Deductive and inductive theories

A set T C LY is a (deductive) theory if T ¢ implies ¢ € T for all ¢ € LO.
The intersection of any family of theories is again a theory. Also, L itself is a
theory. Hence, if X C LY, then we may define the (deductive) theory generated
by X, denoted by T'(X) or Tx, as the smallest theory having X as a subset.
Note that T(X) = {p € L° | X I ¢}.

We adopt the same notation for theories that we did in our propositional
calculus. The smallest theory is the set of tautological sentences, which we
denote by Taut, or Taut,. Note that unlike the propositional case, Taut is not
the set of tautologies. A tautology ¢ is in Taut is and only if ¢ € £°. The
largest theory is £°. A theory T is inconsistent if and only if T = £°. The
definition of logical equivalence, and its associated notation, are all the same as
in the propositional calculus. Note that Lemma 3.1.22 holds also in £°.

The construction of inductive derivability in predicate languages follows
exactly as it does in the propositional case. Let £ =P L% x L% x [0, 1] denote
the set of inductive statements in L. All of the results in Sections 3.2-3.5 depend
only the fact that -z satisfies (i)—(vi) of Definition 3.1.3. Since Theorem 5.2.17
shows that b, restricted to £° also satisfies (i)—(vi), it follows that all of those
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results hold in the predicate case as well, with F replaced by £°. We adopt all
of the notation and terminology of Sections 3.2-3.5 to define, in £, inductive
theories, inductive conditions, inductive derivability, and all their associated
notions.

5.2.7 Karp’s calculus

Karp’s completeness theorem [16, Theorem 11.4.1], which we present later in
Theorem 5.3.13, will be essential for us. Karp, however, defines her deductive
calculus in a different way. We present here Karp’s calculus, and show that it
is equivalent to the calculus of natural deduction that we defined earlier. We
follow the presentation of her calculus that is given in [18, Chapter 4].

Let A~ be the smallest subset of £ such that if z,y € Var, t € T, ¢, € L,
and ® C L is countable with ¢ € ®, then the following formulas are in A~:

Al) (p = =) = (p—=v) 2 p—=(
A2
A3) NP — o
A5

xr =

-

6

(A1)
(A2)
(A3)
(Ad) Vaxp — @(t/x) when t is free for z in ¢
(A5)
(A6) z=y—sy=u=x

(A7)

A7) p At =z — p(t/x) when t is free for z in ¢

The set of azioms, or logical theorems, denoted by A = A, is the smallest subset
of £ such that

() A= C A,

)

(1) if ¥, — ¢ € A, then p € A,

(IIT) if ¢ = v € A and x ¢ free, then ¢ — Vap € A,
)

(v

A proof of ¢ € L from X C L is an (a + 1)-sequence of formulas, (pg | 8 < a),
where « is a countable ordinal, ¢, = ¢, and for each § < a, either g € XUA, or
there exist 4,7 < 3 such that ¢; = (p; — ¢g), or there exists ® C {¢¢ | £ < }
such that g = A ®. Note that if (ps | 8 < «) is a proof of ¢, from X, then
for any 8 < «, it follows that (g | € < ) is a proof of ¢ from X. For ¢ € £
and X C £, define X |~ ¢ to mean there is a proof of ¢ from X. Note that by
(IT) above and Proposition 5.2.21 below, ¢ € A if and only if k ¢.

If ® C L is countable and ) — 6 € A for all § € ®, then ¢y - AP € A.

Lemma 5.2.20. If p € A, then v — o € A for all € L.
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Proof. Let ¢ € A and ¢ € L. By (A3), we have == A =p — —¢ € A. Thus,
(A2) and (II) give p — —(——9) A —p) € A. But unwinding our shorthand shows
that =(==¢ A =) = =) V ¢ = ¢ — ¢. Therefore, ¢ — 1) — ¢ € A. A final
application of (II) yields ¢» — ¢ € A. O

Proposition 5.2.21. The set A satisfies
(IV) If ® C A is countable, then \ ® € A.

Proof. Fix 0 € ®. By Lemma 5.2.20, 05 € A and 8y — 6 € A for all
0 € ®. Hence, (IV) implies g — AP € A, and therefore, using (II), we
have A ® € A. O

Remark 5.2.22. Let F be a propositional language with infinitely many
propositional variables. Given a function 7 : PV — L, weextendittor : F — L
recursively by (=¢)” = 9" and (A ®)" = A e ¢"- If ¢ € Fhin is a tautology,
then we call ™ an instance of a finitary propositional tautology. By Remark
3.1.15, every such ¢” can be derived using (A1)—(A3), (I), (IT), and (IV)’. Hence,
every instance of a finitary propositional tautology is an axiom.

Proposition 5.2.23. Let ¢,1) € L. Then ¢ ~ ¢ if and only if b — .

Proof. Suppose ¢ |~ ¢ and let (pg | 8 < a) be a proof of ¢ from 3. If a = 0,
then ¢ =9 or ¢ € A. If ¢ = 4, then | ¢ — ¢ by Remark 5.2.22. If p € A,
then ¢ — ¢ by Lemma 5.2.20.

Now assume «a > 0 and the result is true whenever there is a proof of length
less than . As above, if ¢ € {¢)} UA, then |~ ¢y — ¢. Suppose p; = ¢; = ¢
for some 4,5 < a. Then ¢ — ¢; and ¢ — ¢; — . By (Al),

(= 0; = o) = (Y= ) = b — .

With two applications of modus ponens, we obtain 1 — . Finally, suppose
o= NA\®, where ® C {¢¢ | £ < 8}. Then ¢ — 0 for all € ®. From (IV), it
follows that ¢ — .

Conversely, suppose b ¢ — ¢. Then ¢ ¢ — ¢ and ¢ 9. Applying
modus ponens gives ¥ k- . O

The proof of Proposition 3.1.16 carries through so that it also holds in this
setting.

Theorem 5.2.24. Let X C L and ¢ € L. Then X b ¢ if and only if X F .

Proof. We first prove that X p ¢ implies X F . It suffices to show that (1)—
(3) in Proposition 3.1.16 hold when v is replaced by . The proof of Theorem
3.1.17 carries through in this case, leaving us only to show that - ¢ whenever
© € A. We prove this by induction using (I)—(IV). Our base case is (I), in which
we prove that - ¢ for all p € A™.

Axioms of the form (A1) and (A2) are covered by Remark 5.2.22. Axioms of
the form (A3)—(A5) are covered by (iii), (vii), and (ix), respectively. For (A6),
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let s=z,t =y, and p = (z = 2). By (x), we have z = y,x = z b y = 2, which
gives
Fr=z—22x=y—>y==z.

From here, (viii) gives
FYz2(e=2z—>2x=y—y=2),
so that by (vii),
Fra=z—ooe=y—y=2)(z/2)=@x=c—x=y—>y=ux).

Hence, x = 2+ =y — y = 2. Combined with - z = z, we get (A6).

Finally, for (A7), suppose t is free for = in ¢. By (x), we have x = t, ¢
©(t/x). Reversing the roles of 2 and y in (A6) gives -y = ¢ — & = y. From
(viil) and (vii), it follows that - ¢t = x — x = ¢. Putting these together, we
obtain -t = x A ¢ — ¢(t/x), and this completes our base case.

For inductive step (II), suppose ¥, — ¢ € A and F ¢, — . Then we
directly have - ¢, and we are done. Step (IV) is equally straightforward. For
step (III), suppose ¥ — ¢ € A with = ¢ freet) and - ¢ — . Then ¢ - ¢, so
that (viii) implies ¢ F Vap, which gives ¢ — Vap.

To prove that X - ¢ implies X h ¢, it suffices to show that (i)—(x) hold when
F is replaced by . The fact that (i)—(vi) hold for - follows exactly as in the
propositional case. We get (vii) from (A4). For (viii), suppose = ¢ free X and
X P . Fix a proof of ¢ from X and let Xy be the set of § € X that appear in
the proof. Since proofs have countable lengths, X is countable. Also, Xy I ¢.
By (A3), we have A Xy |~ . Lemma 5.2.23 implies b A Xo — ¢, so that (III)
gives o A\ Xo — Vap. Since X ~ A Xo, an application of modus ponens yields
X b Vzop.

From (A5), (viii), and (vii), we obtain (ix). For (x), suppose s and ¢ are
free for z in ¢ and X | s = ¢,¢o(s/x). By (A7), (viii), and (vii), we have
b o(s/x) ANt = s = ¢(t/z). Hence, t = s,p(s/x) b @(t/z). In the same way,
but using (A6), we get s =t vt = s. Combining these gives X k o(t/z). O

5.3 Predicate models

In this section, we present the semantics of both deductive and inductive
predicate logic. =~ We define satisfiability and consequence, and prove o-
compactness, soundness, and completeness. As with the predicate calculus,
the bulk of our work will be in the deductive case. The inductive case will
require very little modification from its presentation in Chapter 4.

5.3.1 Strict satisfiability

Let L be an extralogical signature and L the set of formulas built from L. We
will use the two phrases, “L-structure” and “L-structure,” interchangeably. Let
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w = (A, L¥) be an L-structure. For ground terms ¢, we define t“ € A recursively
by (ft - tn) = (5, ., 1),

An assignment v into A is a function v : Var - A. We can extend v to
a function v, : T — A by v,(c) = ¢ and v, (ft1 - tn) = fYv,(t1) - Vo (tn).
The extended function v,, is called an assignment into w. When there is no
risk of confusion, we will omit the subscript and also write v for the extended
function v,,.

Note that if ¢ is a ground term, then v(t) = t“. More generally, if
t = t(x1,...,2,), then v(t) depends only on v(x1),...,v(z,). In this case,
we will write t“[d], for @ € A™, as shorthand for v(t), where v is any assignment
satisfying v(z;) = a;.

Given an assignment v, if x € Var and a € A, then we define a new
assignment v? by v%(z) = a and v%(y) = v(y) for y # .

Definition 5.3.1. Let w be a structure and v an assignment into w. For ¢ € L,
we define w E ¢[v] recursively as follows:

) w = (s = t)[v] if and only if v(s) = v(t),
) wE (rty---tn)[v] if and only if rv(ty) - v(ty),

(i) w [ (—¢)[v] if and only if w E o[v],
) wE (A ®)[v] if and only if w [ [v] for all ¢ € &, and
) wE (Vag)[] if and only w E ¢[vd] for all a € A.

If w E ¢[v], we say that w strictly satisfies ¢ with v. Note that if ¢ € Lg,, then
E is the usual notion of satisfiability from first-order logic.

If o = p(x1,...,2,) and v and v are assignments that agree on 1, ..., %y,
then w E ¢[v] if and only if w E ¢[v’]. In this case, we will write w E ¢[d], where
a € A™, to mean that w E ¢[v] for all assignments v satisfying v(z;) = a;. In
particular, if ¢ is a sentence, then w E ¢ means that w £ ¢[v] for all assignments
v. A formula ¢ is said to be strictly satisfiable if w E p[v] for some structure w
and some assignment v.

The proofs of the following three theorems are the same as in first-order
logic, except we use Definition 5.3.1(iv). See, for instance, [28, Theorems 2.3.1,
2.3.4, and 2.3.5] for details.

Theorem 5.3.2 (Coincidence theorem). Let w and w' be structures with a
common domain. Let v and v’ be assignments into w and w’, respectively. Let
p € L and assume

(1) v(z) =v'(z) for all x € free p, and
(ii) s* =s* for all s € sym .

Then w E @[v] if and only if W' E ¢[v'].
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Theorem 5.3.3 (Invariance theorem). Let w and w' be isomorphic L-
structures and let g : w — W' be an isomorphism. Let v be an assignment
into w and define the assignment v’ into w’' by v'(x) = gv(x). Then w E ¢[v] if
and only if W' E @[V'], for all ¢ € L. In particular, if ¢ = p(x1,...,2y), then
w E ¢ld] if and only if ' E plgd] for all @ € A™, where A is the domain of w.
Consequently, if ¢ € L° is a sentence, then w [E ¢ if and only if W' E .

If v is an assignment into w and o is a substitution, then v is the assignment
defined by v?(x) = v(z?). By induction on ¢, we have v7 (t) = v(t?) for allt € T.

Theorem 5.3.4 (Substitution theorem). Let v be an assignment into the
structure w. Let ¢ € L and let o be a substitution. If o is free for ¢, then
w E @] if and only if w E ¢[v?]. In particular, if t is free for x in @, then
w E (t/z)[v] if and only if w E @[vl], where a = v(t).

Remark 5.3.5. The strict satisfiability relation is not o-compact. For example,
let L ={c, | n € No} be a set of distinct constant symbols and let

X={VaV, ey, 2 =cn}U{z #Fy |2,y € Var,z # y}.

Then every countable subset of X is strictly satisfiable, but X is not satisfiable.

5.3.2 Models and deductive satisfiability

An inductive L-model, or simply a model, is a probability space, & = (Q, X, P),
where € is a set of L-structures. An assignment into &7 is an indexed collection
v = (v, | w € N), where v, is an assignment into w for each w € Q. Note that v
does not depend on ¥ or P. We may therefore sometimes call v an assignment
into €.

If v is an assignment into a model & = (2, X, P) and ¢ € L, then we define

plolo ={weQwE oo}

We say that & satisfies ¢ with v, denoted by & E ¢[v], if ¢[v]g € ¥ and
Pov]lg = 1. A set X C L is satisfiable if there is a model & and an assignment
v into & such that & F ¢[v] for all Y € X.

If ¢ is a sentence, then p[v]q does not depend on v. In this case, we simply
write g, and as in the propositional case, we have

po={weQ|wE ¢}

We then write & F ¢ to mean & F ¢[v] for all assignments v, and this holds
if and only if pg € ¥ and Ppq = 1.

Proposition 5.3.6. Let X C L.
(i) If X is strictly satisfiable, then X is satisfiable.

(i) If X is satisfiable and countable, then X is strictly satisfiable.
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Proof. For (i), suppose w E ¥[v] for all ¢ € X. Let & = ({w}, {0, {w}},d.)
and v = (v). Then & E @[v]. For (ii), suppose X is satisfiable and countable.
Let & = (Q,%,P) be a model and v an assignment into & such that & £ ¢[v]
for all ¢ € X. Then P, x ¥[v]q = 1, so we may choose w € (¢ x ¥[v]a. We
then have w E ¥[v,] for all ¢ € X, so that w strictly satisfies X with v,,. O

Given a model & = (Q,3,P), let
Y. =3YN{p[vla | € L and v is an assignment into Z},

and let Pz = P|s,.. Then X, is a sub-c-algebra of X, so that (Q,X,,P,) is also
a model. For any ¢ € £ and any assignment v into &, we have p[v]g € ¥ if
and only if p[v]q € .. Hence, from a logical standpoint, every set A € ¥\ X,
is irrelevant.

Let & = (Q,%,P) and 2 = (,T',Q) be models. We say that & and 2
are isomorphic (as models), denoted by &2 ~ 2, if there exists a measurable
function h : Q — ' such that h induces an isomorphism (as measure spaces)
from (Q,2,,Pr) to (¥,Tz,Q,), and w ~ hw for P-a.e. w € Q. In this case, we
abuse notation and say that h : & — 2 is a model isomorphism.

Let h: & — 2 be a model isomorphism and v and assignment into 4. An
assignment v’ into 2 is called an image of v under h if, for each w € Q, there
is a function g, : w — hw such that, for P-a.e. w € €, the function g, is an
isomorphism and v/, (z) = g,v.(z) for all x € Var.

An image of v under h always exists. We can construct one as follows. For
each w’ € 0, choose a in the domain of w’. For each w € Q, if w ~ hw, then
let g, be an isomorphism from w to hw. Otherwise, let g, map everything to
apy,- We then define v/ (z) = g,v,(z).

Lemma 5.3.7. Let h be a model isomorphism from & = (Q,2,P) to 2 =
(V,T,Q). Let v be an assignment into & and let v’ be an image of v under
h. Then h=to[v']or = p]a, P-a.s. Consequently, for all ¢ € L, we have
o[v]a € X if and only if p[v']or €T, and in this case, Q p[v']qr = Py[v]q.

Proof. Let w' = hw. For all w € Q, we have w € h™lyp[v]g if and only
if W' € ¢[v']g/, which holds if and only if ' [E ¢[v),]. By Theorem 5.3.3,
for P-a.e. w, this is equivalent to w E ¢[v,], which holds if and only if
w € p[v]q. Hence, h 1p[v']o = plv]q P-a.e. Since h also induces a measure-
space isomorphism from & to 2, we have Q = P o h~!. Therefore, p[v]o € &
if and only if p[v']or € T, and in this case, Q p[v']or = Pp[v]q. O

Theorem 5.3.8 (Deductive isomorphism theorem). Let & and 2 be
isomorphic L-models and let h : & — 2 be a model isomorphism. Let v be
an assignment into & and let v’ be an image of v under h. Then P E p|v]
if and only if 2 E ¢[v'], for all ¢ € L. In particular, if ¢ is a sentence, then
P E pif and only if 2 F .

Proof. Let & = (,%,P) and 2 = (€',T,Q) be isomorphic. Let h, v, and v’
be as in the statement of the theorem. Suppose &2 E ¢[v]. Then Pypv]q = 1.
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By Lemma 5.3.7, we have Q¢[v']or = Pp[v]g = 1. Therefore, 2 F p[v’].
Reversing the roles of & and 2 gives the converse. O

Remark 5.3.9. Let & = (Q,X,P) be a model. Let Q* € ¥ with POQ* = 1. Let
Y*={ANnQ*| A€ X} and P* = P|g.. Then &* = (0%, *,P*) is a model.
Choose wp in 2* and define h : @ — Q* by hw = w if w € Q* and hw = wy
if w ¢ Q. It is straightforward to verify that h is measurable and induces an
isomorphism (as measure spaces) from (2, Xz, P.) to (2%, X%, P;). Hence, h is
a model isomorphism and & ~ &2*. It follows that if a given property is true
almost surely in a model &2, then we can find an isomorphic model in which it
is true for every structure w.

5.3.3 Deductive consequence and soundness

We say that ¢ € L is a consequence of X C L, or that X entails ¢, which we
denote by X E ¢, if Z E p[v] whenever & E [v] for all b € X. Note that if
X is not satisfiable, then it is vacuously true that X F ¢ for all ¢ € L. In the
case X = (), we write F ¢, which means that & F p[v] for all & and v. If X
and ¢ are sentences, then X F ¢ if and only if & F X implies & F .

Remark 5.3.10. If X F ¢ and w E ¥[v] for all ¥ € X, then w E ¢[v]. To see
this, simply apply the above definition to & = ({w}, {0, {w}},d.) and v = (v).
In particular, if X and ¢ are sentences and w E X, then w E ¢.

Proposition 5.3.11. Let p € L. Then F ¢ if and only if, for all structures w
and all assignments v,, into w, we have w E @[v,].

Proof. Suppose E . Then & E pv] for all & and v. Let w be a structure and
v, an assignment into w. Define & = ({w}, {0, {w}},d.) and v = (v,). Then
& is a model and v is an assignment into &?. By hypothesis, & E p[v], which
means ¢[v]q = {w}. That is, w E plv,].

Conversely, suppose w E ¢[v,] for all structures w and all assignments v,,
into w. Let & = (Q,%,P) be a model and v an assignment into &?. Then
e[vla = Q, so Pp[v]q = 1. Therefore, 2 F p|v]. O

Proposition 5.3.12. Let X C L and ¢ € L, and let o be a free eliminator.
Then X Ez ¢ if and only if X7 Exc 7.

Proof. Suppose X Fy ¢. Let 2 = (,T,Q) be an LC-model and v' an
assignment into 2. Assume 2 E ¢7[v'] for all » € X. For each w’ €
let w be its L-reduct. Let Q = {w | W’ € Q} and let & = (Q,%,P) be the
measure space image of 2 under the function w’ — w. Define an assignment
v into P by v,(z) = v, (z) if 2° = z, and v, (z) = ¢ if 2° = ¢,. By term
induction, v, (t) = v/, (t7) for all ¢ € 7. Then, by formula induction, we obtain
w E ¢[v,] if and only if o’ E 97[v],] for all 9p € L. Hence, if h denotes the
function w’ — w, then h~Y[v]q = Y7 [v']q/, which gives Py[v]g = Qv [v]qr
for all ¢» € L. Therefore, & E ¢[v] for all ©» € X. By hypothesis, this implies
P E plv], which is equivalent to 2 E ¢?[v'], and we have X7 Fzeo ¢°.
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For the converse, suppose X7 Fro ¢7. Let & = (Q,3,P) be an £-model
and v an assignment into &. Assume & E [v] for all ¢ € X. For each w € Q,
define the LC-structure w’ by ¢ = s if s € L, and ¢’ = v,(z). Define an
assignment v’ into & by v, (x) = v, (x) for all z € Var. Then again by term
and formula induction, we have w E 9¥[v,] if and only if W’ = ¥7[v.,] for all
1 € L, which as above yields & E p[v]. Therefore, X F. . O

Theorem 5.3.13 (Karp’s completeness theorem). Let ¢ € L% be a
sentence. Then F ¢ if and only if F p.

Proof. Karp’s completeness theorem first appears in [16, Theorem 11.4.1]. The
version we are citing is [18, Theorem 4.3]. There it is shown that if ¢ € £ is a
sentence, then w E ¢ for all structures w if and only if ¢ € A’ where A’ is a set
of logical axioms described in [18]. We claim that A’ is the same as A, the set of
axioms defined in Section 5.2.7. Since ¢ € A if and only if |~ ¢, our statement
of Karp’s theorem then follows from Theorem 5.2.24 and Proposition 5.3.11.

Keisler’s A’ differs from A in only one way. To describe it, we recursively
define the shorthand ~¢ as follows:

~p = - if ¢ is prime,

~TY =P,

~ANP = Vg 0 = N\gep 70, and

~Nrp = Jr—p = V.
Keisler’s A’ includes everything in A, as well as all formulas of the form
(A8) = & ~p

To check that A’ = A, we must verify that these formulas are already in A. We
can break this down according to whether ¢ is prime, ¢ = =), ¢ = AP, or
p = V. Doing this, applying the definition of ~, and using Theorem 5.2.24,
we must check that

F o <y,

Fo <9,

FaA® < = Njep 70, and
F =Vxy < ~Ve——).

The first two are propositional tautologies. The third follows from F 0 +» ——6
and Definition 3.1.3(iii),(iv). The fourth follows from F ¢ <> == and Definition
5.2.5(vii)’,(viii). O

Theorem 5.3.14 (Karp’s theorem for formulas). For any formula ¢ € L,
we have = o if and only if E .
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Proof. Let o be a full free eliminator, so that ¢ is a sentence. By Propositions
5.2.18 and 5.3.12, we have . ¢ if and only if k.o ¢, and F, ¢ if and only if
Erc ¢?. Theorem 5.3.13 gives F,o 7 if and only if F.o 7. O

As in the propositional case, Karp’s completeness theorem allows us to prove
the result that was described in Remark 5.2.7.

Proposition 5.3.15. Let X C Lg, and ¢ € Lgy. If X F ¢, then X Fgy .

Proof. Let X C Lg, and ¢ € Lg,. Suppose X F ¢. The well-known
completeness theorem from first-order logic states that X Fg, ¢ if and only
if, for all structures w and all assignments v into w, we have w E ¢[v] whenever
w E Y[v] for all ¢ € X. (See, for instance, [28, Theorem 3.2.7]).

Let w be a structure and v an assignment into w. Assume that w £ ¥[v] for
all v € X. Choose countable Xy C X such that - A Xo — ¢. By Theorem
5.3.14, we have F A Xy — ¢. Hence, w E (AXo — ¢)[v], which means
w E (A Xo)[v] implies w E ¢[v]. Since w E ¥[v] for all ¢ € Xy, it follows
that w E (A Xo)[v]. Therefore, w E ¢[v]. O

Theorem 5.3.16 (Deductive soundness). Let X C L and p € L. If X I ¢,
then X F .

Proof. Suppose X F . Let & = (Q,%,P) be a model and v an assignment
into & such that & F ¢[v] for all ¥ € X. By Theorem 5.2.11, we may
choose countable Xy C X with Xy - ¢. Hence, - ¢ — ¢, where { = A Xj.
By Theorem 5.3.14, we have E ¢ — ¢, so that Z E (( — ¢)[v]. That is,
P(( — p)[v]a = 1. But Pyv]g =1 for all ¢ € X and ([v]q = mweXo Yv]a.
Hence, P([v]q = 1, so that ([v]§, is anull set. Since (( — ¢)[v]a = ([v]§Up[v]q,
we have Py[v]g = P(( = ¢)[v]o = 1. Therefore, & E ¢[v]. Since & was
arbitrary, this shows that X F ¢. O

Corollary 5.3.17. If X C L is satisfiable, then X is consistent. If X is
countable and consistent, then X is strictly satisfiable.

Proof. Let X C L. Suppose X is inconsistent. Then X F L. By Theorem
5.3.16, we have X F L. But Lo =0, so & ¥ L[v] for all & and v. Hence, X
is not satisfiable. For the second part, suppose X is countable and not strictly
satisfiable. Let v be an assignment into a structure w. Then w £ (A X)[v],
which implies w £ (= A X)[v]. Since w and v were arbitrary, we have F = A X.
Theorem 5.3.14 then implies F = A X. Thus, X - AX,~ A X, so that X is
inconsistent. O

5.3.4 Deductive completeness

According to Theorem 5.3.14, we have that ¢ is a tautology if and only if
w E ¢[v] for all w and v. Hence, in any model &, we have ¢ 4 implies
vlv]a C Ylv]g and ¢ = ¢ implies plv]q = Y[v]q, for any assignment v into 2.
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In Remark 4.1.14, we saw that in the propositional case, we could obtain
a converse to the above if we took € to be the set of all strict models.
That converse was essential to our proof of both deductive and inductive
completeness. In the predicate case, we cannot do this, since the collection
of all structures is not a set. Instead, we will use the set of structures defined
in the proof of the following proposition.

Proposition 5.3.18. There exists a set of structures Q) and an assignment v
into Q such that p[vlqg C Y[v]q implies ¢ b ¥, and pv]g = Y[v]g implies
@ =Y. In particular, if ¢ and ¥ are sentences, then pq C ¥q if and only if
pFY, and po = Yq if and only if p = 1.

Proof. Let S be the set of all countable, consistent subsets of £. By Corollary
5.3.17, for each X € S, we may choose a structure w = wx and an assignment
v, into w such that w = (v, for all ( € X. Let Q = {wx | X € S} and let
v= (v, | we).

For the first implication, let ¢,1 € L and assume ¢ ¥ 1. Then Theorem
3.1.13 implies X = {p, )} is consistent, so that X € S. Hence, with
w=wx € N and v defined as above, we have w E ¢[v,] and w E (—9)[v,].
The latter implies w E 9[v,]. Thus, w € @qlv] and w ¢ Yqlv], so that
valv] € Ya[v]. Reversing the roles of ¢ and v gives the second implication. [

Theorem 5.3.19 (0-compactness). A set X C L is satisfiable if and only if
every countable subset of X is satisfiable.

Proof. The only if part is trivial. Suppose every countable subset of X is
satisfiable. Assume X is inconsistent. Then X - L. By Theorem 5.2.11, there
exists countable Xy C X such that Xy - L, implying that Xy is inconsistent.
By Corollary 5.3.17, we have that X is not satisfiable, a contradiction. Hence,
X is consistent.

Let Q and v be as in Proposition 5.3.18. Let

Y={pla| X Fypor XF g}

Then ¥ is a o-algebra. If A € X, choose ¢ such that A = pq[v]. Since X is
consistent, we cannot have both X F ¢ and X F —p. We may therefore define
PA=11if X F ¢ and 0 otherwise. If A = pq[v] = ¥qg[v], then ¢ = 9, by
Proposition 5.3.18. Hence, P is well-defined.

Since X is consistent, X ¥ L. Thus, P =P Lo = 0. Conversely, X - T, so
PQ=PTq = 1.

Now let {A,}nen € X be pairwise disjoint, and define A = (J,, A,. For
each n, choose ¢, such that A, = ¢,[v]q, and define ¢ = \/, ¢,. Note that
A = ¢[v]q. Suppose m # n. Since

(@m A ‘Pn)[v]Q =A,NA,=0=1g,

we have o, A p, = L, implying that X ¥ ¢, A ¢,. Therefore, either X ¥ ¢,
or X ¥ ¢,. This implies that there is at most one n € N with P A,, = 1. Hence,
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>.PA, €{0,1} and

>PA,=1 iff there exists n such that P4, =1
iff there exists n such that X F ¢,
iff Xko
iff Povjg=PA=1,

showing that P is countably additive. Thus, P is a measure on (Q,X) with
PQ =1, and so & = (Q, %, P) is a model.

Now let ¢ € X be arbitrary. Then X F ¢, so that p[v]q € ¥, and
P p[v]q = 1. This shows that & F [v] for all p € X, and X is satisfiable. O

Corollary 5.3.20. A set X C L is satisfiable if and only if X is consistent.

Proof. The only if part is Corollary 5.3.17. Suppose X is not satisfiable. By
Theorem 5.3.19, there exists a countable subset Xy C X that is not satisfiable.
By Proposition 5.3.6, the set X is not strictly satisfiable. Hence, by Corollary
5.3.17, the set Xy is inconsistent, which implies that X is inconsistent. O

Theorem 5.3.21 (Deductive completeness). For X C L and ¢ € L, we
have X E ¢ if and only if X .

Proof. The if part is Theorem 5.3.16. Suppose X ¥ ¢. Then X U {—y} is
consistent, by Theorem 3.1.13. Thus, X U {—¢} is satisfiable, by Corollary
5.3.20. Choose & and v such that & E ¢[v] for all ¥ € X U {—p}. Then
P E Y] for all ¥ € X, but & ¥ p[v]. Thus, X ¥ ¢. O

5.3.5 Peano arithmetic

As an example of deductive predicate logic, we present the theory of Peano
arithmetic in the infinitary setting. Let £ be a language that contains a constant
symbol 0, a unary function symbol S, and binary operation symbols {+,:}. In
the language £, for each n € N, we use the shorthand n = S---80, where S is
repeated n times.

Define the formulas

w1 :VrSx #0 w2 1 Vay(Szx =S8y -z =y)
p3:Vex+0=u=x w4 :Vayax + Sy = S(x + y)
w5 :Vrx-0=0 pg:Vryr-Sy=x-y+zx

For definiteness, we may assume x = xg and y = @ in the above, so that this
is a finite collection of sentences, rather than a family of formulas indexed by
x,y € Var. Note that each p; € LY . If ¢ = p(z,7) € L, define

IS(p) : Vi (0(0/x) AVz(o = (S /x)) = Vap)

Let IS = {IS(p) | ¢(x,7) € L} C L% and 1S4, = ISN LY . Since I1S(p) has finite
length if and only if ¢ has finite length, we have ISg, = {IS(¢) | ¢(z,¥) € Lgn}.
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In first-order logic, APA = {¢1,--,06}UISqn are the usual axioms of Peano
arithmetic. The set 1Sg, is called the aziom schema of induction. We let
PA_ = T(A™) and PAg, = PA_ N LY . By Proposition 5.3.15, we have

PAsn = {p € L2 | A2 gy ¢}, In other words, PAg, is exactly first-order
Peano arithmetic.

We also define APA = {p1,...,06} UIS. This differs from APA only in
the fact that we are allowed to perform induction on infinitary formulas. Let
PA = T(AP7). Then APA C APA and PAg, C PA_ C PA.

Let N be the standard structure of arithmetic. That is, N = (Ny, 0,8, +,+),
where S is the function n — n + 1. As usual, we will have to rely on context
to know whether S, +, - are referring to objects in the standard structure, or to
symbols in the signature of £. Since N E APA, we have N’ |E PA by Remark
5.3.10. It is well-known that there are nonstandard structures of finitary Peano
arithmetic. That is, there exist structures w such that w E PAg, but w % N.
As it turns out, the analogous statement is still true for PA_ as we see below in
Proposition 5.3.22. On the other hand, Proposition 5.3.23 shows that it is not
true for PA. In other words, PA completely characterizes the standard structure
of arithmetic, meaning that every true statement about arithmetic is provable
in PA. Another way to say this, according to completeness, is that if ¢ is true
in the standard structure of arithmetic, then it is true in every model of PA.
This is famously not the case for PA_, thanks to Gdédel’s first incompleteness
theorem (see [28, Theorem 6.5.1]).

Proposition 5.3.22. Let & = (Q,%,P) be a model. Then & = PA_ if and
only if w E PAgn for P-a.e. w € Q. Consequently, PA_ F ¢ if and only if
w = APA implies w = p[v] for all w and all assignments v into w.

Proof. Suppose & E PA_. Then & £ APA. Since ISg, is countable, so is APA.
Hence, PQ* = 1, where Q* = m¢€APA ©q. For every w € Q*, we have w = APA,
which implies w E PAgy.

Conversely, suppose w E PAg, for P-a.e. w € Q. Since APA C £2 | we have
APA C PAg,. Hence, w [ APA for P-a.e. w € Q. This implies that Q* = €,
P-a.e. It follows that Q* € ¥ and PQ* = 1. Therefore, &2 £ APA, which gives
P EPA_.

For the second claim, the only if direction follows from Theorem 5.3.21
and Remark 5.3.10. For the if direction, suppose w E ¢[v] for all w and all
assignments v into w. Let & = (Q,3,P) E PA_ and let v = (v,) be an
assignment into &2. By the above, w = AP for P-a.e. w € Q. By hypothesis,
w E ¢[v,] for P-a.e. w € Q. Hence, P p[v]q = 1, so that & F ¢[v]. By Theorem
5.3.21, this gives PA_ - ¢. O

Proposition 5.3.23. Let & = (Q,%,P) be a model. Then & = PA if and
only if w ~ N for P-a.e. w € Q. Consequently, for all ¢ € L°, if N E p, then
PA F ¢.

Proof. For the first claim, the if direction follows from the fact that w ~ N
implies w E PAs. For the only if direction, define the formula ¢(z) =
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(Vyen, @ = n). Suppose & F PA,. Then & F APA U {IS(p)}, which is
countable. Therefore, w = APA U {IS(¢)} for P-a.e. w € Q. Choose any such w.
Note that n — n“ is an embedding of A into w.

Clearly, w E ©(0/z). By the definition of n, if a is in the domain of w and
n € Ny, then w E (z = n)[a] implies w E (Sz = n + 1)[a]. Hence, w E ¢[d]
implies w E ¢(Sx/z)[a]. Since a was arbitrary, we have w E Vz(p — ¢(Sz/x)).
It therefore follows that w = Vxy. Hence, the map n — n¥ is surjective, and so
it is an isomorphism from N to w.

Finally, let ¢ € £° and suppose N £ ¢. Let & = (£, %, P) be a model with
P E PA. By the above result and Theorem 5.3.3, we have w E ¢ for P-a.e. w.
Hence, Ppq = 1, so that & = ¢. By Theorem 5.3.21, this gives PA,, - ¢. O

5.3.6 Inductive consequence and completeness

If & is a model, we define Th Z = {p € L | & F ¢}. The proof of Proposition
4.1.12 is valid here, and shows that Th & is a consistent deductive theory. For
(X, p,p) € LIS, we say that & satisfies (X, ,p), denoted by &2 E (X, ¢, p) if
X =Y U{y} for some Y C Th & and some ¢ € L° with PN/ Pig = p.

As with the inductive calculus, the results in Section 4.2 depend only on
deductive completeness and the fact that - satisfies (i)—(vi) of Definition 3.1.3.
Hence, all of the proofs in that section go through in the predicate case, with F
replaced by £°, “strict model” replaced by “structure,” and BFV replaced by
the set € in Proposition 5.3.18. We adopt all of the notation and terminology
of Section 4.2 to define inductive consequence in £, extend it to inductive
conditions, and establish completeness.

Similarly, all of the results in Sections 4.1.6 and 4.5.1-4.5.4 carry through
with the above three replacements. We therefore adopt all of the notation and
terminology of those sections to define independence and its related notions.

To all of this, we add the following.

Theorem 5.3.24 (Inductive isomorphism theorem). Let & and 2 be
isomorphic models. Then & F (X, p,p) if and only if 2 F (X, p,p), for all
(X,p.p) € L.

Proof. Let & = (Q,2,P) and 2 = (2,T,Q) be isomorphic and suppose
P E (X, p,p). Then X =Y U {2}, where & F Y and Pyq Nyo/Pig = p.
By Theorem 5.3.8, we have 2 F Y. Lemma 5.3.7 implies Qo = Pvq and
Qua N = Qe A)ar = Pl Ab)g = Pyq Ng. We therefore have
Qpar NYa/ Qo = p, so that 2 F (X, ¢,p). O

5.4 Predicate models and random variables

In this section, we discuss the relationship between predicate models and random
variables. Here, random variable is meant in the usual sense of measure-theoretic
probability theory. That is, a random variable is a measurable function, defined
on a probability space, taking values in a measurable space. Our first goal
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will be to prove a predicate analogue of Theorem 4.3.1, which states that
every probability space is isomorphic to a propositional model. We begin by
establishing the connection between propositional and predicate models.

Proposition 5.4.1. Fvery propositional model is isomorphic to a predicate
model.  More specifically, let F be a given propositional language with
propositional variables PV, and let &2 be a model in F. Then there exists a
predicate language L and an L-model 2 such that Pr and 2 are isomorphic
as measure Spaces.

Proof. Let & = (2,%,P) be a propositional model in F. Let @ = |PV] and
write PV = (rs | 0 < a). Let {rs | 6 < a} be a set of distinct unary relation
symbols. Let p be a constant symbol, which we call the propositional constant.
Define the extralogical signature L = {p} U {rs | < a}, and let £ be the
associated predicate language.

Given a strict propositional model w € €2, we define the L-structure w as
follows. The domain of @ will be A = BV Let 7§ = {v € A | v E; 15}, and
let p¥ =w. Let Q = {@ | w € Q} and let 2 = (Q,T,Q) be the measure space
image of Zr = (2, X7, P#) under the function h mapping w to @. Then 2 is
an L-model.

Define 7 : PV — L by rj = rsp. Extend 7 recursively to F by (—¢)™ = —¢"
and (A®)" = A cp ¢™- We then have w Ex ¢ if and only if w [, 7, for all
@ € F. This is clear by construction when ¢ € PV. It then follows easily by
formula induction on ¢.

Now let A € ¥ = XN BFY. Choose ¢ € F such that A = pq. Define
U = ¢f. Then w € A if and only if w E» ¢, and w € h™'U if and only if
WE, ¢". Hence, A = h~'U, so that U € I. Since A was arbitrary, this shows
that h induces a measure-space isomorphism from Zr to 2. O

5.4.1 Random variables as extralogical symbols

In Theorem 4.3.1, we showed that every probability space is isomorphic to a
propositional model. Conversely, every propositional model is a probability
space. In this sense, then, measure-theoretic probability theory is exactly the
semantics of propositional inductive logic. But this simple observation misses an
important point. While the propositional version of inductive logic is capable of
representing any probability space, it does not explicitly represent any random
variables.

The reason this matters is that measure-theoretic probability theory is more
than just probability spaces. The modern practitioner almost always specializes
in a particular class of random variables and stochastic processes. For this
reason, we define the following. A measure-theoretic probability model is a tuple,
(S,T,v, X), where (S,T',v) is a probability space, X = (X; | ¢ € I) is an indexed
collection of random variables, and I' = o((X; | 7 € I)). That is, for each i € I,
there is a measurable space (R;,I';) such that X; : S — R, is measurable, and
T is the smallest o-algebra on S that contains {X; € V} for every ¢ € I and
every V e I';.
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We aim to prove a predicate analogue of Theorem 4.3.1, and show that
every measure-theoretic probability model has a natural correspondence to an
L-model, where the logical signature L is directly connected to the random
variables X.

We construct the logical signature as follows. Let R = |J;c; Ri. Let
{r | = € R} be a set of distinct constant symbols, and {V | i € I,V € I';}
a set of distinct unary relation symbols. Let

Lr={r|reR}U{V|iel,V eI},

and let Lr be the associated predicate language. Define the Lpg-structure
R=(R,LR) by rR=rand V® =V. Let Tr = {¢ € L° | R E ©}. Then Tk is
a deductive theory. In Lg, we write y € V as shorthand for Vy, and y ¢ V as
shorthand for =V y. Let C' = {X, | i € I} be a set of distinct constant symbols
not in Lg, and define L = LC.

Theorem 5.4.2. There exists an L-model &2 = (Q, 2, P) with & E Tg, and a
function h : S — Q mapping x € S to w € Q such that

(i) ze{X;, eV} ifand onlyifw X, €V,
(ii) each U € T' can be written as U = h™ pq for some ¢ € L°, and
(i1i) h induces a measure-space isomorphism from (S,T',v) to Z.
Consequently, if P ="Th 2 |1, 1 2), then
P(Njizi Xiwy € Vi | Tr) = v (e A Xir) € Vihs (5.4.1)
whenever i(1),...,i(n) € I and Vi, € Tyy,.

Proof. For each x € 5, define w = w® to be the L-expansion of R given by
wXi = X;(z). Let Q@ = {w® | z € S} and let h : S — Q denote the map
x = w?. Let £ = (Q,%,P) be the measure space image of (S,T,v) under
h. Since w E Tg for all w € , we have & E Txr. By construction, we have
Xi(z) € Vif and only if w* E X, € V, so (i) holds.

For (ii), let

I"={U el |U=h"q for some ¢ € L°}.

Since U, k™ pn)a = A1 (V, ¥n)o and Lo = 0, we have that I is a o-
algebra. Let V € TI';. Since X;(z) € V if and only if w* E X, € V, it
follows that {X; € V} = h™1(X, € V)q. Therefore, {X; € V} € I". Since
I'=0({X; | i € I)), this proves that I = I", so (ii) holds.

FUET, pe L0 and U = h~'¢q, then by the construction of &, we have
pq € X. Therefore, (ii) implies (iii).

Finally, since h also induces an isomorphism from (S,T,7) to (2,%,P), we
have P = 7o h~'. This gives

P(Nie1 Xiry €V | Tr) = Py (X € Vi) = v(Nemy {Xir) € Vi),
which verifies (5.4.1). O
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We excluded the case where o((X; | ¢ € I)) is a proper subset of I". If we
wish to treat this case, we can simply add ¢, the identity function on .S, to
our list of random variables. Note, however, that in this case, there are events
U €T that have nothing to do with any of the random variables X;. These are
analogous to propositional sentences in the sense that they are generic assertions
that lack structure. If we add ¢ to our list of random variables, and p = € L
is the constant symbol that represents ¢, then p is playing the same role as the
propositional constant in the proof of Proposition 5.4.1. We see, then, that
we are effectively treating every event U € T'\ o({X; | i € I)) as if it were a
propositional variable.

Theorem 5.4.2 shows that every measure-theoretic probability model is an
inductive model. In other words, the whole of measure-theoretic probability
theory is embedded in the semantics of inductive logic. But Theorem 5.4.2
says more than just this. It exhibits a particular embedding. The function
h in Theorem 5.4.2 gives us a logical interpretation for each component of a
measure-theoretic probability model. With this interpretation, we have the
following correspondences.

Measure Theory Inductive Logic
outcome structure

event sentence

set membership strict satisfiability
random variable constant symbol

5.4.2 Extralogical symbols as functions

An L-structure is, in fact, a function whose domain is L. If w is an L-structure,
then it maps each s € L to the object s¥. Hence, if & = (Q, X, &) is an L-
model, then each structure w € Q is a function that maps the symbol X to the
object X“. This is exactly the opposite of what we have in measure-theoretic
probability theory, where each random variable X is a function that maps the
outcome w to the object X (w).

Starting with an L-model, & = (,%,P), we may wish to reverse the
natural direction of the mapping, and think of the extralogical symbols s € L as
functions defined on 2. We can do that as follows. If A, is the domain of w € (,
then a constant symbol ¢ gives rise to the function X¢(w) = ¢, mapping Q to
A =J,ecqAu- An n-ary relation symbol can be viewed as an indexed collection
of {0,1}-valued functions, indexed by A™. Namely, for each @ € A", we have
XZ(w) =1if @ € r¥, and 0 otherwise. For an n-ary function symbol f, we can
add a so-called “cemetery point” to A. Let d be an object not in A. Then f
provides us with an indexed collection of A U {9}-valued functions, indexed by

A", That is,
Xf(w) = {170 HaeA
“ 0 ifag¢ Al

These functions are, of course, not measurable. In fact, the set A is not even
equipped with a o-algebra, and there may not be a natural o-algebra on A
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that is compatible with 3. Without measurability, we cannot use the well-
established theory of random variables to analyze the functions determined
by the extralogical symbols. On the other hand, without the requirement of
measurability, we are able to model situations that are not possible with random
variables. See, for instance, Example 5.4.8 below.

5.4.3 The relativity of randomness

Let &£ = (Q,%,P) be an L-model and let X € L be a constant symbol. If we
try to think of w — X“ as a kind of non-measurable random variable, then
we run into a problem deeper than its non-measurability. The problem we face
is that ewvery extralogical symbol is a non-measurable random variable. In a
measure-theoretic probability model, if we are faced with a probability of the
form v{X > 0}, then we can be quite certain that the only thing random is X.
But in an inductive model, the analogous expression is P{w € Q | X¥ >« 0«}.
Not only can the value of 0 vary with w, the inequality relation itself can also
depend on w.

This phenomenon can be seen in a very simple example. Let L = {h,t, X}
be a set of constant symbols and £ the associated predicate language. We think
of h and t as denoting the heads and tails sides of a coin, and X the result
of flipping the coin. Let Ty € £° be the deductive theory generated by the
sentences, h = t and X = h vV X = t. We may think of Tj as describing our
state of knowledge prior to flipping the coin. Namely, the two sides of the coin
are distinct, and the coin will not land on its edge.

Let P be the inductive theory generated by

PX=0h|To)=PX =t|Ty) =1/2.

This, of course, represents our assumption that the coin is fair.

Intuitively, we imagine that h and ¢ are fixed, whereas X is random. We
can satisfy P with a model that matches this intuition. Let A = {0,1}. Define
the L-structure wy by h*° = 1, t*° = 0, and X“° = 0. Define the L-structure
wi by A = 1, t¥* = 0, and X“* = 1. Let Q = {wo,w1}, ¥ = PQ, and
P{wo} = P{w1} =1/2. Then & = (O, %,P) F P.

Under &2, the symbol h corresponds to the function w — h* = 1, and the
symbol t corresponds to the function w — t“ = 0. In other words, h and ¢
are identified with constant functions, and are therefore fixed. On the other
hand, X corresponds to w +— X, which is 0 with probability 1/2 and 1 with
probability 1/2. Hence, X is random.

However, we can also satisfy P with a model that violates this intuition. Let
wo be as above. Define wj by E"i =0,t1 =1, and X“’i = 0. Let Q' = {wp,w },
Y =PBQ, and P'{wp} = P{w]} = 1/2. Then &' = (', %', P') F P. This time,
however, h and ¢ correspond to functions that are 0 or 1 with equal probability,
and X corresponds to the constant function 0. In this model, it is h and t that
are random, while X is fixed.

Since P is satisfied by both &2 and &?’, we see that P does not tell us which
terms are random and which terms are fixed. In fact, it is not even meaningful



5.4. PREDICATE MODELS AND RANDOM VARIABLES 139

to ask this question in P. The only things in P which can be random (that
is, the only things which can be assigned a probability that is not 0 or 1) are
sentences. In order to even ask this question, we must fix a model. And in
fixing a model, we are adopting, so to speak, a point of view. Which terms are
random and which are fixed is relative to that point of view. In &, we take the
point of view that h and ¢t are fixed, while X is random. And in &', we take
the point of view that X is fixed, while A and ¢ are random. There are models
in which all three are random. In this example, however, there are no models
in which all three are fixed.

In general, then, whether a term in P is random or fixed depends on our
point of view, or to borrow the language of physics, it depends on our frame of
reference.

5.4.4 Frames of reference

A frame of reference is a method that takes a given £-model & and constructs
a new L-model &’ such that & ~ 22'. Formally, we could define a frame of
reference to be a class function that maps each & in a certain class of £L-models
to a set of £-models that are isomorphic to &. This level of formalism, however,
will not be necessary for our purposes.

Let P be the inductive theory in Section 5.4.3 that models a fair coin flip.
Proposition 5.4.6 below gives a method of taking any L£-model & such that
& E P, and constructing an isomorphic model 22’ in which the functions
w +— h* and w — t“ are constant functions. In other words, there is a frame of
reference in which A and ¢ are fixed, and not random.

We begin by showing there is a frame of reference in which every object is
an ordinal. A model & = (,%,P) is said to be an ordinal model if, for all
structures w € €2, the domain of w is an ordinal.

Lemma 5.4.3. Let & = (Q,%,P) be a model. For each w € , let A, be
the domain of w, and let B, be a set with |B,| = |Ay|. Choose a bijection
Jo : Ao, — By, and let W' be the isomorphic image of w under g,. Let
OV ={w |weQ}andlet h: Q — Q denote the function w — w'. Define
2 = (V,T,Q) to be the measure space image of &P under h. Then h is a model
isomorphism from & to 2.

Proof. To verify that h is an isomorphism from &2 to 2, it suffices to check that
h induces an isomorphism as measure spaces from (2, Xz, Pz) to (9,72, Q).
For this, it suffices to show that for all A € X, there exists U € I'z such that
h=lU = A.

Let A € ¥;. Choose ¢ € L and choose an assignment v into & such that
A = ¢[v]g. Define the assignment v’ into 2 by v/ ,(z) = gwvu(x), and let
U = p[v']os. It now suffices to show that U € Tz and h~'U = A. But 2 is
the measure space image of & under h. Hence, if h'U = A € ¥y C %, then
U €T, which implies U € I'; by the definition of I',. Therefore, we need only
show that h~1U = A.
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Note that w € h='U = h~tp[v']os if and only if w’' E @[v/,]. Similarly,
w € A = ¢[v]q if and only w E ¢[uv,]. By Theorem 5.3.3, we have w E ¢[v] if
and only if w’ [ ¢[v]. Thus, h~*U = A, and so h is an isomorphism. O

Proposition 5.4.4 (Ordinal frame of reference). FEvery model is
isomorphic to an ordinal model.

Proof. Let & = (,%,P) be a model. For each w € Q, let A, be the domain

of w. Choose an ordinal a,, such that |a,| = |A.|, and choose a bijection
Jo @ Ay, — ay,. Define 2 as in Lemma 5.4.3. Then & ~ 2 and 2 is an ordinal
model. 0

Lemma 5.4.5. Let o be an ordinal and S C «. Let B and v be ordinals such
that |B] = |S| and |y| = |a\ S|, and let g : S — S be a bijection. Then g can be
extended to a bijection g : o — 3+ 7.

Proof. Let g : S — (8 be a bijection. Choose a bijection h : «\ S — 7. Note that
the function f : vy — (8+ )\ S given by f¢& = 8+ £ is a bijection. Therefore,
foh:a\S — (B+7)\ S is a bijection. Hence, if we define g¢ = fh¢ for
Eea\ S, then g: a— 4+ v is a bijection. O

Proposition 5.4.6 (Constant frame of reference). Let L be a predicate
language with extralogical signature L. Let C' = {cg,c1,...} C L be a countable
(possible finite) set of constant symbols. Let T C L° be a deductive theory.
Assume that T + ¢, £ ¢ for all m # n. Then for all models & such that
P ET, there exists an ordinal model ' = (', %', ) such that P ~ P’ and
¢ =n for every w € .

Proof. Suppose that & E T. By Proposition 5.4.4, we may assume that & is
an ordinal model. Let ¢ = (A4, cm # cn). We then have T+ ¢, so that
P E . Let w € Q and let «, denote the domain of 2. We define an ordinal
o/, and a bijection g, : a, — o, as follows. If w ¢ pq, then let o/, = a,, and
let g, be the identity. Suppose w € pq. Then w [ ¢, which means ¢, # ¢% for
all m # n.

Let 8 = |C|, so that either 5 = {0,1,...,N} or § = Ny. Then C = {¢, |
n € B}. Define S = {c¢ | n € f} C an. Since ¢, # ¢ for all m # n, we
have || = |S] and n — ¢¥ is a bijection from 8 to S. Define g, ¢ = n, so that
Jgw : S — B is a bijection. Choose an ordinal 7 such that |y| = |a,, \ S| and
define o/, = 8 + . By Lemma 5.4.5, we may choose an extension of g, to «,,
such that g, : a,, — @, is a bijection.

Having constructed «/, and g¢,, we now define the ordinal model 2 =
(¥,1,Q) as in Lemma 5.4.3, so that & ~ 2. By Theorem 5.3.8, we have
2 F . Hence, Qo = 1. Let w’' € pg/. Then W' [E ¢, which implies w E ¢,
since w’ ~ w. Therefore, w € pq, and it follows that cﬁ;/ = guc: = n. Hence,
' =n for Q-a.e. w € . By Remark 5.3.9, we may assume that ¢ = n for

n

every w' € (. O
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5.4.5 The natural frame of reference

Consider an inductive theory P with root Ty such that PA_ C Ty. In P, we
may have inductive statements of the form P(X > n | Ty) = p, where > is the
extralogical symbol defined by Vay(z >y +> (32 # 0)x = y + 2). In any model

P = (Q,%,P) that satisfies P, we then have P(X > n)q = p. But
(X >n)g={weQ|X¥>“n“}.

Hence, the very meaning of n and > in the model & may vary with w. If we carry
with us an intuition that was built around a study of random variables, then
this situation is highly counterintuitive. We are not accustomed to thinking
of positive integers as random, let alone thinking of > as a random relation.
But recall that the randomness or fixedness of these symbols is not an inherent
property of the inductive theory P that we started it. It is relative to the model
we are considering.

Theorem 5.4.7 below, which is an immediate consequence of Proposition
5.4.6, shows that for any such inductive theory P, there is a frame of reference
in which all the constant symbols n are fixed. We call this the natural frame
of reference. If we replace PA_ with PA, then this also fixes >. Indeed, in this
case, > can be defined explicitly by

Voy(z >y < Vo, (r=nAy=m)).

This is because PA F Vx \/nGNO T = n, which was demonstrated in the proof of
Proposition 5.3.23.

To state the formal theorem, let £ be a language that contains a unary
function symbol S and constant symbols {n | n € Ng}. A deductive theory
T C £V is said to contain the counting numbers if

T+ VzSx # 0,
TFVzy(Sz =Sy —» = =y), and
Thrn=8---80, for all n € Ng.

In the last condition, the symbol S is repeated n times.

Theorem 5.4.7 (Natural frame of reference). Let T C L be a deductive
theory that contains the counting numbers. Then for all models &2 such that
P ET, there exists an ordinal model ' = (', %, P") such that 2 ~ P’ and
n* =n for every w € Q.

Proof. Since T contains the counting numbers, we have T F n #= m for all
n # m. The theorem therefore follows from Proposition 5.4.6. O

Example 5.4.8. Let I be an uncountable set. Let

L={X,|tel}U{n|neNy}
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be a set of constant symbols, and £ the associated predicate language. Define
X C L% by

X={m#n|mmneNo,m#ntU{V, ey, X; =nl|tel}
U{X,# X, |s tel,s#t}.

Let Xo C X be countable and choose Iy = {tg,t1,t2, ...} such that

Xog{m;ﬁ@|m,neNmm;«én}U{\/neNozt=@\t€[0}
U{X,# X, |s,telysH#t}

Define the L-structure w with domain A = Ny by n* = n, Xy =n if t = t,,
and Xy = 0 otherwise. Then w E Xy, so that X is satisfiable, by Proposition
5.3.6. Since X was arbitrary, Theorem 5.3.19 implies X is satisfiable. Choose
amodel & = (Q, %, P) such that & E X. By Proposition 5.4.6, we may assume
that n¥ = n for all w € Q.

Note that for each t € I, we have & F VneNo X, = n. Hence, X} € Ny
for P-a.e. w € Q. Moreover, if Top = T(X) and P = Th & |1, 11 2, then
P(X, # X, | To) = 1 for all s # t. This should be contrasted with the
observation made in Remark 4.4.7. Namely, there is no Ny-valued stochastic
process (Y (t) | t € I) such that Y(s) # Y (¢) a.s. for all s # t.



Chapter 6

Real inductive theories

By a “real inductive theory,” we mean an inductive theory that makes
statements about real numbers. If P C £S is such a theory with root Ty, then
L should be capable of making statements about real numbers, and (ideally) Tj
should contain all true statements about real numbers.

One particularly straightforward way to construct such an inductive theory is
to follow the approach taken in Section 5.4.1. Namely, we construct a standard
structure of the real numbers, which we denote by R, and we require T to
contain all sentences that are strictly satisfied by R. We can then prove the
analogue of Theorem 5.4.2, showing that every collection of real-valued random
variables can be represented in a natural way inside a real inductive theory.
This is done in Section 6.3.5.

There are several downsides to this approach. The first is that we cannot
talk directly about sets of real numbers. We can add them indirectly as relations
in our language, as we did in Section 5.4.1. But there is no intrinsic theory of
sets in this language. A second, related downside is that we cannot talk about
distinguished elements or subsets of the reals without considerable extra effort.
In particular, we cannot talk directly about integers and rationals, and their
relationships to the reals.

The primary purpose of this chapter is to present a different, more robust
approach. Namely, we will create inductive theories whose root Ty contains all
of axiomatic set theory. In this way, not only can we make inductive statements
about real numbers, but also about all other objects of modern mathematics.

After discussing definitorial extensions in Section 6.1, the axioms of set
theory are presented in Section 6.2. They are the usual axioms of Zermelo-
Fraenkel set theory with choice. As with Peano arithmetic in Section 5.3.5, we
define multiple theories. In fact, we define four theories: ZFCg, C ZFC_ C
ZFC C ZFC,. The first of these, ZFCgy, is the usual finitary set theory from
first-order logic. The others are extensions to £°. The first extension, ZFC_, is
conservative, in the sense that every sentence in ZFC_\ZFCg, is purely infinitary.
In other words, in ZFC_, we cannot deduce any new first-order sentences that
we could not already deduce in ZFCg,. This is because ZFC_ and ZFCg,, have

143
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the same axioms. In particular, even in ZFC_, we can only use finitary formulas
when making use of the axioms of separation and replacement (see Section 6.2.2
and 6.2.3).

The extension ZFC is stronger. There, we allow infinitary formulas in the
axiom of separation. In ZFC, , we allow infinitary formulas in both separation
and replacement. We do not spend time on ZFC, beyond defining it. We
primarily focus on the theories ZFC_ and ZFC.

In Section 6.3, we construct the set of real numbers in ZFC_, and build real
inductive theories whose roots are required to contain ZFC_. We then prove the
analogue of Theorem 5.4.2, showing that every collection of real-valued random
variables can be represented inside such a theory. Using ZFC_ is superior to
using the standard structure of the reals. Now, not only can we talk about
distinguished sets of real numbers, we can in fact talk about all kinds of sets,
backed up by the full power of set theory.

These benefits, however, come at a price. In ZFC_, although we can define
the set of real numbers, we cannot define each individual real number. We
can explicitly define each rational number, and we can explicitly define certain
individual real numbers, such as 7, e, and /2. But it is intuitively clear, at least
in finitary set theory, that the vast majority of real numbers elude any type of
description. As such, our probabilistic statements will only be able to mention
the rationals, and a handful of definable reals.

To elaborate on this, consider an inductive statement, P(p | X) = p. There
are two things to notice about this. First, it is not an element of £. We cannot
add a quantifier to the outside of this statement, except in a metatheoretical
sense. Second, the formula ¢ is a sentence. It cannot contain any free variables.
Hence, any mention of a real number inside ¢ must be done through an explicitly
defined constant. Therefore, when using ZFC_, any real number which cannot
be explicitly defined in ZFC_ cannot be used inside an inductive statement.

Another downside to using ZFC_ is that it produces a weaker analogue of
Theorem 5.4.2. In that theorem, we see a direct and intuitive correspondence
between outcomes in the measure-theoretic model, and structures in the
inductive model. This connection is lost when we do things in ZFC_.

It turns out that the right place to work is in ZFC. This is done in Section
6.4. In ZFC, not only can we explicitly define each individual real number,
we can also explicitly define each individual Borel set, and each individual
measurable function. Hence, any statement we might make in our measure-
theoretic model has an explicit counterpart in ZFC. Moreover, we recover the
natural correspondence between outcomes and structures.

Additionally, in ZFC, we can construct a frame of reference in which the real
numbers, Borel sets, and measurable functions are all almost surely fixed, and
not random. In this sense, ZFC is home to the natural intuition of the practicing
probabilist, to whom it would never occur to think of such things as varying
with w.

Adopting ZFC, however, involves accepting a new axiom of set theory—or
rather, accepting an expanded version of the axiom of separation. In Section
6.2.7, we discuss reasons why this is hardly any more problematic that assuming
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that ZFCg, is consistent.

Finally, in Sections 6.5 and 6.6, we illustrate how the major theorems and
structures of measure-theoretic probability can be expressed using inductive
logic. The examples we cover are the law of large numbers, the central limit
theorem, conditional expectation, and the general form of the law of total
probability, also known as the tower property of conditional expectation.

6.1 Definitorial extensions

We often want to introduce new symbols into our language that are defined in
terms of old ones. Sometimes this can be done using shorthand. In that case,
the new symbols are not actually part of our language. They are just notational
conventions we use to talk about our language. We have seen this already with
the symbols 3 and —.

Sometimes, however, we want to formally augment our logical signature. For
example, in the context of a deductive theory T, suppose we have T - Ilxp(z).
We may wish to introduce a constant symbol to denote the unique object whose
existence is being asserted. This is not easily done with shorthand. In this
subsection, we go over precisely how this is done, and what effects it has on
deductive and inductive derivability.

6.1.1 Defining individual symbols

Relation symbols. Let £ be a predicate language with logical signature L.
Let r be an n-ary relation symbol with r ¢ L, and let L[r] be the language
with signature L U {r}. An eaplicit definition of v in L is a sentence in L[r]"
of the form 60, = Vz(rZ < §(Z)), where 6 = §(x1,...,2z,) € L. The formula §
is called a defining formula. We may sometimes denote § by 4., to indicate its
relationship to r.

Given ¢ € L[r], we define ¢! € £ as follows. If ¢ is an equation, then
04 = o, and if ¢ = 7, then ¢'4 = §(¢). We extend this recursively by
(=) = —prd, (A®) = Npeca o' and (Vap)™d = Vaprd. Intuitively, ¢ is
reduced down to ¢4 by replacing all occurrences of rt by (5({ ).

Constant symbols. Let ¢ be a constant symbol with ¢ ¢ L. Let £[c] be the
language with signature L U {c}. An explicit definition of ¢ in L is a sentence
in L[c]? of the form 0. = Vy(y = ¢ <> 6(y)), where § = 6(y) € L. The formula §
is called a defining formula. We may sometimes denote § by d., to indicate its
relationship to ¢. Let & = dlyd.. Note that 6, - &.. In general, we will only
use the definition 6. in situations where & holds. Given ¢ € L]c|, we choose
z ¢ varp and define ™ € £ by ¢ = 3z(p(2/c) A (2)).

Function symbols. Finally, let f be an n-ary function symbol with f ¢ L and
n > 1. Let L[f] be the language with signature L U {f}. An explicit definition
of f in L is a sentence in L[f]° of the form 0; = VZy(y = T > §(Z,y)), where
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0 =0(x1,...,2n,y) € L. The formula ¢ is called a defining formula. We may
sometimes denote ¢ by dy, to indicate its relationship to f. Let £ = V& 3lydy.
Note that 07 - £¢. In general, we will only use the definition 6 in situations
where & holds.

Given ¢ € L[f], we define ¢*¢ € £ by formula recursion. First suppose
¢ in prime. Then ¢ is a string of finite length. Here, we define ¢ exactly
as in first-order logic. (See, for example, [28, Section 2.6].) Namely, choose
y ¢ varp. Find the leftmost occurrence of f in ¢, which will be followed by
a unique concatenation of terms ¢ = ¢y - - - t,,, and let ¢’ be the prime formula
obtained by replacing ft with y. Note that ¢ = ¢'(ft/y). We then define
@1 = Jy(¢’ Ad(T,y)). The resulting formula o1 has one fewer occurrence of f
than ¢. If f still occurs in o1, then repeat the procedure to obtain (2, and so on.
Since ¢ has only finitely many occurrences of f, this procedure will eventually
terminate in some ¢,, that no longer contains f. We then define ¢*4 = ,,. We
extend this definition recursively by (—p)™ = =g (A @)™ = AV 0" and

(Vap)d = Vaoprd.

6.1.2 Defining multiple symbols

More generally, let M be a set of extralogical symbols, disjoint from L. Let £’
be the language with signature L U M. For each s € M, let 65 be an explicit
definition of s in £, and let ©® = {6 | s € M}. Let § = T for all relation
symbols r € M, and let Z = {& | s € M}. Note that © - =. In general, we will
only use the definitions © in situations where = holds.

Given ¢ € L', we define the reduced formula, ¢*¢ € L, as follows. If ¢
is prime, then sym ¢ is finite. We may therefore eliminate the symbols in
syme N M in a stepwise fashion as above. We then extend this recursively
by (—p)'d = =, (A @) = Noeca 0" and (Vop)'d = Vze'd. More generally,
for X C L', we write X* = {1 | p € X}.

6.1.3 Extensions and models

Let w = (A, L) be an L-structure, and define the £-structure, w’ = (A, (L))
as follows. First, let s = s whenever s € L. If s = r € M is a relation
symbol, then we define " by r<'g if and only if w E 6,[d], where @ € A",
Next, suppose s = ¢ € M is a constant symbol. If w E &, = 3!y ., then there
exists a unique a € A such that w k= 6,[a]. We then define ¢ = a. Otherwise,
if w £ &, then choose a € A arbitrarily and set & = a. Lastly, suppose
s = f € M is a function symbol. If w = & = V& 3lyJy, then for each @ € A",
there exists a unique b € A such that w [ §¢[@,b]. We then define f'(@) = b.
Otherwise, if w B &, then we define f«" arbitrarily. Note that w’ is constructed
so that w’ E 65 whenever w E &. Conversely, note that if v is an £'-model
and w is its L-reduct, then w E & whenever v E 65, and v and W’ agree on
LU{s € M | v E 6}. Finally, given an assignment v,, into w, we define the
assignment v/, into w’ by v, (x) = v(z) for all = € Var.



6.1. DEFINITORIAL EXTENSIONS 147

Proposition 6.1.1. Let w be an L-structure and ¢ € L. Assume w [E & for all
s€ MNsyme. Then w' [ p[v,] if and only w E ¢*4vy], for all assignments
Vg

Proof. If ¢ € £, then ¢*! = ¢. Hence, by Theorem 5.3.2, the proposition holds
for all p € L.

For ¢ € L', we first consider the case, M Nsym ¢ = {r}. In this case, w E &,.
It follows that w’' E 6, = VZ(rZ + §(&)). We now prove the proposition by
induction on . Suppose ¢ is prime. Then either ¢ € £ or ¢ = ri. In the
former case, we established that the proposition holds. In the latter case, we
have ™4 = §(t), so the result follows from w’ [ 6,. The inductive steps are
straightforward. The cases M = {c} and M = {f} are similar.

We now consider the case of general M. As above, the result holds if
sym @ N M contains a single element. It therefore holds whenever sym o N M
is finite, by reducing each symbol one at a time. In particular, it holds
for each prime ¢, since prime formulas are finite strings of symbols. The
result then follows by induction on ¢, using the recursive definition of strict
satisfiability. O

Let & = (Q,%,P) be an L-model. For each w € Q, define the £'-structure
w’' as above. Let ' = {W' | w € Q}, let h denote the map w — w', and
let 22/ = (V,T,Q) be the measure space image of & under h. Since w’ E s
whenever w E &, it follows that &2’ E 6 whenever &2 E &. Given an assignment
v into &, define the assignment v’ into &’ by v/, (z) = v, (x) for all x € Var.

Lemma 6.1.2. Let 2 = (QQ,FQ,QQ) be an L' -model such that 2 & ©. For
each v € Q2, let gv be the L-reduct of v. Define Q = {gv | v € Q?} and let
P = (Q,2,P) be the measure space image of 2 under g. Given an assignment
w into 2, define the assignment v into & by vy, (x) = w,(z) for all x € Var.
Let ' and v’ as above. Then & E = and, for any ¢ € L', we have 2 E plw]
if and only if P’ E p[v'].

Proof. Let & € E. Since & € L, it follows from Theorem 5.3.2 that gv E &
if and only if v | &. Hence, (&)a2 = g7 1(&)q, so that 2 F & if and only if
P E &. Since © - E and 2 F O, this gives & F E.

Now let My = M Nsym ¢ and note that My is countable. Let ©¢ = {6 | s €
Moy}. Then 2 F A O, so that v E A Oy, for a.e. v. It follows that v and w’
agree on L U My, for a.e. v. The result now follows from Theorem 5.3.2. O

Proposition 6.1.3. Let &2 = (2, %,P) be an L-model such that & F =, and
let ' = (V,T,Q) be as above. Let ¢ € L and let v be an assignment
into P. Then ¢[v']or € T if and only if ¢*iv]lq € X, and in this case,
Qo[v'ar =Py wlq. In particular, ' & @[v'] if and only P E o"[v)].

Proof. Since sym ¢ is countable and & E =, we may choose Q* € ¥ such that
PO* =1and w E &, for all s € M Nsymyp and all w € Q*. Hence, by
Proposition 6.1.1, we have w’ £ v/, ] if and only w £ ¢"[v,], for P-a.e. w € Q.
Therefore, h=p[v']o = ¢4 [v]q a.s. It follows from the definition of £’ that
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¢[v']or € T if and only if ¢*[v]q € ¥, and in this case, Q p[v']o = P ™ [v]q.
In particular, Q p[v']q: = 1 if and only if Pp™[v]q = 1, so that &' E p[v'] if
and only & F ¢™[v]. O

6.1.4 Deductive elimination

The following theorem captures the exact relationship between derivability in
L' and derivability in £. By Remark 5.2.6, since £ C L', we are able to simply
write b, instead of -, and /.

Theorem 6.1.4 (Deductive elimination theorem). Let X C L' and p € L'.
Then X,0 F ¢ if and only if X', 2 F o4,

Proof. Assume X, 0 F . Let & = (Q,%,P) be an L-model and let v be an
assignment into & such that & k o] for all ¢ € X*¥ UE. Since & F =, we
may define &’ as in Proposition 6.1.3. We then have &2’ E ([v'] if and only
P E ("] for all ¢ € £'. Tt follows that &’ F ¢[v’] for all 1 € X. Since
P E 6s whenever & E &, it also follows that &' E ©. Thus, & F ¢[v’] for all
¥ € XUO. Since X, 0 F ¢, we conclude that 2’ E ¢[v’]. One more application
of Proposition 6.1.3 gives & F ¢*4[v]. Since & and v were arbitrary, this shows
that X', = o™,

Now suppose X" 2 F ¢4, Let 2 = (Q2,T2,Q?) be an £'-model and
let w be an assignment into 2 such that 2 F ¢[w] for all ¢y € X U©. Since
2 E O, we may define & as in Lemma 6.1.2. We then have & F = and
P’ Ep[v'] for all ¢ € X UO. Proposition 6.1.3 then implies & F 1™ [v] for all
¢ € X UO. In particular, & E ¢[v] for all ¢ € X™. Together with & F = and
Xt = o) this gives & F @' v]. Another application of Proposition 6.1.3
gives P’ E p[v']. Therefore, by Lemma 6.1.2, we have 2 F p[w]. Since 2 and
w were arbitrary, this shows that X, 0 . O

Corollary 6.1.5. For any X1, X2 C L', we have X1 UO = X5 U O if and only
if X19UE= XM UE.

Proof. Suppose X7 UO = X UO. Then X;1,0  Xs. Theorem 6.1.4 implies
X1 = - X Likewise, X4 2 - X194, Therefore, X1 UZ = X;4 UZ. The
proof of the converse is similar. O

Definition 6.1.6. Let 7' C £ be a deductive theory, and let © and Z be as in
Section 6.1.2. We say that O is legitimate in T if = C T'. If © is legitimate in T,
then we define the deductive theory T C (£')” by 7" = T + ©. The deductive
theory T” is called a definitorial extension of T.

Corollary 6.1.7. Let T’ be a definitorial extension of T. Then for all p € L/,
we have T = ¢ if and only if T + ©"Y. In particular, T is consistent if and only
if T is consistent.

Proof. By Theorem 6.1.4, we have T' F ¢ if and only if 7", 2 . But
T'Y =T and E C T. Therefore, T4, = ¢4 if and only if T F ', O
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6.1.5 Inductive elimination

Our aim here is to prove Theorem 6.1.10 below, which is an inductive version
of Theorem 6.1.4.

Let P be an inductive theory in £' with root T}, and let T§ be a definitorial
extension of Ty. That is, 7§ = Tp + O, where O is legitimate in T, meaning
that & C Tp.

Let X C (£)° and assume that X — T}. Choose ¢ € (£')" such that
X =T} + 1. Define QX C (L) by

QY ={(X,¢.p) | P(&"* | To, v*) = p}.

We claim that the definition of Q¥ does not depend on the choice 1. To see
this, suppose that ¢ € (£/)° and X = T} + ¢. Then T} + v — ¢. By Corollary
6.1.7, we have Ty F ¢*4 — (", so that Ty, ™ F ("9, Reversing the roles of ¢
and ¢ gives Ty, (™ + ™. Hence, Ty + v™ = Ty + ¢*4. By the rule of logical
equivalence, P(p™ | Ty, ™) = p if and only if P(o™ | Tp, (™) = p, and so QX
does not depend on .

Let Q = J{Q% | X — T}}. Then Q is strongly connected with root T}.

Lemma 6.1.8. With notation as above, Q is satisfiable.

Proof. Let & be an L-model such that & F P. Then Z ETpand = C Ty C Tp,
so that & E E. Define &’ as in Proposition 6.1.3. Since &’ E 6 whenever
P E &, we have 2’ F O. Also, T4 = Ty, so Proposition 6.1.3 gives 2’ F Tj.
Therefore, ' £ Ty + © = Tj,.

Now suppose (X, ¢,p) € Q. Write X = T}, + 1, where P(p™ | Ty, ') = p.
Then P Nyt / Popid = p. By Proposition 6.1.3, we have Q oo/ Ntpor / Qiper =
p, so that &' E (X, ¢, p). Since (X, ¢, p) was arbitrary, 2’ F Q. O

It follows from Lemma 6.1.8 and Theorem 4.2.7 that @ is consistent. We
may therefore define P’ = Pq. Let Py = P’ |7y.

Lemma 6.1.9. With notation as above, Pj = Q.

Proof. Since Q@ C P’ and X < T| for every X € ante@, we have Q C Pj.
Conversely, suppose that Pj(¢ | X) = p. Write X = T} + ¢, so that P'(p |
T5,%) = p. Let & and &’ be as in the proof of Lemma 6.1.8. Since &' E Q, it
follows that &’ = P’. Therefore, Q oo/ N1pa:/ Q1po = p. Proposition 6.1.3 then
gives Pt nyid /P = p, so that &2 F (Ty +4*, 0™, p). Since this is true for
every L-model & such that & & P, and since Ty + ¢ < [T, Tp), it follows
from Definition 4.2.10 that P E (Tp + ', ™ p). Remark 4.2.15 therefore
implies P(¢™ | Ty, v™) = p, so that (X, ¢,p) € Q. Hence, Q = P}. O

Theorem 6.1.10 (Inductive elimination theorem). Let P be an inductive
theory in LS with root Ty, and let T} be a definitorial extension of Ty as in
Definition 6.1.6. Then there exists a unique inductive theory P C (£')S with
root T} such that

P'(p | X,0) = P(p" | X™,5), (6.1.1)

where either both sides exist or both sides do not.
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Proof. Let P’ be defined as above. We first show that P’(p | X, 0) = p implies
P(¢rd | X4 =) = p. Suppose P'(p | X,0) = p. Write X UO = T' + 9,
where T € [T}, Tp/], ¥ € (£)° and P'(¢ | T4,¢)) = p. Since P} = Q,
we have Q(¢ | T},v) = p. From the definition of Q, it follows that P(p*¢ |
To, ') = p. Therefore, to show that P(¢™ | X' =) = p, it suffices to show
that X™ U= =T + ¢ for some T € [Ty, Tp]. For this, let T = T((T")* 4 UE).
Since © C Tj) C T', we have XUO =T+ 0 +¢. Corollary 6.1.5 therefore gives
XHyz = (T)MuzZu{yd} =T + ' We must now show that Ty C T and
T CTp.

For Ty C T, note that Top C T} C T’. We therefore have T" + Tp, so that
T',0 F Tp. Since T4 = Ty, Theorem 6.1.4 gives (T")*4, = F Ty, so that Ty C T.

For T' C Tp, we first show that T5 C Tp. Let ¢ € Tpr. Then P'(¢ | T3) = 1.
By Lemma 6.1.9, we have Q(¢ | Tj) = 1. From the definition of @, it follows
that P(¢*4 | Tp) = 1. Therefore, ("¢ € Tp, and this shows that 75 C Tp.

Now, since = C Ty C Tp, we have that © is legitimate in Tp. Corollary 6.1.7
therefore gives Tp + © I ¢ if and only if Tp F ¢*4, for all ¢ € L. By the above,
Tp + TH. Hence, Tp + © F Tps. Since T' C Tpr, this implies Tp + ©  T".
Another application of Corollary 6.1.7 yields Tp - (T")™. As previously noted,
= C Tp. Therefore, Tp - T, so that T C Tp.

We now show that P(¢™ | X', Z) = p implies P'(¢ | X,0) = p. Suppose
P(g™ | X4, 2) = p. Write X' UZ = T + v, where T € [Ty, Tp], ¢ € £,
and P(p' | Ty, 1) = p. By Lemma 6.1.9, the definition of @, and the fact that
Y = 1), we have P'(¢ | Tp,v)) = p. Therefore, to show that P'(p | X,0) = p,
it suffices to show that X U© = T’ + ¢ for some T" € [T}, Tp:]. For this, let
T'=T+40. Since ZEC Ty C T, we have X" MUZE=T4+Z 4+ =T + .

We must now show that 7] € 77 and 7" C Tps. The first follows easily,
since Tj = Tp +© C T +© = T'. For the second, note that if ¢ € £° and
P(¢ | Tp) = 1, then Q(¢ | Tj) = 1, which implies P'(¢ | 73) = 1. Therefore,
Tp CTpr. Since T CTp, wehave TV =T +0O CTp +0O C Tp + 0. But
© C T, CTps, so it follows that T" C Tpr.

For uniqueness, let P C (£')? be another inductive theory with root T
that satisfies (6.1.1), and suppose P”(¢ | X) = p. Then © C T} C T(X), so
that X = X U ©. By the rule of logical equivalence and (6.1.1), we have

P'(p| X)=P"(¢| X,0) = P(¢"! | X, E) = P'(p| X,0) = P'(¢ | X),
which shows that P’ C P’. Reversing the roles of P’ and P” gives P = P'. [

The inductive theory P’ in Theorem 6.1.10 is called a definitorial extension
of P. In the special case that P is a complete inductive theory, we have the
following semantic characterization of P’.

Corollary 6.1.11. Let Ty C £° be a deductive theory. Let & be an L-model
with & & Ty and define P = Th 2 |1, 1y, p. Let P’ be a definitorial extension
of P. Then P' = Th ' |(r; 11 2], where &' is defined above Lemma 6.1.2.

Proof. By Lemma 6.1.9 and Theorem 3.3.4, it suffices to show that @ =
Th 2" |1;. Note that (X, p,p) € Q if and only if we can write X = Tj + ¥,
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where 2 E (Ty + ¢, ' p). Also note that (X, p,p) € Th P' |7y if and only
if we can write X = T+, where &' £ (T + 1, ¢, p). Since P’ is a definitorial
extension, we have = C Ty, which implies & F Z. Hence, from Proposition
6.1.3, it follows that 2 E (Ty +4*, o™, p) if and only if &' E (T} +,¢,p). O

6.1.6 Primitive vs. defined symbols

Let P C £ be an inductive theory with root Ty. The extralogical symbols in L
have no formal definitions within P. Syntactically, they get their meaning from
their use, that is, from the inductive statements (X, ,p) € P in which they
appear. If P and Ty are generated by a set of axioms, then we might say that
the symbols in L are “defined” by these axioms. That is, they get whatever
meaning they may have from what the axioms have to say about them.

Now suppose P’ is a definitorial extension of P. Then, unlike the symbols
in L, the symbols in L’ \ L do have a formal definition in P’. For instance, to
each constant symbol ¢ € L'\ L, there corresponds a defining formula é.(y) € £
such that 0, = Yy(y = ¢ < d.(y)) € T}. It seems, then, that the symbols in
L' can be divided into two disjoint categories. Those in L we might call the
“primitive symbols,” which lack a formal definition and get their meaning from
their use. While those is L' \ L we might call the “defined symbols,” which get
their meaning by virtue of being defined in terms of the primitive symbols.

But this distinction is metatheoretical. Neither the deductive theory T{ nor
the inductive theory P’ can “see” which symbols are primitive and which are
defined. From the point of view of P’, a constant symbol ¢ € L'\ L is a primitive
symbol that gets its meaning from the statements and sentences in P’ and T},
one of which is #.. In other words, there is no real difference between thinking
of 0. as a definition of ¢ and thinking of . as a new axiom that gives meaning
to the primitive symbol c¢. In the context of a given inductive theory such as
P’, there are no defined symbols. There are only primitive symbols.

Moreover, if we understand meaning as coming from use, which it does
in formal logical systems such as this, then the very act of defining the new
symbol ¢ € L'\ L can change the meaning of the primitive symbols in L. More
specifically, to define ¢, we must add the new “axiom,” 0. = Vy(y = ¢ + d.(y)),
changing T to T{. The formula d.(y) undoubtedly uses symbols from L. Under
the extension P’, those symbols are now used differently from how they were
used under P. Hence, their meanings in P’ and P may be different.

In practice, this latter issue may be one that we rarely, if ever, encounter.
This is because we can avoid the issue in any circumstance where the elimination
theorems apply. But we will later see in Chapter 7 (specifically Sections 7.3.4
and 7.5.3) circumstances where the elimination theorems do not apply. And in
those circumstances, we must confront this issue head on.
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6.2 Zermelo—Fraenkel set theory

In this section, we present Zermelo-Fraenkel set theory in the infinitary setting.
Let £ be a language that contains a binary relation symbol €. We use the
boldface € here to distinguish it from the usual € that is used when discussing
structures and models. As noted in Section 5.1.2, we will use the shorthand
(Vy € x)p =Vyly € x — ¢) and (Jy € z)p = Ty(y € x A ). More generally,

(Yy1---yn €Ex)o = (Vi1 € x)--- (Y1 € 2)0p,

and similarly for 3. We also write z C y = Vz(z € x — z € y). Again, we use
boldface C to distinguish it from the usual C.

All of the formulas we define below are sentences. To simplify notation, we
write them as open formulas of the form ¢(Z). It is to be understood that this

—

refers to the sentence VZp(Z)

6.2.1 Extensionality, union, and power set

Define the sentences

AE:Vz(z €z zEyYy) Dax=y
AU :VaIyVz(z € y <> (Ju € 2)z € u)
AP :VaIyz(z €y & 2z C x)

These are, respectively, the axioms of extensionality, union, and power set. The
first says that two sets x and y are equal if they have the same elements. The
second says that, given a collection z of sets, there is a set y which is the union
of the sets in z. The third says that if x is a set, then there is a set y consisting
of all the subsets of x. We will have more to say about these axioms later.

6.2.2 Axiom schema of separation

For p(x, z,%) € L with y ¢ free ¢, define
AS(p) : IyVz(z €y > p Nz € x)

This is called the axiom of separation. Given a set z, the axiom AS(y) allows
us to create the set {z € x | p(z, 2z, @)}, which depends on = and @. This is done
as follows. Let ¢(z, z,@) € £ with y ¢ freep. It can be shown that

AE,AS(p) FVazu AyVz(z €y & 0 Az € z).

Hence, in any theory that contains AE and AS(y), we may make the legitimate
definitorial extension, y = Fat <> Vz(2 € y <> ¢ Az € ©). The term Fad is
exactly the set we were trying to create. In such a case, we use the notation
{z€x|yp}or{z€axl|ep(xzd)} asshorthand for the term Fz.
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The axiom of separation is, in fact, an axiom schema. It is one axiom for
each allowable formula ¢. Let

AS = {AS(p) | p(x,z, 1) € L and y ¢ free ¢},

and set ASg, = ASNLY . Note that AS(¢) € L2 if and only if ¢ € Lg,. Hence,
ASg, can be defined just as AS, but with the requirement that ¢ € Lgy. In
other words, ASg, is the usual axiom schema of separation used in first-order
logic. The difference between AS and ASg, is that with AS, we are allowed to
use infinitary formulas ¢ when building new sets.

6.2.3 Axiom schema of replacement

For p(z,y,7) € L with u,v ¢ free ¢, define
AR(y) : Vz3ly ¢ — YuduVy(y € v <> 3z € u)y)

This is called the axiom of replacement. Given a set u and a function F, it
allows us to create a set of the form {FzZ | z € u}, which depends on u and Z.
The function F' is determined by the formula ¢. This is done as follows. Let
o(z,y,2) € L with u,v ¢ free p. Suppose T is a theory such that T F Vzz Jly .
Also assume AE € T and AR(¢) € T. In T, we may make the legitimate
definitorial extension, y = FxZ <> p(z,y,Z). Let

Y(u,v,2) =Vyly € v (Ir € u)p),

and note that
Y=rVyly Ev e (Fz €u)y = Fa?).

By our hypotheses on T, it follows that T+ VuZ v p(u, v, Z'). Hence, we may
make the legitimate definitorial extension, v = Guz < ¥(u,v,7). The term
Guz is exactly the set we were trying to create. In such a case, we use the
notation {FzZ | z € u} as shorthand for the term Guz.

The axiom of replacement is, in fact, an axiom schema. It is one axiom for
each allowable formula ¢. Let

AR = {AR(p) | p(z,y,Z) € L and u,v ¢ free ¢},

and set ARg, = ARNLY . Note that AR(¢) € £ if and only if ¢ € La,. Hence,
ARg, can be defined just as AR, but with the requirement that ¢ € Lg,. In
other words, ARgy, is the usual axiom schema of replacement used in first-order
logic. The difference between AR and ARgy, is that with AR, we are allowed to
use infinitary formulas to construct our defined function symbol F'.
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6.2.4 Definitorial extensions and shorthand

To state the remaining axioms, it will be useful to create new symbols, both
shorthand and formally defined extralogical symbols. To this end, we define

p1(x,2): 2z &
po(x,y,21,22): Vuu @) Ay=2V (FJuu Ex) ANy =2

o3(z,z,u) 2z Eu
Note that each ¢; is in Lg,. Let T be the deductive theory generated by
{AE, AU, AP, AS(p1), AS(p3), AR(p2) }.

Since AE,AS(p1) F TlyVzz &€ y, we may make the legitimate definitorial
extension, y = 0 <+ Vz 2 € y. Letting

p(r,y) =V2(z €y < (Su € 2)z € u),

we have AE, AU + Va3ly p(z, y), which allows the extension y = |Jz + ¢(x,y).
And with ¢(x,y) = Vz(z € y <> z C x), we have AE, AP - Vz3ly o(x,y), which
allows the extension y = P + ¢(x,y).

We now have

=1 (t=0ANy=21Va# BNy =2).

It can be shown that AE,AS(p;) F VaZ Ilyps(z,y,Z). This allows the
extension y = FaZ < ¢o(z,y,Z). Hence, since AR(¢2) € T, we may
adopt the shorthand {z1,29} for the term {FzZ | x € PP O}. We then
write {z} as shorthand for {z,z}. We can recursively define the shorthand
{z1,.-yznt1}t ={21,- -, 2z} U {zn11 }

Since AE, AS(y3) € T, we have the term {z € x | p3} = {2 €z | z € u}. We
use the shorthand x N u to denote this term. We also write U v as shorthand
for | J{z, u}, and Sz as shorthand for the term xU{x}. Finally, the ordered pair
(z,y) is defined via shorthand as the term {{z},{z,y}}. We can recursively
define the shorthand (x1,...,2n41) = ((T1,. .., Tn), Tni1)-

6.2.5 Axioms of infinity, foundation, and choice

Now define the sentences

Al: Ju(® € u AVz(z € u — Sz € u))
AF: (Ve #0) By €x)znNy=0
AC:Vu@ g un(Voy €Euw)(z#y > xNy=0) = z(Vz € v)Iy(y € 2N 2))

These are, respectively, the axioms of infinity, foundation, and choice. The
axiom of infinity ensures the existence of an infinite set. The axiom of
foundation, among other things, ensure that no set can be an element of itself.
The axiom of choice asserts the existence of a set containing exactly one element
from each of a given collection of sets.
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6.2.6 Finitary and infinitary ZFC

We now define
ZFC_ =T + ASg, + ARgy + {Al, AF, AC},
and set ZFCg, = ZFC_ N L] . Note that ZFC_ = T(A%FC), where
AZFC = {AE, AU, AP, Al, AF, AC} U ASg, U ARg,

are the usual finitary axioms of set theory. Hence, from Proposition 5.3.15, it
follows that ZFCgy, is the usual Zermelo—Fraenkel set theory with the axiom of
choice, formulated in first-order logic.

We also define

ZFC =T + AS + ARg, + {Al, AF, AC},
Note that ZFC = T(A%F¢), where
AZFC = {AE, AU, AP, Al, AF} UAS U ARg,,.

The difference between ZFC and ZFC_ is that, in ZFC, we are allowed to use
infinitary formulas when applying the axiom schema of separation.
Finally, we define

ZFC, =T+ AS + AR + {Al, AF, AC},

Note that ZFC, = T(A?FCUAR). In ZFC, , we are also allowed to use infinitary
formulas when applying the axiom schema of replacement. Also note that
A?FC C A%FC and ZFCq, C ZFC_ C ZFC C ZFC,.

By the same reasoning as in the proof of Proposition 5.3.22, we obtain the
following.

Proposition 6.2.1. Let & = (Q,X,P) be a model. Then & E ZFC_ if and
only if w E ZFCqy for P-a.e. w € Q. Consequently, ZFC_ is consistent if and
only if ZFCgy, is consistent. Moreover, ZFC_ I ¢ if and only if w = A*FC implies
w E ¢[v] for all w and all assignments v into w.

6.2.7 Consistency of ZFC

In first-order logic, the consistency of ZFCg, is implied by a variety of different
sufficient conditions. One such condition is the following consequence of [6,
Theorem 8.2.8].

Theorem 6.2.2. If there exists a strongly inaccessible cardinal, then ZFCgy is
consistent in first-order logic.

The existence of a strongly inaccessible cardinal cannot be proven in first-
order logic using the standard axioms of set theory, AZF¢. If it could, then
these axioms could prove their own consistency, in violations of Godel’s second
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incompleteness theorem (see [28, Theorem 7.3.2]). In situations where we want
to use a strongly inaccessible cardinal, we must assume it exists, effectively
adding its existence as a new axiom.

In the comprehensive articles, [23] and [24], Penelope Maddy discusses the
metamathematical arguments, both historical and present, for accepting not
only the current axioms, A%F¢, but also additional possible axioms, including the
assumption that strongly inaccessible cardinals exist. Of all the non-ZFC axioms
discussed, this so-called Aziom of Inaccessibles seems to have the most support,
with many historical backers, including Gédel. It is supported by a number
of metamathematical principles, which she calls mazimize, inexhaustibility,
uniformity, whimsical identity, and reflection. This last principle, she says,
is “probably the most universally accepted rule of thumb in higher set theory.”

In any case, if we want to have an inductive theory whose root contains
either ZFC_ or ZFC, then we will need to assume something that ensures these
theories are consistent. Of all the assumptions we could make in this regard,
we prefer the one in Theorem 6.2.2. It is a very mild assumption, compared to
others we might make. It has good metamathematical support. And it seems to
produce a number of helpful results for us. Our first example of this is Theorem
6.2.4 below, which shows that this same assumption gives us the consistency of
ZFC.

To prove this result, we must first see how the existence of a strongly
inaccessible cardinal implies the consistency of ZFCg, in Theorem 6.2.2. For
this, we begin by defining the von Neumann hierarchy, which is a collection of
sets indexed by the ordinals. For each ordinal «, we recursively define the set
V, as follows. Let Vo = 0. If a = B+ 1, then let Vg1 = PVs. If v is a limit
ordinal, then let V,, = U£<a Ve. The sets V,, satisfy Vo, = g, B Vs, for any
ordinal a. Each V,, is a transitive set, meaning that if A € V,, and z € A, then
x € V. The sets V,, also satisfy the following properties:

(i) B < a implies Vg € V,, and V3 C V,,

)

(ii)) A € V,, implies A C V,,

(i) B C V3 implies B € V,, for all & > 3, and
)

i
(iv) a C 'V, for all a.

Using our identification of natural numbers and ordinals, the first five sets in
the von Neumann hierarchy can be written as

Vo =0,
Vi = {0},
Vo ={0,1},

V3 = {O,]-an{]'}}a
Va=1{0,1,2,3,{1},{2},{0,2}, {1, 2}, {{1}}, {0, {1}}, {0, 1, {1}},{0, 1,2, {1}},
{1 {133,{2, {111, {0, 2, {13}, {1, 2, {1}}}.
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Note that |V5| = 65536 and |Vg| = 26536, Although these sets grow rapidly, we
have |V,| < oo for all n € Ny. Also note that n C V,, and n € V41, for all
n € Ny. Since Ng = w, we have Ny C V,, and Ny € V,41.

If k is a cardinal number, then we define the L-structure v, = (V;, €¥%) by
setting €Y~ = €.

Lemma 6.2.3. If v, = A?FC, then V, satisfies the following:
(i) v, E Vzz & y)[b] if and only if b= 10,
(i6) vn I (¢ C y)la,b] if and only if a C b,
(i) if a Cband b€V, thena € V,,, and
(iv) if b € V,;, then Pb e V.

Proof. Let b € V.. Note that v,, E (Vza € y)[b] if and only if, for all a € V,
we have a ¢ b. Suppose b # (). Then there is an object a such that a € b. Since
Vi is a transitive set, this implies a € Vj, a contradiction. Hence, (i) holds.

Next, let a,b € V. Note that v, E (x C y)[a,b] if and only if, for all ¢ € V,
we have ¢ € a implies ¢ € b. Suppose a Q b. Then there is an object ¢ such that
¢ € a but ¢ ¢ b. Again, since V, is transitive, we have ¢ € V,;, a contradiction.
Therefore, (ii) holds.

Let a C b and b € V,. Since every infinite cardinal number is a limit
ordinal, we have V, = Jz_, Vs and V,; = Uz_, P V. Choose 8 < k such that
b € V3, and note that 8+ 1 < k. Then b C V3, so that a C V3, which implies
a € Vay1 C Vg, and (iii) holds.

Finally, suppose b € V,;. Choose < k such that b € V3. Then b C Vj, so
that every a C b satisfies a € Vgy1. Hence, 'Bb C Va1, and this implies that
PBbe Vgia C Vi O

Theorem 6.2.4. Let v,, be as above. Then the following are equivalent:
(i) K is strongly inaccessible,
(ii) v, [ AFC,

(iii) v, E A*FC

In particular, if there exists a strongly inaccessible cardinal, then ZFC is strictly
satisfiable.

Proof. The equivalence of (i) and (ii) is [6, Theorem 8.2.8], and (iii) implies (ii)
follows from the fact that A2F¢ C AZF¢. For the final implication, assume (ii)
holds. We need to show that, for all ¢ € L,

if o = p(z,2,4) and y ¢ free p, then v, E AS(p). (6.2.1)

We will prove this by induction on ¢. Since prime formulas are finitary and
v, = A?FC it holds whenever ¢ is prime.
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Suppose ¢ = —p and (6.2.1) holds for ¥. Assume ¢ = @(z,z,%) and
y ¢ freep. Then the same is true for ¢. Hence, v, E AS(¢). Let
a,dy,...,d, € Vi. Then there exists b € V, such that, for all ¢ € V,, we
have ¢ € b if and only if ¢ € a and v, E ¥[a,c, cf] Since V,, is transitive, this

-

implies b = {c € a | v, E ¢¥[a,c,d]}. By Lemma 6.2.3(iii), we have a \ b € V.
But a\b={c€al|v, E (—)a,c d}. Hence, v, = AS(—p).

Now suppose ¢ = A @ and (6.2.1) holds for each 6 € ®, and assume that ¢ =
p(x,z,4) and y ¢ free p. Then the same is true for each 6, so that v,, [E AS(6).

Let a,dy,...,d, € V.. As above, by = {¢ € a | v, [ 0[a,c,d]} € V.. Lemma
6.2.3(iii) then gives b = (Nyep b € V. But b= {c € a| v, E (A ®)[a,c,d]}, so
that v, E AS(A\ @).

Finally, suppose ¢ = Yoy and (6.2.1) holds for ¢. Assume ¢ = p(x, z,)
and y ¢ free . Rename v to u,11, so that v, E AS(y). Let a,dy,...,d, € V.
As above, for each e € V,;, we have b, = {c € a | v, E w[a,c,cze]} € V.. By

Lemma 6.2.3(iii), it follows that b = [,y be € V. Butb={c€a | v, E

(Vo)[a, ¢, d]}, so that v, E AS(Yuy). O

6.3 Real inductive theories in ZFC_

In this section, we show how to represent real numbers in ZFC_. We then use
this representation to construct real inductive theories in ZFC_.

6.3.1 The set of natural numbers

Let us add to the language of ZFC_ a constant symbol n for each n € Ng.
We do this through the definitorial extensions, y = 0 + y = @ and
y =mn < y = S---S0, where S is repeated n times. The symbols n are
syntactic representations of the natural numbers. They give us a way to define
each individual natural number in ZFC_. But defining each individual natural
number is not the same as defining the set of natural numbers. We must define
a set that contains the natural numbers, and nothing but the natural numbers.
One particularly counterintuitive result in ZFC_ is that this is impossible, in
the sense expressed by (6.3.1) below.

Instead, the best we can do in ZFC_ is to prove that there is a smallest set
that contains the natural numbers. But we cannot prove that this smallest
set contains only the natural numbers. For instance, it is consistent with
ZFC_ to postulate that this smallest set contains an object which is greater
than every natural number. Such an object would be called a nonstandard
natural number. Similarly, ZFC_ is consistent with the existence of nonstandard
integers, rationals, and real numbers. On the other hand, in ZFC, we can
prove that there is a unique set that contains the natural numbers, and nothing
else. This is expressed in (6.3.2) below, whose proof uses essentially the same
technique as in the proof of Proposition 5.3.23.

In ZFC_, we define the smallest set that contains the natural numbers as
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follows. Let ¢p(u) =0 € u AVa(z € u — Sz € u), so that Al = Jup(u), and let
5(y) = p(y) AV2(0(2) = y € 2).

Proposition 6.3.1. With notation as above, we have A*F¢ - 3y §(y).

Proof. Let ¢(x) = Vz(p(z) = = € z). Since ZFC_ = AS(¢y)), we may define
the term t(u) = {x € wu | ¥(x)}, which satisfies ZFC_ + o(u) — §(t(u)).
Hence, since ZFC_ F Al and Al = Ju p(u), it follows that ZFC_ F Jy (y). For
uniqueness, simply note that ZFC_ F d(x) Ad(y) 22 CyAy Cx. O

By Proposition 6.3.1, we can make the legitimate definitorial extension
y = Ny <> §(y). In words, Ny is the smallest set that contains 0 and is closed
under the successor operation.

6.3.2 Arithmetic operations

Recall that the ordered pair (z,y) is shorthand for the set {{z}, {z,y}}. Note
that if ZFC_ F x € u,y € v, then ZFC_ F (z,y) € PP(uUwv). Hence, we may
adopt the shorthand

uxv={z€PPuUv)|Jzy(z = (z,y) N\c Euny Ev)},

and
v ={z € P(u xv) | (Vo € u)(Ay € v)(z,y) € z}.

Here, u x v is the Cartesian product of v and v, and v* is the set of functions
from u to v. We adopt the usual shorthand function notation, z(z). Namely, if
p(y) € L, then ¢(z(z)) is shorthand for the sentence,

Fuv(z € v A € u) AJy((z,y) € 2 A @(y)).

In other words, the sentence ¢(z(x)) says that z is a function, x is in the domain
of z, the object y is the unique object such that (z,y) is in z, and ¢(y) holds.

With these notions in hand, we can define addition in one of several
equivalent ways, each ending with an explicitly defined constant symbol + such
that ZFC_ F + € N%OXNO, and which agrees with ordinary addition on Ny. This
latter fact means, specifically, that

ZFC_+ (m,n,k) € + if and only if m +n = k.

Note that in the above, the first instance of + is an extralogical symbol and
the second denotes ordinary addition of natural numbers. Since we use the
same typographical symbol for both, we will need to rely on context to tell
the difference. We adopt the usual shorthand, writing x + y = z to mean
(z,y,2) € +. We then do the same for - and <.
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6.3.3 Peano arithmetic and nonstandard numbers

The axioms of Peano arithmetic can all be translated into the language of ZFC_
by replacing each quantifier Vo with (Vo € Ny). By an abuse of notation, we
will denote these translated axioms also by A™A. We perform a similar abuse
with APA, PA_, and PA. It can be shown that PA_ C ZFC_, and in a similar
way, that PA C ZFC. Combined with Proposition 5.3.23, this latter fact tells us
that if N E ¢, then ZFC - ¢.

The arithmetical completeness of ZFC is intrinsically connected to the
following result. The first part of the result, (6.3.1), shows the impossibility
of proving in ZFC_ that 0,1,2,... are the only natural numbers. The second
part, (6.3.2), shows that this is not a problem in ZFC.

Proposition 6.3.2. If ZFC_ is consistent, then

ZFC_VF IpNz(z ey« T =mn). (6.3.1)

neNy

On the other hand,
ZFCFVz(z € No < V, ey, T =1n)- (6.3.2)

Proof. For notational simplicity, let 1(y) = Va(z € y <> \/, ey, © = n), so that
we aim to show ZFC_ ¥ 3y ¢(y) and ZFC I ¢ (Np).

Suppose ZFC_ is consistent and ZFC_ F Jyv(y). Let ¢(u) and I(y)
be as in the definition of No. Note that ZFC_ F (y) — ¢(y). Also,
ZFC_ + ¢(y) = ¢(2) = y C z. Hence, ZFC_ + ¢(y) — d(y). It therefore
follows from ZFC_ + 3yt (y) that ZFC_ F +(Ng). In particular, we have
ZFC_ F ¢(z), where ((z) =2 € No = V, oy, T = 1.

By Proposition 6.2.1, since ZFC_ is consistent, we may find a structure w
such that w [E A%FC. Let ¢ be a constant not in L and define X C (Lc)2 by
X =ACU{ce No}U{c#n|n €Ny} Let Xg C X be finite. Choose m € Ny
such that

Xo CAFCU{ce Ny} U{c#n]|n<m}.

Let w’ be the Le-expansion of w with ¢ = m®. Then w’ E Xy, so that X,
is strictly satisfiable. By the finiteness theorem for first-order logic (see, for
example, [28, Theorem 3.3.1]), the set X is strictly satisfiable. Choose an Lc-
structure v such that v E X, and let vy be its L-reduct. Let a = ¢. Then
vo E AZFC, 1y = (2 € Ny)[a], and vy [E (¢ % n)la] for all n € Ng. Therefore,
vo £ Cla]. Now let & = ({w},B{w},d,,) and v = (v), where v(z) = a.
Then & F ZFC_ and & ¥ ([v]. By Theorem 5.3.21, we have ZFC_ ¥ ((z), a
contradiction. This proves (6.3.1).

We now consider (6.3.2). By the definition of No, we have ZFC_ =/, .y = =
n — x € Ny. Therefore, we need only prove that ZFC  {(z). By Definition
5.2.5(vii)’, it suffices to show

ZFC FVa( = (Vo € Ny) £(x), (6.3.3)

where {(z) = (V,,en, T = 1)-
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By AS(&), we may define the term ¢t = {z € Ny | £(z)}. It is straightforward
to verify that ZFC - ¢(t) and ZFC - ¢(z) — ¢t C 2. Hence, ZFC - ¢t = Ny.
Since t = Nog =zrc_ (Vo € Ny) &(x), this gives (6.3.3). O

6.3.4 Real numbers in ZFC_

In our construction of ZFC_ in Section 6.2, we implemented a number of
definitorial extensions, so that the extralogical signature of £ contains not only
€, but many other explicitly defined symbols, such as @, | J, and 8. For the
present treatment, we consider ZFC_ to begin with the extralogical signature,

L:{evmvsa%a+a'7<}u{ﬂ|TZEN()}.

Any symbol which was defined in Section 6.2 but does not appear above is
considered to be reduced. We may continue to use some of those symbols, but
these uses should be considered shorthand, until otherwise specified. Note that
each symbol in L, except for €, is a constant symbol, and each is explicitly
defined with a finitary defining formula.

From this starting point, we can now explicitly define each integer z € Z in
the usual way as an equivalence class of ordered pairs of natural numbers. For
example, —5 is explicitly defined by the formula,

d(y) =Va(z € y < (Juv € Ng)(z = (u,v) ANu+5=v)).

The set of such equivalence classes is also explicitly definable, so that we
may add the symbol Z. However, as was the case with Ny, we have that
ZFC_FVa(x € Z <+ \/ oy x = z), provided ZFC_ is consistent.

We can then explicitly define +z, -z, and <z for integers. In this way we
obtain a definitorial extension of ZFC_ with signature

L:{E’m’sv&azv+a°7<a+2;'Zv<Z}U{ﬂ|neNO}U{§|Z€Z},

where each symbol in L, except for €, is a constant symbol, and each is explicitly
defined with a finitary defining formula. We will omit the duplicates of +, -, and
<, and leave the distinction to context. Similarly, we will omit {n | n € Np}, and
leave to context the distinction between the natural number n and the integer
n.

Finally, we do the same for each ¢ € Q and for Q itself, giving us the
signature,

L= {€a®7s7&7Za@7+7'a<} U {g ‘ qE Q}

Again, everything but € is a constant symbol with a finitary definition.
A set B is a Dedekind cut if B is a nonempty, proper subset of Q that is
downward closed and has no maximum element. Let

ppc) =u € PQAUEDAuEQ
ANVzeu)(yeQAry<z =y €u)A (Ve €u)(Jy € u)(z <y).
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Then ¢pc(u) says that u is a Dedekind cut. Since ¢p¢ is finitary, we have
ZFC_ + AS(ppc). Hence, if

y)=Vae(zr €y =2 €PQAppc()),

then ZFC_ F Jly é(y). We may therefore explicitly define R by y = R <+ d(y).
We can also explicitly define addition, multiplication, and less-than in R, all
with finitary formulas. This gives us the extralogical signature,

L_= {63@787%727@7Ka+7°7<} U {Q | qc Q}

As before, we have omitted the duplicate versions of 4, +, and <, and will rely
on context to understand them. Also, each symbol in L_, except for €, is an
explicitly defined constant symbol with a finitary defining formula.

6.3.5 The standard real structure

Before constructing real inductive theories in ZFC_, we first show a simpler,
albeit more limited approach. This approach is essentially just a special case of
Theorem 5.4.2.

Let Lg = {+,-, <} U{r | r € R}. In Lg, we will write z < y as shorthand
for z < yVz = y. Define the Lg-structure R = (R, L®) by letting +7, -®, and
<R denote their ordinary counterparts in R, and setting 7® = r. Define the
deductive theory Tk by Tk = {p € L° | R = ¢}.

Let L be an extralogical signature with Lg C L. If P C £33 is an inductive
theory with root Ty 2 Tg, then P is called a real inductive theory in Tg.

In Theorem 5.4.2, we saw that every measure-theoretic probability model
can be represented by an inductive model in a certain language. In Theorem
6.3.3 below, we show that if that measure-theoretic model is real-valued, then
it can be represented by an inductive model in Lg.

Let (S,T',v) be a probability space and let X = (X; | ¢ € I) be an indexed
collection of real-valued random variables. That is, each X; is a Borel-
measurable function from S to R. Assume I' = o((X; | i € I)).

Let C = {X, | i € I} be a set of distinct constant symbols not in Lg, and
define L = LrC.

Theorem 6.3.3. There exists an L-model & = (Q, 5, P) with & E Tg, and a
function h : S — Q mapping x € S to w € Q such that

(i) x € {X; <r}if and only if w E (X, <),
(ii) each U € T' can be written as U = h™ pq for some ¢ € L°, and
(11i) h induces a measure-space isomorphism from (S,T,v) to P.
Consequently, if P = Th 2 |, 1 2, then
PN Xy < 1| T) = v { Xy < 7k, (6.3.9)

whenever i(1),...,i(n) € I and r; € R.
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Proof. For each x € S, define w = w® to be the L-expansion of R given by
wXi = X;(z). Let Q = {w” | # € S} and let h : S — Q denote the map
x = w'. Let & = (Q,3,P) be the measure space image of (S,T,v) under
h. Since w E Tk for all w € Q, we have & F Tg. By construction, we have
Xi(z) <rif and only if w® E X, <r, so (i) holds.

For (ii), let

I'={UecT |U=h"tpq for some p € L°} CT.

Since J,, b~ (pn)a = K1 (V,, ¥n)a and Lo = 0, we have that I is a o-algebra.
Let r € R. Since X;(x) < r if and only if w* E X, < r, it follows that
{X; <7} =h X, <r)o. Thus, {X; < r} €I, sothat X; is ["-measurable
for all ¢ € I. Since I' is the smallest o-algebra with this property, we have
' CT'. Hence, I' =T, so (ii) holds.

FUET, pe L’ and U = h~'pq, then by the construction of &2, we have
pq € . Therefore, (ii) implies (iii).

Finally, since h also induces an isomorphism from (S,T,7) to (2, %,P), we
have P = 7o h~!. This gives

P(Aji=1 Xigy <7 | T) = Py (X < me)o = v (Mpm {Xary < 7i)s

which verifies (6.3.4). O

6.3.6 Embedding random variables in ZFC_

Let L be an extralogical signature with L_ C L. If P C £® is an inductive
theory with root Ty O ZFC_, then P is called a real inductive theory in ZFC_.
Note that, by definition, the root of an inductive theory is a consistent deductive
theory. Hence, the existence of a real inductive theory in ZFC_ presupposes the
consistency of ZFC_.

Let (S,T,v) be a probability space and let X = (X; | i € I) be an indexed
collection of real-valued random variables, with I' = o((X;|i € I)). Let
C ={X, | i€ I} be a set of distinct constant symbols not in L_, and define
L=L_C.

Theorem 6.3.4. Assume ZFC_ is consistent. Then there exists a complete
inductive theory P C LS with root ZFC_ such that

P( Z:l Xz(lc) g % | ZFC_) = VﬂZ:I{Xi(k) g Qk}a (635)
whenever i(1),...,i(n) € I and g € Q.

Proof. We will call a set J C R a “rational interval” if it has one of the following
five forms, for some a,b € Q: J =0, J = (a,b], J = (—00,b], J = (a,0], or
J =R. In L, we adopt the following shorthand for every a,b € Q with a < b:

(i) z € (a,bl ¢ a<zAxz<bVze=D,

(ii) z € (—o0,b] >z <bVax=b, and
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(iii) = € (a,00) <> a < z.

In this way, if we adopt the shorthand () = @, then we may write = € J for every
rational interval J.
A “rational cylinder” is a set V C R’ of the form

V= {y € RI | Yi(1) € J17~--7yi(n) S Jn}:

where n € N, i(1),...,i(n) € I, and each Ji is a rational interval. If V is a
rational cylinder, then we define the sentence ¢¥ € £° by

¢V = N1 Xiny € i

By Proposition 6.2.1, since ZFC_ is consistent, we may choose an L_ structure
wo such that wy E AZFC. For each y € RY, let w = w¥ be the L-expansion of wy
given by wXi = y;, and let Q = {w¥ | y € RT}. Let

& = {4 | V is a rational cylinder},

and let X be the set of finite, disjoint unions of sets in £. Then X is an algebra
of sets on (2.

Now define Pg : £ — [0,1] by Po g, = v(j_i{Xi@k) € Ji}, and extend this
to ¥o by finite additivity. Then Py is a pre-measure on (2, ¥y) with Py Q = 1.
By Carathéodory’s extension theorem (see, for instance, [10, Theorem 1.11]),
there exists a unique probability measure P on (€, 0(Xg)) that agrees with Py
on 20.

Let ¥ = 0(%p) and & = (Q,%,P). Since w [ ZFC_ for all w € €, we
have ZFC_ C Th &?. We may therefore define P = Th & |zrc_ 1 2. By
construction, (6.3.5) holds whenever each ¢; € Q. O

6.4 Real inductive theories in ZFC

In this section, we show how to represent real numbers in ZFC. We then use
this representation to construct real inductive theories in ZFC. In stark contrast
to what happens in ZFC_, here we find that we can explicitly define every real
number, every Borel set, and every measurable function. We will also construct
a frame of reference in which each of these things is almost surely fixed, and
not random. We call this the “real frame of reference,” and it is presented in
three separate parts as Theorems 6.4.1, 6.4.3, and 6.4.5. Finally in Theorem
6.4.6, we show how real-valued random variables can be naturally and directly
embedding into inductive models that are based on ZFC.

6.4.1 Real numbers and Borel sets

We now work in ZFC. We make all the same definitorial extensions that we did
in ZFC_, bringing us to the extralogical signature,

L= {eamas7&7Z7Q7Ra+7'7<} U {g | qc Q}
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This time, however, (6.3.2) holds, along with the analogous derivability relations
for Z and Q. In fact, for any B C Ny, we can use AS to construct the set
{r € Ng | V,ep® = n}. In other words, we can explicitly define every set in
P Np, and for each of them, the analogue of (6.3.2) holds. The same is true for
every set of integers and every set of rationals.

Since R is defined as a set of Dedekind cuts, and a Dedekind cut is a set of
rationals, it follows that we can explicitly define each individual real number.
We may therefore add, for each r € R, an explicitly defined constant symbol r,
using the infinitary definition,

5T'(y) = VZL’(LE cy< \/qEB(r) T = g)7

where B(r) ={¢€Q|g<r}.

We now add to ZFC an explicit, finitary definition of B, which denotes the
Borel o-algebra, B(R), on R. Unlike with Ny, Z, and Q, we do not expect to
be able to explicitly define each individual subset of R, since we cannot form an
uncountable disjunction in the language £. We can, however, explicitly define
each Borel set.

Let £ C PR be given by €& = {(—o0,7] | r € R}. Note that B(R) = o(£).
Recall the recursive construction of B(R) from & given in Section 2.3.1, and
recall that if V' € B(R), then rk V' denotes the rank of V' with respect to £. For
each V € B(R), we explicitly define V by recursion on rk V.

If tkV =0, then V € &, so that V = (—o0,r]. Define V. = {z € R |z < r},
where we adopt the shorthand z < y forz <yVaez =y. If tkV =, then a is a
successor ordinal, and we may write « = 8+ 1 for some 5. If V € E’B, then we
may choose W € &g such that V = W¢°. We then define V.={z € R |z ¢ W}.
If V ¢ &, then we may choose a nonempty and countable D C & such that
V = D. We then define V.= {x € R | Ayycpx € W}. This defines V for
every V € B(R).

We now have the extralogical signature,

LZFC = {€,®7Sa%,Z7@>R,§,+m<} U {z | e R} U {K | Ve B(R)}
(6.4.1)
As usual, we have omitted the duplicates, and each symbol in Lzgc, except for
€, is an explicitly defined constant symbol.

6.4.2 The real frame of reference

Let L be an extralogical signature that contains a binary relation symbol
€. Let w = (A,L¥) be an L-structure. For a given b € A, we define
“hb={a € A|a € b} Iftisa ground term, then we write “t = “(tv).

Theorem 6.4.1 (Real frame of reference I). Let L be an extralogical
signature such that Lzrc € L. Let 2 be an L-model such that 2 E ZFC.
Then there exists an L-model & = (0, X,P) such that 2 ~ & and

(i) wE ZFC_ for every w € Q,
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(ii) ¢“ = q for every w € €,
(iii) “R C R for every w € €,
() r¥ =r a.s., for each r € R, and
(v) V¥ =2V =V N*R a.s., for each V € B(R).
Proof. Let 2 = (2,%,Q) be an L-model such that 2 F ZFC. Let

L/ZFC = {@787&7Z?@7K7§? +7 °y <} U {Q | q € Q}’

so that L%g. is countable and every s € L% is an explicitly defined constant
symbol with defining formula §5(y). Let

e=Vyly € Qe Vyeqv =9);
and note that ZFC F ¢. Let
Xo=AFU{pU{Blyd(y) | s € Loec},

so that 2 F Xj. Since X is countable, it follows that v = X for Q-a.e. v € (.
By Remark 5.3.9, we may assume that v E X for all v € (/.

Fixv=(4,,L”) €. Let a € "R and define B={q € Q| v E (¢ < z)[a]}.
Since v E (Vo € R)(Jy € Q)(y < z) and v [E ¢, it follows that B # 0.
Similarly, B # Q, B is downward closed, and B has no maximum element.
That is, B is a Dedekind cut. Therefore, there exists a unique r € R such that
B=B(r)={qe€Q|qg<r}. Let g, : YR — R denote the function a + r.

Let a,a’ € YR and define B and B’ accordingly. Assume a # a’. Since

vE(Vry ER)z#Fy—sa<yVy<uz),

we have a <” a’ or a’ <” a. Without loss of generality, assume it is the former.
Since
vE (Vezy ER)(z <y — (Fz € Q)(z < zAz<y)),

and v E ¢, there exists ¢ € Q such that a < ¢” and ¢ <” a’. We then have
q € B'\ B, so that B # B’, which implies g,a # g,a’. Therefore, g, is injective.
In fact, g, is order-preserving, in the sense that a <" o’ if and only if g,a < g,a’.

Now let b € “(BR) and a € ¥b. Then v E (z € y Ay € PR)[a,b]. Hence,
we have v E (x € R)[a], so that a € YR. This shows that b C "R, so
that g,”b C R. Since YR N YPR) = ), we may extend g, to be a function
gv : "RUY(BR) - RUPR by setting ¢g,b = ¢,b for all b € "(BPR). As above,
it follows that g, remains injective.

We now extend g, to be a bijection from A, to some set A, which is a
superset of g, ("RUY(BR)). Let w be the isomorphic image of v under g,. Note
that since g, is order-preserving on *R, we have a <“ «’ if and only if a < a/,
whenever a,a’ € A, NR.

Let h denote the function v +— w and let & = hQ. Let & = (Q,%,P)
be the measure space image of 2 under h. Then h induces a measure-space
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isomorphism from 2 to &, and v ~ hv for all v € ©'. Hence, h is a model
isomorphism, and 2 ~ . Since v E X, for all v € ' and w ~ v, we have
(i). Moreover, a € “R if and only if g, ta € VR. Hence, “R = ¢g,"R C R, so (iii)
holds.

Now let r € R. Since & F Flyd,.(y), we may choose Q* € ¥ such that
PQO* =1 and w E 3lyd.(y) for all w € Q*. Fixw € Q. Thenw E r € R.
Hence, r* € “R = ¢,”R, so that

™ =g,9,'r =sup{q € Q| v E (¢ < 2)[g, ']}
=sup{q € Q|w E (¢ < 2)[r"]}
=sup{g € QwEg<r}

But by the definition of r, we have
wkE(Vz€Q)(z<r e Vg2 =09,

where B(r) = {q € Q | ¢ < r}. Thus, w E ¢ < r if and only if ¢ € B(r).
Therefore, r = sup B(r) = r, proving (iv).

Now fix V € B(R). We will prove (v) by induction on rkV. Suppose
tkV = 0. Then V = (—o0,7]. Choose Q* € ¥ such that PQ* = 1 and, for all
w € O, we have r* = r and w = Iy dy (y), where dy (y) is the defining formula
for V. Since w E V. € BR, we have v E V. € PR, so that V¥ € “(PR).
Therefore, V¥ = ¢, V" = ¢,”V. On the other hand,

ac?V iff a€ A, andw E (z € V)|a]
iff g, lac A, and v = (z € V)[g, 'd]
iff g lac’V.

Thus, “V = ¢,V =V¥. Now, V¥ = {z € R | 2 < r}*. Hence,
“V={aee“R|wE(@<r)[a}={ae“R[a<” "}

But “R C R and r¥ = r € R. Therefore, a <“ r% if and only if a < r, which
implies V¥ =“V =V N“R.

Now suppose rk V' = «. Since the rank of a Borel set is always a successor
ordinal, we may write o = S+ 1. Assume V € £;. Then V. ={z €R |z & W},
where W € €3 and V =R\ W. As above, choose Q* € ¥ such that PQ* =1
and, for all w € Q*, we have w = Jly dw (y) and w = Iy dy (y). Then

VY =SV = {ac“R|a ¢ “W} = “R\ (WN“R) = VN“E,

proving (v) in the case that V' € £5. The proof in the case V ¢ &} is similar.
Finally, since ¢ = q a.s., for each ¢ € Q, and Q is countable, it follows that
q“ = q for each g € Q, a.s. By Remark 5.3.9, we may take & to be such that

(ii) holds. O
Corollary 6.4.2. Letr € R and V,V' )V, € B(R).



168 CHAPTER 6. REAL INDUCTIVE THEORIES

(i) If r eV, then ZFCFr € V.
(i) If r ¢ V, then ZFCHr ¢ V.
(i) If V.C V', then ZFC-V C V.
() If V. =en, Vn, then ZFCEVz(z €V <V, o, * € V).

Proof. Let r € V. Suppose & E ZFC. Using the real frame of reference, we
may assume & satisfies (i)—(v) in Theorem 6.4.1. Hence, for a.e. w, we have
r¥ = r. Since r* € “R, this gives r*¥ € VN¥YR = “V, so that w E (r € V).
Since this holds almost surely, we have &2 £ r € V. The proofs of (ii)—(iv) are
similar. O

6.4.3 Sequences and limits

Let us define, in ZFC, subtraction of real numbers and the absolute value
function, and adopt the usual shorthand for these functions. Let

<Plim(uyv) =uc BNO ANV € R
A (Vz € (0,00))(Fy € No)(Va € Ny)(z 2 y — |u(z) —v| < 2).

Then ¢im (u, v) says that u is a sequence of real numbers that converges to the
real number v.

Theorem 6.4.3 (Real frame of reference II). The model & = (Q,%,P) in
Theorem 6.4.1 may be chosen so that for every w € Q, we have the following:

(i) for each a € “’(KNO) and each n € Ny, there exists a unique a,, € “R C R
such that w E (y = z(n))la, a,], and

(i1) w E ¢iimla, b] if and only if b € “R and a,, — b.
Proof. Note that ZFC I ¢, where

=2 €RY™ = A\, Ay € Ry = z(n).

Hence, w E 9 a.s. By Remark 5.3.9, we may assume w [ ¢ for all w € . Fix
w € Q and suppose a € “(RM). Then w = (z € RM)[a]. Hence, since w = 1),
it follows that for each n € Ny, there exists a unique a,, € “R C R such that
w E (y = z(n))[a, a,]. Note that in the definition of @y, it suffices to consider
rational z. Since ¢¥ = ¢ for all ¢ € Q, it follows that w E pum|a, b] if and only
if b e “R and a,, — b. O

Remark 6.4.4. Let & = (Q, X, P) be a model that satisfies Theorem 6.4.3. In
L, we can formulate a sentence ¢ which asserts that + is continuous. For such
a sentence, ZFC_ F ¢. Recall that + was defined so that it agrees with the
usual addition of rational numbers. That is, ZFC_ - ¢; + ¢2 = ¢35 if and only if
q1 + @2 = q3, whenever ¢; € Q. Using this, it can be shown that, for all w € Q
and all a,b,c € “R C R, we have w E (x +y = z)[a, b, c] if and only if a+b = ¢.
A similar thing holds for - and <.
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6.4.4 Measurable functions

Let h : R — R be measurable. Suppose h is a simple function. That is, the
range of h is a finite set {r1,...,r,}. Let V; = h=*{r;}. Then we may explicitly
define h in ZFC by

h={(z,y) ERxR|V z€Viny=r}.

Suppose h is not a simple function. Choose a sequence (h,, | n € Np) of simple
functions such that h,, — h pointwise. In ZFC, we define

h.={(z,y) € RXR™ | A, ey, ¥(0) = ha(2)}.

Then h. is an explicit definition of the function z — (hy(z) | n € Ny). We now
define

h = {(«x, y) eRxR | @lim(@(l’)a y)}

Theorem 6.4.5 (Real frame of reference III). Let h : R — R be a
measurable function and let & = (Q,5,P) be a model chosen according to
Theorem 6.4.3. Then, for P-a.e. w € Q, we have w E (y = h(x))[a,b] if
and only if a € “R, b € “R, and h(a) = b.

Proof. First suppose h is a simple function. Then w E (y = h(x))[a, b] if and
only if there exists ¢ € {1,...,n} such that a € “V; and b = r;*. By Theorem
6.4.1, we may choose Q2* € ¥ such that PQ* = 1 and, for all w € Q*, we have
“R C R, r;“ =r;, and “V; = V; N“R. Hence, the conclusion of the theorem
holds for each w € Q*.

Now suppose h is not a simple function. Let (h,, | n € Ny) be the sequence
of simple functions used to define h. Choose Q* € X such that PQ* = 1
and w E 3Jlyds(y) for every s € {h, | n € No} U {h.,h}. Suppose w E
(y = h(z))[a,b]. Then w E @im(h(2),y)la, b, which means w E gypmlc,b],
where w E (v = h.(z))[a,c]. By Theorem 6.4.3(i), for each n € Ny, there
exists a unique ¢, € YR C R such that w E (v = u(n))[c,c,]. Since
w E ¢umlc, b], Theorem 6.4.3(ii) implies b € “R and ¢, — b. On the other
hand, since w E (v = h.(z))[a, ], it follows from the definition of h. that
w E (u(n) = hn(z))[a, c]. Therefore, w = (v = hn(x))[a, c,]. Since the theorem
holds for simple functions, we have ¢, = h,(a). Thus, b = lim h,(a) = h(a).
The proof of the converse is similar. O

6.4.5 Embedding random variables in ZFC

Let L be an extralogical signature with Lzrc C L. If P C £'S is an inductive
theory with root Ty 2 ZFC, then P is called a real inductive theory in ZFC.
As with ZFC_, the existence of a real inductive theory in ZFC presupposes the
consistency of ZFC.

Let (S,T,v) be a probability space and let X = (X; | i € I) be an indexed
collection of real-valued random variables, with I' = o((X; |7 € I)). Let
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C = {X, | i € I} be a set of distinct constant symbols not in Lzgc, and
define L = LzpcC.

Theorem 6.4.6 below shows that, if ZFC is strictly satisfiable, then we
recover the full analogue of Theorem 5.4.2, including the natural correspondence
between outcomes and structures. Recall from Theorem 6.2.4 that the existence
of a strongly inaccessible cardinal implies not only the consistency of ZFC_, but
also the strict satisfiability of ZFC. Hence, the assumption in Theorem 6.4.6
is not too far beyond the typically uncontroversial assumption that ZFC_ is
consistent.

The proof of Theorem 6.4.6 shows how the inductive model £ = (Q, %, P) is
built from the measure-theoretic probability model (S, T, v, X). Each structure
w € ) is an expansion of a single structure wy that strictly satisfies ZFC. This
implies, for example, that r“ does not depend on w. The same is true for every
other symbol in Lzrc. In other words, all the familiar objects of set theory and
the real numbers are all fixed in &2. The only things that vary with w are X7
This exactly matches our intuition about measure-theoretic models. In practice,
when we work with a measure-theoretic model, we think of the random variables
as being the only things that are “random.” The real numbers, their relations,
the concept of set membership, and so on, are all fixed, and do not change from
one outcome to another. In a sense, then, the practicing probabilist, in using
the logic of countable unions and intersections, and in assuming that all our
familiar mathematics is fixed under different outcomes, is operating under the
implicit assumption that ZFC is strictly satisfiable.

Theorem 6.4.6. Assume ZFC is strictly satisfiable. Then there exists an L-
model & = (Q,3,P) with & E ZFC, and a function h : S — Q mapping x € S
to w € Q such that

(i) ze{X; €V} ifand only if w g X, € V for all V € B(R),
(ii) each U € T can be written as U = h™tpq for some p € L%, and
(i4i) h induces a measure-space isomorphism from (S,T,v) to Z.
Consequently, if P ="Th < |zrc 11, ), then P satisfies
P(Apz1 Xiwy € Vi | ZFC) = v Moy {Xi) € Vi), (6.4.2)
whenever i(1),...,i(n) € I and Vj, € B(R).

Proof. Assume there exists an Lzpc-structure wg such that wy E ZFC. For
each z € S, define w = w? to be the L-expansion of wy given by X, = rvo,
where r = X;(x). Let @ = {w” | x € S} and let h : S — Q denote the map
x — w?. Let & = (Q,3,P) be the measure space image of (S,T',v) under h.
Since w E ZFC for all w € Q, we have & E ZFC.

Let x € S and V € B(R), and set r = X;(x). By the definition of w®, we
have w* E X, € V if and only if wg E r € V. By Corollary 6.4.2, we have
ZFCHreVifreV,and ZFCkr ¢ V if r ¢ V. Hence, since wy E ZFC, we
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have wg E r € V if and only if » € V. But r = X;(x). Hence, z € {X; € V}
if and only if w” E X, € V, proving (i). It follows as in the proof of Theorem
6.3.3 that (ii) and (iii) hold, and (6.4.2) holds for P = Th & |zrc, 74 o)- O

6.5 Limit theorems

In this section, we introduce the notion of Borel terms, and use them to
formulate, in inductive logic, both the law of large numbers and the central
limit theorem.

6.5.1 Borel terms

Let P be a real inductive theory in ZFC. That is, P C £, where Lzrc C L,
and P has root Ty O ZFC. In particular, we are assuming ZFC is consistent.

Let X € ante P. A ground term ¢ € T is real given X if Pt € R | X) = 1.
We say that ¢ is Borel given X if it is real given X and P(t € V | X) exists for
all V- € B(R). If ¢ is Borel given X, then the distribution of t given X is the
function p = pyx from B(R) to [0,1] given by pV = P(t € V| X).

Proposition 6.5.1. If t is Borel given X, then the distribution of t is a
probability measure on (R, B(R)).

Proof. Let 2 = (Q,T,Q) E P. We may write X =Y U {¢}, where 2 F Y and
P | X) = QpaNia/Qig whenever P(p | X) is defined. Let ¥ =T and let
P be the probability measure on (£, ) given by PA = Q AN g/ Qg. Then
P(¢ | X) =Ppq whenever P(p | X) is defined. Since & = (2, X, P) E ZFC, we
may use the real frame of reference, and assume & satisfies (i)—(v) in Theorem
6.4.1.

Thus, “@ = 0 a.s. Hence, for a.e. w, we have t* ¢ “(), meaning w FE ¢ € 0.
This gives (t € 0)q = 0 a.s., so that /N) = P(t € § | X) = 0. Similarly, since
PteR|X)=1, we havew Et€R as., and it follows that uR = 1.

Let {V,,} C B(R) be pairwise dlSJOlIlt and set V = |J, Vi. Define the
sentences ¢, = t € V,. Let ¢ # j. As in the proof of Corollary 6.4.2,
we have ZFC - Vaz—(z € V; Az € V;). Hence, ZFC + —(¢; A ¢;), which
gives P(p; A p;j | X) = 0. Theorem 3.2.24 therefore implies P(\/, ¢, | X) =
> Plon | X) =23, 1V, Ontheother hand, as above, ZFCHt € V < \/, vp,
so that Proposition 3.2.14 gives P(\/,, on | X) =Pt €V | X)=pV. O

Let ¢t be Borel given X. We define the expected value of t given X by
E[t | X] = [z 2 pyx(dx), provided this integral exists. Note that E[t | X] €
[—00,00]. If [, |@|pyx(dz) < oo, then we say ¢ is integrable given X. In this

case, E[t | X] € R.

6.5.2 Jointly Borel terms

A finite sequence of terms, ti,...,t,, are jointly Borel given X if each t; is
Borel given X and P(A\;_,t; € Vi | X) exists, whenever V; € B(R). If
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t1,...,tn are jointly Borel, then each ¢; is Borel. The converse holds when
P is complete, by Definition 3.3.1(i). More generally, an indexed collection of
terms, t = (¢t; | i € I), is jointly Borel given X if each finite subsequence is.

Proposition 6.5.2. If t = (t1,...,t,) are jointly Borel given X, then there
exists a unique probability measure p = g x on (R, B(R™)) such that

PVE XX Vo = PN, £ € Vi | X),
whenever i(1),...,i(n) € I and Vi, € B(R).

Proof. The existence and uniqueness of u follows from Carathéodory’s extension
theorem, as in the proof of Theorem 6.3.4, using as our algebra the set of finite
disjoint unions of measurable rectangles, Vi x --- x Vj,. 0

The unique Borel probability measure pg x in Proposition 6.5.2 is called the
distribution of t given X.

Remark 6.5.3. Just as we did for B(R), we can explicitly define V for each
V € B(R") and establish a real frame of reference for R™. If u is the distribution
of (t1,...,tn) given X, then pV = P((t1,...,t,) € V. | X) for all V € B(R").
To see this, let " be the set of V' C R™ for which it holds. Proposition 6.5.2 shows
that I' contains the algebra of finite disjoint unions of measurable rectangles,
which is a m-system that generates B(R™). Since P is an inductive theory, we
have that I" is a A-system. Therefore, by Dynkin’s 7-A theorem, B(R™) C T'.

6.5.3 Independence of terms

Let I be a set with |I| > 2 and let (¢; | ¢ € I) be jointly Borel given X. Then
(ti | i € I) are independent given X if (t; € Vi | i € I) are independent given X,
whenever V; € B(R). We say that (¢; | i € I) are identically distributed given
X if the distribution of ¢; given X does not depend on i. As usual, we write
i.i.d. for the phrase, “independent and identically distributed.”

Remark 6.5.4. If t = (¢1,...,t,) are independent given X, then Corollary
4.5.12 implies that pg)x = [Ty ;| x-

Proposition 6.5.5. Suppose (t; | i € I) are jointly Borel given X. Then there
exists a real-valued stochastic process, (Y; | i € I), defined on a probability space,
(S,T,v), such that

P(Ne=i iy € Vie | X) = v Ny Yiw) € Vi), (6.5.1)

whenever i(1),...,i(n) € I and Vi € B(R). Moreover, if (t;|i€I) are
independent given X, then (Y; | i € I) are independent.

Proof. Let S =R’ and I' = ®,.; B(R) the product o-algebra. For each i € I,
let u; be the distribution of ¢;. For each n € N and i = (i(1),...,i(n)) € I"™, let
t(i) = (ti1),-- -, ti(n)), 0 that pg)x is a probability measure on (R™, B(R™)).
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Using the methods in the proof of Proposition 6.5.1, we have that the measures
(i) x are consistent, in the sense of Kolmogorov. Hence, by Kolmogorov’s
extension theorem (see, for instance, [15, Theorem 2.2.2]), there exists a
probability measure v on (S,T) such that

v{z € S| (ziqr), - - Titn)) € A} = Beayx 4, (6.5.2)

whenever A € B(R™). Define ¥; : S — R by Yi(z) = x;. Then (Y;|i € I)
is a real-valued stochastic process, and (6.5.1) follows from (6.5.2). The final
claim about independence follows from Corollary 4.5.12, (6.5.2), and Remark
6.5.4. 0

6.5.4 The law of large numbers for terms

Lemma 6.5.6. Suppose (t,|n € N) are jointly Borel given X, and let
Yy | n € N) be as in Proposition 6.5.5. Define the terms s, = (t1+---+1t,)/n
and the random variables Z, = (Y1 +---+Y,)/n. Then

P(Nk=1 sir) € Vi | X) = v(em{Ziw) € Viehy
whenever i(1),...,i(n) € N and Vi, € B(R).

Proof. Let i(1),...,i(n) € N and V;, € B(R). For each n € N, define
fn :R* = Rby fu(z1,...,2n) = (x1+ - +2,)/n. Let m = max{i(1),...,i(n)}
and V] = fi;,j)vk x Rm=*) - Then {Z;) € Vi} = {(V1,...,Ym) € V{}, so
that (,_1{Zix) € Vi} = {(Y1,..., V) € V'}, where V' = (\,_, V.. By the
definition of v, we have Vﬂzzl{Zi(k) € Vi} = p V', where p is the distribution
of (t1,...,tm) given X. Hence, by Remark 6.5.3,

v Ne=i{Ziy € Vi} = P((ta, ..., tm) €V [ X).

But ZFC = Aj_; sig) € Vi < (t1,... tm) € V', so the result follows from the
rule of logical implication and Proposition 3.2.14. O

Theorem 6.5.7 (Law of large numbers). Let P be a real inductive theory
in ZFC, and let X € ante P. Let (t, | n € N) be a sequence of terms that are
i.i.d given X. Assume ty is integrable and let p = E[t1 | X]. Define the terms
Sn = (t1 4+ +tn)/n, and let

s={(z,y) ENg xR [V, ey, 2 =nAYy=s,}.
Then P(piim(s, 1) | X) = 1.

Proof. By (6.3.2), we have ZFC, s € R™ and s(n) = s,,. Since we also have
ZFCH p € R, it follows that

ZFC wlim(saﬁ) < (VZ € (0,00)) \/izo /\;l.o:m |8’ﬂ _H| <z
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In fact, if we define e, = 1/¢ for £ € N, then

ZFCE @rim(s, ) < N2y Vimmo AnZm [5n — 11l < e

Using the real frame of reference, we have ZFC &= |s,, — pu| < g¢ > 5, € Vj, where
Vi = (10— e¢, u +€¢). Hence, ZFC I @yim (s, ) <> ¢, where

[e'S) ) 9] m—+k
77[] = /\[:1 \/m:O /\k:O /\n:m Sn € ﬁ

Hence, by the rule of logical implication and Proposition 3.2.14, it suffices to
show P(¢ | X) = 1.
By the continuity rule,

P(|X) = lim lim lim P(A;Z) s € Ve | X).

Let Y,, and Z,, be as in Lemma 6.5.6. Then the Y,, are i.i.d. and integrable, and
E”[Y1] = p. By Lemma 6.5.6,

Py | X)= lim lim lim v\ *{Z, € V}}

{—00 M—00 k— 00 n=m

=v N2 Unm—o Mot {1Zn — 1l < e}

On the other hand, by the law of large numbers for random variables, Z,, — u
v-a.s. Hence, P(¢ | X) = 1. O

6.5.5 The central limit theorem for terms

Let ¢t be Borel given X and assume that ¢ is integrable. Let r = E[t | X]. Then
the term (t —r)? = (t —r) - (t — r) is Borel given X. The variance of t given X
is defined by V(t | X) = E[(t —r)? | X]. Note that V(¢ | X) € [0, oo].

Theorem 6.5.8 (Central limit theorem). Let P be a real inductive theory
in ZFC, and let X € ante P. Let (t, | n € N) be a sequence of terms that are
i.i.d given X. Assume t1 is integrable. Let p = E[t; | X] and let s, be as in
Theorem 6.5.7. Let 0 = \/V (t1 | X) and assume o € (0,00). Then

1 r 2 2
, e < _ —e-n)?/20
Jim P(vn«(sp—p) <r|X) ot [m e dx,

for all r € R.

Proof. Let Y,, and Z,, be as in Lemma 6.5.6. As in the proof of Theorem 6.5.7,
we have

P(/- (50— ) < 1| X) = v{v/n (Z, — p) <1},

The result therefore follows from the central limit theorem for random variables,
applied to the sequence (Y,, | n € N). O
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6.6 Probabilities of probabilities

Anyone who has played a tabletop role-playing game is familiar with the variety
of dice that are used. Not only are there the usual 6-sided dice, but the standard
collection also includes dice with 4, 8, 10, 12, and 20 sides. Imagine taking a
collection of such dice, choosing one of them at random, and rolling it. In that
case, it makes perfectly good sense to ask the question, “What is the probability
that the probability of rolling a 1 is greater than 0.17”

Although this example illustrates that is sensible to talk about probabilities
of probabilities, it is a rather trivial example. More serious examples arise
in applications of inference, where probabilities are updated on the basis of a
succession of observations.

A priori, these nested probabilities seem to be a problem for inductive logic.
An inductive statement is a triple, (X, ¢,p). The first two components of the
triple are part of the language £, but the triple itself is not. This makes
it impossible to construct a formal sentence in £ that contains an inductive
statement.

Measure-theoretic probability has a similar problem. There, probabilities are
neither events nor random variables, so they cannot appear inside a probability
measure. The way this is dealt with in measure theory is through the notion
of conditional expectation. A conditional expectation is, in fact, a random
variable, so it can appear inside a probability measure.

In this section, we construct the analogue of this for inductive logic. We will
construct conditional probability and expectation, where we condition on terms
and the resulting object is itself a term. We use this to formulate, in Theorem
6.6.8, the law of total probability, which is also known as the tower rule, or the
law of iterated expectation.

6.6.1 Conditioning on terms

A probability kernel from R™ to R™ is a function v : R™ x B(R™) — [0, 1] such
that u(7, -) is a probability measure for each ¥ € R™, and u(-, V) is a measurable
function for each V' € B(R™). If m = n, then we call u a probability kernel on
R™. If we say that p is a probability kernel, or just a kernel, then we mean that
w is a probability kernel on R.

Definition 6.6.1. Let v be a probability measure on (R, B(R)). For each
n € Ny, let V,, € B(R), and let r € R. Then V,, shrinks nicely to r with respect
to v if there exist ¢ > 0 and &, > 0 such that e, = 0, V,, C (r —e,,r+¢,), and
vV, > cv(r —en,r+ep).

Theorem 6.6.2. Let P be a real inductive theory in ZFC, and let X € ante P.
Let s,t € T be jointly Borel. Then there exists a probability kernel p such that

lim PteV|X,s€V,) =u(rV) (6.6.1)

n—oo

for pg x-a.e. r € R, whenever V,, shrinks nicely to r with respect to pqx. If i
is another such kernel, then u(r,-) = j(r,-) for pgx-a.e. r € R.
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Proof. By Proposition 6.5.5, we may define random variables Y; and Y3 on a
probability space (S,T,v) such that

PseVnateV | X)=v{1eV}in{Y, eV}

for all V, V' € B(R).

Let E” denote expectation with respect to v, so that E”[Z] = [;Zdv
whenever Z is a real-valued random variable defined on (S,I',v). Then
E"[1{y,evy | Y1] denotes a version of the conditional expectation of 1{y,ev}
given Y;. That is, Z = E[11y,cvy | Y1] is a 0(Y1)-measurable random variable
such that E"[1y,cvy18] = E”[Z1p] for all B € o(Y1). Moreover, if Z’ is any
other random variable with this property, then Z = Z’, v-a.s.

There exists a probability kernel x such that E'[1ry,cvy | Y1] = pu(Y1,V),
v-a.s., for every V' € B(R). This kernel is unique in the sense that if 7 is
another such kernel, then there exists N € T" such that v{¥; € N} = 0 and
w(r, V) = p(r,V) for all (r,V) € N¢ x B(R). The kernel p is called a regular
conditional distribution for Y5 given Y;. The existence and uniqueness of regular
conditional distributions is shown, for instance, in [14, Theorem 5.3].

Let Vi, shrink nicely to r with respect to uyx. Then P(s € V,, | X) =
s x Vo > 0. By Proposition 6.5.5 and the multiplication rule,

Yo eVin{y, eV,
P(teK|X,s€Kn)={ V{Y}le{v} 3

Using properties of conditional expectation and the fact that puyx = v{¥1 € -},
we have

{Yo e Vin{Y: € Vi} = E' Iy, ev, ) BV [Lvsevy | Y1)
=E"[1{y,ev,yu(Y1, V)]

= / (@, V) ps|x (d).

n

Hence, by the Lebesgue differentiation theorem (see, for instance, [1, Theorem
8.4.6]),

1
P(t€K|X,S€Kn):7/ M($7V)MS‘X(dl.)_>u(r’V)
MS\X(V;L) n

for pg x-a.e. r € R.

Finally, suppose [z is another probability kernel such that (6.6.1) holds.
Define N C R by r € N if and only if there exists € > 0 such that
fsx (1 —&,7+¢€) =0. Then N is an open set, and p, x K = 0 for all compact
K C N. Hence, pigx N = 0. Let r € N® and V € B(R). Choose any &, > 0
with €, — 0 and define V,, = (r —e,,, 7 + £,). Then tsix Vi > 0, s0 Vi, satisfies
Definition 6.6.1 with ¢ > 1/2. Thus, V;, shrinks nicely to 7 with respect to 5 x.
By (6.6.1), we have u(r,V) = p(r, V). O
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Corollary 6.6.3. Let P be a real inductive theory in ZFC, and let X € ante P.
Let s,t € T be jointly Borel, and let u be a probability kernel satisfying (6.6.1).
Letr eR. If P(t € V | X,s =) exists, then

PiteV|X,s=r)=pu(V).

Proof. Choose any €, > 0 with £, — 0 and let V,, = (r —&,,,7 + £,). Suppose
P(t € V| X,s = r) exists. By Lemma 3.2.10, we have P(s = r | X) > 0.
Hence, ,uS|X{7°} > 0, so that V;, shrinks nicely to r with respect to p5x. By the
multiplication and continuity rules, it follows that

lim PteV|X,se€V,) =PteV|X,s=r).

n— oo

The result therefore follows from (6.6.1). O

Remark 6.6.4. Theorem 6.6.2 and Corollary 6.6.3 can be generalized to the
case where s1,...,8,,%t1,...,t, are jointly Borel and p is a probability kernel
from R™ to R™. In that case, let s = (s1,...,8y), and replace (6.6.1) by

nlljgop(/\?:l ty € ﬁ | X, /\Z:l Sk € Vk,n) = U(Tla“-armvl X X Vm)

for pgx-a.e. (r1,...,7,) € R", whenever Vj ,, shrinks nicely to r, with respect
t0 sy x-

Any kernel p satisfying (6.6.1) is called a distribution of t given X and s.

6.6.2 Versions of distributions

For fixed V', a function h(r) is called a wversion of P(t € V. | X,s = r) if
h(r) = u(r,V) for some p satisfying (6.6.1). Note that any two versions are
equal jisx-a.e. We may sometimes write P(t € V | X,s = r) = h(r) to mean
that h(r) is a version of P(t € V. | X,s = r), but it should be remembered
that if P(s =1 | X) =0, then P(t € V | X,s = r) does not have a uniquely
determined value for a fixed value of r.

Suppose t is integrable given X. A function h(r) is called a version of
Elt| X,s =r]if h(r) = [, « p(r, dz) for some p satisfying (6.6.1). Note that any
two versions are equal ji5x-a.e. We may sometimes write E[t | X,s = r] = h(r)
to mean that h(r) is a version of E[t | X, s = r], but we should remember that
if P(s=r]X)=0, then E[t | X,s = r] does not have a uniquely determined
value for a fixed value of 7.

Let u satisfy (6.6.1). By the proof of Theorem 6.6.2 and properties of regular
conditional distributions, we have [, || u(r, dz) < oo for all 7 € R. It follows
that 7+ [, x pu(r,dz) is a version of E[t | X, s = r] whenever p satisfies (6.6.1).

We may sometimes treat P(t € V. | X,s =r) and E[t | X,s = r] as if they
were functions, rather than expressions that possess versions. In such situations,
the meaning must be understood according to context. For example, if we say



178 CHAPTER 6. REAL INDUCTIVE THEORIES

that P(t > 0| X,s = 1) =1—e"", then we mean that h(r) =1 —e " is a
version of P(t > 0] X,s =r). On the other hand, if we say that

Pt>0|X,s=r)=E[l'| X,s=1],

then we mean that h(r) is a version of P(t > 0| X, s = r) if and only if A(r) is
a version of E[t' | X, s = r|. Since different versions are equal y,|x-a.e., such a
claim can be verified by checking it for a single version.

All of this could be made precise if we were to define Eft | X,s = r] as
the equivalence class of h(r), where h(r) is a version, and two functions are
equivalent if they are equal yi4 x-a.e. To save ourselves from even more notation,
we avoid this approach. Moreover, it is common in measure-theoretic probability
to use the language of “versions” when talking about conditional expectation.

6.6.3 Indicator terms

We have seen how to define P(t € V | X, s = r). Here, we see how to define
P( | X,s = r) for more general sentences 1. If ¢ € L9 then we define the
term 1, by

y=1l, <Y Ay=1V-yAy=0.

If P(¢) | X) exists, then 1, is Borel given X. In fact, in this case, 1, is integrable
and E[L, | X] = P(¢ | X).

If s is Borel given X, then 1, and s are jointly Borel if and only if
Py As €V | X) exists for all V € B(R). In this case, we define

PW|X,s=r)=Ply,e{l} | X,s=r).

That is, we say h(r) is a version of P(¢ | X,s = r) if and only if h(r) is a
version of P(L, € {1} | X,s =r). Since ZFC+ ¢ <> 1, € {1}, Theorem 6.6.2
shows that

P X,s€Vn) = P | X, s=r),

for puyx-a.e. r € R, whenever V,, shrinks nicely to r with respect to px.
Note that
PteV|X,s=r)=E[L,|X,s=r],

where ¢p = ¢ € V. That is, h(r) is a version of P(t € V | X,s = r) if and only
if h(r) is a version of E[l, | X,s = r]. Hence, distributions given X and s can
be characterized entirely in terms of expectations.

The following result shows how to connect distributions given X and s to
the root of our inductive theory.

Proposition 6.6.5. Let P be a real inductive theory in ZFC with root Ty, and let
X € ante P. Write X =T +1, where T € [Ty, Tp|. Let s and t be jointly Borel
gwen Ty and assume P(Yy Ns € Vi Nt € Vo | Tpy) exists for all V1, Vo € B(R).
Also assume that t is integrable given Ty. Then E[t | X,s = r| = h(r,1), where
h(r,v") = E[t | To,s =r,1, =1].
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Proof. Let h(r,r") be a version of E[t | Ty,s = r,1,, = r']. Let s = (s,1,).
Then h(r,r’) = [, « p(r,r’,dz) for some kernel p from R? to R such that
le P(t €V |To,s € Vo, 1y € V) = p(r, 7', V),

for pigr,-a.e. (r,1") € R?, whenever V,, shrinks nicely to r and V! shrinks nicely
to 7’. Tt follows that

lim P(t €V |X,s€Va)= lim P(t €V |Ty, 0,5 € Va)

n—oo

= lim P(t €V |To,s € Va, 1, € {1})

n—o0

= ILL(T7 17V)7

for g x-a.e. v € R, whenever V, shrinks nicely to r. Hence, h(r,1) =
Jg ®p(r,1,dz) is a version of E[t | X,s = r]. O

6.6.4 Conditional expectation

Proposition 6.6.7. Let P be a real inductive theory in ZFC with root Ty, and
let X € ante P. Let s,t € T be jointly Borel, and assume t is integrable. If h(r)
and h'(r) are versions of E[t | X,s = r], then P(h(s) =h/(s) | X)=1.

Proof. Let V.={r e R| h(r) = h'(r)} € B(R). We first show that
ZFCkH h(s) =h'(s) < s€ V. (6.6.2)

Let & = (,%,P) be a model and assume & E ZFC and & E h(s) = h/(s).
By adopting the real frame of reference, we may assume &2 satisfies all of
the conditions in Theorems 6.4.1, 6.4.3, and 6.4.5. Choose * € ¥ such that
PQ* = 1 and, for every w € Q*, we have that Theorem 6.4.1(v) holds for V,
Theorem 6.4.5 holds for both h and &', and w £ h(s) = h/(s). Let w € Q*. Then
s* € “R and there exists b € “R such that b = h(s*) and b = 1/(s*). Hence,
s e VNYR =%V, so that w E s € V. Since this is true for every w € Q*, we
have Z E s € V. Since & was arbitrary, this gives ZFC, h(s) = bW/ (s) F s € V.
A similar proof shows that ZFC,s € V I h(s) = h/(s), and this verifies (6.6.2).
By (6.6.2) and Proposition 3.2.14, we have

P(h(s) =h/(s) | X) = P(s € V.| X) = pyx V = pgx{r € R | h(r) = h'(r)}.

But h and b’ are both versions of E[t | X,s = r|. Therefore, h = h', u,x-a.e,
which shows that P(h(s) = h'(s) | X) = 1. O

If h(r) is a version of E[t | X, s = r], then the term h(s) is called a version
of E[t | X, s]. Similarly, if h(r) is a version of P(t € V | X, s = r), then the term
h(s) is called a version of P(t € V. | X,s). We call E[t | X, s] the conditional
expectation of t given X and s.

We may sometimes treat E[t | X, s] as if it were a term, rather than an
expression that possesses versions. In such situations, the meaning must be
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understood according to context. For example, if we say that ¢’ = E[t | X s],
then we mean that t’ is a version of E[t | X, s]. On the other hand, if we say that
E[E[t | X,s] | X] = E[t | X], then what we mean is that E[t' | X] = E[t | X]
whenever t’ is a version of E[t | X, s]. A similar convention applies to versions
of P(t €V | X, ).

A version of Eft | X,s = r] is a measurable function, whereas a version of
Eft | X,s] is a term. Similarly, a version of P(t € V | X, s = r) is a measurable
function, whereas a version of P(t € V | X, s) is a term. Terms can appear in
inductive statements. Hence, for example,

PP(t=1]X,s)>05]|X)=2/3 (6.6.3)

is a perfectly meaningful thing to say. It says that (X, h(s) > 0.5,2/3) € P
whenever h(r) is a version of P(t = 1| X,s = r). By Propositions 6.6.7 and
3.2.14, if we verify (6.6.3) for a single version, then it is true for all versions.

6.6.5 The law of total probability

Theorem 6.6.8 (Law of total probability). Let P be a real inductive theory
in ZFC and let X € ante P. Let s,t € T be jointly Borel, and assume t is
integrable. Then E[t | X] = F[E[t | X, s] | X].

Proof. Let h(r) be a version of E[t | X,s = r]. Then h(r) = [,z pu(r,dx)
for some kernel p satisfying (6.6.1). Let Y; and Y2 be the random variables
constructed in the proof of Theorem 6.6.2, so that u is a regular conditional
distribution for Y5 given Y;. By properties of regular conditional distributions,
we have BE"[Y; | 1] = [, x pu(Y1,dx) = h(Y1). Using properties of conditional
expectations, it follows that E”[h(Y7)] = E'[E"[Y> | Y1]] = E”[Ys] = E[t | X].
It therefore suffices to show that E[s’ | X] = EY[h(Y})], where s’ = h(s).

Using the real frame of reference, it follows easily that ZFCFs' € V + s €
h~'V. Hence, s’ is Borel given X and Hs'|X = Hs|x © h~!, which implies

But jisx = v{¥i € -}, s0 E[s' | X] = E'[h(Y)] O

Suppose P(p As € V | X) exists for each V € B(R). In this case, we
define P(¢ | X,s) = E[L, | X,s], which means that a term ¢ is a version of
P(¢ | X,s) if and only if it is a version of E[L, | X, s]. Since we also have that
P(y | X) = E[l, | X], Theorem 6.6.8 gives us

Py | X) = E[P(4 | X,s) | X].

This special case of Theorem 6.6.8, especially when p, x is discrete, is what is
more commonly known as the law of total probability.



Chapter 7

Principle of Indifference

As discussed in Section 1.5, the principle of indifference is the heuristic idea
that if we are equally ignorant about two statements, then we ought to assign
them the same probability. The principle dates back to Laplace and the birth of
mathematical probability. Although it is intuitively self-evident, it has a history
of producing apparent paradoxes. It has no rigorous formulation in measure-
theoretic probability theory. Hence, using measure theory alone, we are helpless
to distinguish between valid and invalid uses of the principle.

In Section 7.1, we give a precise formulation of the principle of indifference
in the context of inductive logic. As we will see, it is a natural generalization
of a basic principle of deductive logic. In Sections 7.2 and 7.3, we present
several elementary examples of the principle of indifference in action. All of
these examples are finite, in the sense that they involves models & = (Q, 3, P),
where (2 is finite.

In the last three sections of this chapter, we consider the principle of
indifference in the context of real inductive theories. In Section 7.4, we show
that exchangeability is a special case of indifference. Sections 7.5 and 7.6 present
several concrete examples. Section 7.5 treats examples involving an interval on
the real line, while Section 7.6 treats examples involving circles and disks in the
plane. The final example of Section 7.6 is the famous example of Bertrand’s
paradox.

7.1 Formulating the principle

The principle of indifference is an inductive generalization of a fundamental
principle of deductive logic. This deductive principle is one that we use all the
time, especially when we make assumptions “without loss of generality.” This
principle, which we call “deductive indifference,” is presented in Section 7.1.2.
In order to state it, we first define what we call “signature permutations.”

181
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7.1.1 Signature permutations

Let L be a logical signature with associated predicate language £. A signature
permutation, or L-permutation, is a bijection w : L — L such that s™ has the
same type and arity as s, for all s € L. Given a signature permutation, we
extend it to # : 7 — T by 27 = x and (ft1---t,)" = f™t]---tF. We then
extend it to m : L — L by

By the unique concatenation and reconstruction properties in Sections 5.1.1
and 5.1.2, each of these extensions of 7 is a bijection. Moreover, by formula
induction in Lg,, we have that ¢ € Lg, if and only if p™ € Lg,. For X C L, we
write X™ = {¢™ | p € X}. If X™ = X, then we say that X is invariant under
T, or T-invariant.

We will sometimes denote the inverse permutation, 7!, by —r. Also, when
7 affects only finitely many extralogical symbols, we may use the usual cycle
notation for permutations. For example, 1 = (¢ ¢2)(rqy 72 r3) means that
] =co, 5 =c1,r] =19, vy =13, r§ =11, and s™ =s for all other extralogical
symbols.

By term and formula induction, ¥ € Sf ¢ if and only if ¥™ € Sf ™. Also,
vart = vart™, and rk ¢, var ¢, bnd ¢, and free ¢ are all unchanged by replacing
¢ with ¢™. In particular, ¢ is a ground term if and only if ¢" is a ground
term, and ¢ is a sentence if and only if ¢™ is a sentence. On the other hand,
sym ™ = m(sym ) and con @™ = m(con ).

If o : Var — T is a substitution, then define the substitution ¢’ : Var — T
by o/ = 7 o o, which is the substitution given by 2% = 2°7 for all € Var.
Note that this relation does not extend to all of 7. For instance ¢ = ¢, but

" =c".
Proposition 7.1.1. For allt € T and all ¢ € L, we have t°7 = t™  and
@™ = " . In particular, o(t/x)™ = " (t"/x).

Proof. We first prove t°" = o’ by term induction. Since z™ = x, it is true for
x € Var by the definition of ¢’. Since constants are unaffected by substitutions,
we have ¢°T = ¢™ = ¢, Suppose it is true for ¢1,...,t, and let f be an n-ary
function symbol. Then

(ftreota)™™ = (F8] - 40)™ = 78" o257
= S = () = (P )™
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and it is true for ft;---t¢,. By term induction, it holds for all t € T.

We next prove " = 4,07“’, by formula induction. The proof that it holds
for prime formulas and for formulas of the form ¢ = —¢ and ¢ = AP is
similar to the above. Suppose ¢ = Vaxyp. Then ¢ = (Vzyp™)™ = Vayp™™,
where 27 = z and y” = y? for y # x. By the inductive hypothesis, this gives
T = sz/)”/. Using the fact that the proposition holds for terms, we have
27 =z and y7 = y° for y # x. Hence, ©°7 = (Va:w”)"/ = ™. The final
assertion follows from the fact that if o = ¢/x, then ¢/ =¢™/z. O

Proposition 7.1.2. Let ¢ € L. Then o is free for ¢ if and only if o’ is free
for ™. In particular, t is free for x in ¢ if and only if t™ is free for x in ™.

Proof. First note that ( is in the scope of Vz in ¢ if and only if (™ is in the scope
of Vz in ¢™. Now suppose y in not free for = in ¢. Then there exists { € Sf ¢
such that = € free ¢, ¢ is not in the scope of Vz in ¢, and ( is in the scope of Yy
in . Since (™ € Sf ™ and free (™ = free(, it follows that y is not free for x in
™. The converse also holds. Hence, the second part of the proposition is true
for t = y. For general ¢, simply note that y € t if and only if y € t". The case
of general o now follows since o is free for ¢ if and only if 27 is free for x in ¢
for all z, and z°™ = z°. [

7.1.2 Deductive indifference

Theorem 7.1.3 below says that the deductive derivability relation is preserved by
signature permutations. The proof is elementary and the result is completely
unsurprising. After all, the symbols that appear in a proof have no direct
relevance. It is only their relationships to one another that matters. This
principle is what we might call “deductive indifference.” As an example
of applying this principle, we use it to formalize the technique of assuming
something “without loss of generality.”

Theorem 7.1.3. Let X C L and ¢ € L. Let m be a signature permutation.
Then X™ F ™ if and only if X &+ ¢. In particular, if X is invariant under ,
then X F o™ if and only if X F .

Proof. Suppose X F ¢ and let (g3 | 8 < @) be a proof of ¢ from X. We claim
that (¢7 | B < a) is a proof of ¢™ from X™. Since (¢ — ()™ = ¢™ — (™ and
(A®)™ = A @7, the claim will follow once we show that A™ = A.

For this, it suffices to show that A C A™, since we can replace w by —7 and
apply 7 to both sides. Showing A C A™ can be done by verifying (I)-(IV) in
Section 5.2.7, with A replaced by A™. Verifying (II)—(IV) is straightforward. To
show that A= C A", it is enough to show (A™)™ C A, for the reasons given
above.

Let ¢ € A=. If ¢ has the form (Al), then so does ™, so that ¢™ € A.
The same is true for (A2), (A3), (A5), and (A6). For (A4), suppose ¢ =
Vo — (t/xz), where t is free for z in ¢. Then t™ is free for z in ™, and
@™ =Vayp™ — 7 (t7 /x). Hence, ¢™ € A. The proof for (A7) is similar.
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This shows that X F ¢ implies X™ F ¢™. Using the result with —7 gives
the converse. The second result follows from the first by the definition of
invariance. O

Theorem 7.1.3 shows that if T C £ is a deductive theory, then T is also.
This is because if 77 F ¢, then T F ¢~ ™, so that ¢=" € T, which implies
© € T™. In fact, we have T(X™) = T(X)™ for any X C LY.

The following corollary is a formalization of the without-loss-of-generality
proof method. It is also true in Lg, if we require ® to be finite.

Corollary 7.1.4. Let X C L and ¢ € L. Suppose & C L is countable and
X FV®. Fix 0y € ® and suppose that for each 0 € O, there is a signature

permutation ™ such that 0§ = 0, X is m-invariant, and ¢ is w-invariant. Then
X, 00 F ¢ implies X F .

Proof. Assume X,0p F . Then X F 0y — . But §y — ¢ = ¢ — —bp.
Hence, X, - F —6y. Let 8 € ®. Choose 7 as in our hypotheses. Since X, —p
is invariant under m, it follows from Theorem 7.1.3 that X,—p F =07 = —6.
Since 6 was arbitrary, X, - = A,.p 0 = =/ ®. Therefore, X,\/ ® I . But
X F V@, so we have X I ¢. O

Example 7.1.5. Consider a scenario where we have three objects, and each is
painted either red or blue. Define the extralogical signature L = {r,b}, where r
and b are unary relation symbols. Let

X ={3=3,Ve((raz vV bx) A =(rz Abx))}.

The set X asserts that there are three objects, each is red or blue, and none are
both red and blue. Let us introduce the defined binary relation symbol s by

szy <> (re Ary) V (bz A by),

so that sxy asserts that z and y have the same color. We want to prove that
there must be two objects of the same color. That is, we want to show that
X F ¢, where

¢ = Jzy(z # y A szy).

Let us add a new constant ¢ that represents an arbitrary object. By Proposition
5.2.16, it suffices to show that X k.. ¢. Informally, we would like to say that,
without loss of generality, we may assume c is red. In other words, we claim
that it suffices to show X, rc kg, .

This is justified by Corollary 7.1.4. To see this, define w by ™ = b, b™ = r,
and ¢™ = ¢. Then both X and ¢ are 7-invariant. Let ® = {rc,bc}. Then
X F reVbe and (re)™ = be. Hence, according to Corollary 7.1.4, if we can
establish X, rc b, ¢, then we may conclude X k.. .
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7.1.3 Inductive indifference

We are now able to state the principle of indifference, which is an extension of
Theorem 7.1.3 to the inductive setting.

Definition 7.1.6 (The Principle of Indifference). Let P be an inductive
theory. Suppose that, for every signature permutation 7, we have:

(R10) If P(¢ | X) exists and X™ € ante P, then P(¢™ | X™) = P(¢ | X).
Then P satisfies the principle of indifference.

If P(¢ | X) is to be an evidentiary relationship between X and ¢, then the
principle of indifference is a natural consistency condition to impose. After all,
there is nothing special about the symbols we choose to use. In arithmetic, if
we everywhere switch the symbols + and -, it is still the same arithmetic. The
symbols just have the opposite meaning. If we were going to assign a certain
probability in the original setting, then we ought to assign that same probability
after the symbols are reversed, because nothing has actually changed.

In fact, it is such a natural requirement, it would have made sense to define
it as one of our rules of inductive inference, making it part of the definition of
an inductive theory. We did not do this for two reasons. First, the principle
of indifference is a rule solely for predicate logic. Making it a rule of inductive
inference would have created an asymmetry between propositional and predicate
logic. Second, by omitting it from the rules of inductive inference, we were
be able to prove Theorem 5.4.2, which shows that all of modern, measure-
theoretic probability is embedded in inductive logic. If we made the principle
of indifference part of the definition of an inductive theory, this would not be
the case. In other words, modern probability as we know it today, for better or
for worse, does not require us to conform to the principle of indifference.

And so, the principle of indifference is not a required part of inductive logic.
That is, inductive theories are required to satisfy (R1)-(R9), but they are not
required to satisfy (R10). We will show, however, in the remaining sections of
this chapter, how to add this requirement to our inferences by using inductive
conditions.

Now, if X is m-invariant, then according to the rule of logical equivalence,
we can reformulate the principle of indifference as P(¢™ | X) = P(p | X).
This reformulation is perhaps closer to the intuitive idea of the principle of
indifference. To say that X is our antecedent is to say that the totality of facts
which we know consists of X, together with everything that can be proven
from X. 1In other words, T(X), the deductive theory generated by X, is
the set of sentences that represents our knowledge. If X is w-invariant, then
T(X)=T(X™). In other words, our knowledge remains entirely unchanged by
the permutation 7. In this sense, then, we cannot even “see” the permutation .
We are therefore “indifferent” between ¢ and ¢™. Everything we know about ¢,
we also know about ¢™, and vice versa. In this case, according to the principle
of indifference, we should assign them the same probability.
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7.1.4 Structures, models, and indifference

In the remainder of this chapter, we will present several examples of the principle
of indifference in action. In order to verify the principle of indifference in these
examples, we will need several results about how (R10) relates to structures and
models.

Let £ = (Q,%,P) be an L-model, and let 7 be a signature permutation. For
w=(A,L*) € Q, define w™ = (A, L*") so that (s7)*" =s* for all s € L. That
is, wT =wor ! Let Q" = {w™ |w € Q} and let h, : @ — QT denote the map
w i w™ Let 2™ = (Q™, X7, Q) be the measure space image of & under h,.
Note that h, is a bijection, and is therefore a pointwise isomorphism (as measure
spaces) from & to &7. Hence, it induces a measure-space isomorphism from
(2, 3,P) to (27, X7,Q). In particular, Q = Po h L.

Given an assignment v into &, define the assignment »™ into £7 by
vIx(x) = v,(z) for all € Var. By term induction, we have v7(t™) = v, (t)
for all ¢t € T, and by formula induction, w [ ¢[v,] if and only if w™ £ ¢™[v]],
for any ¢ € L. Hence, p[v]g = h l¢™[v™]gr. Since Q = Po h !, this gives
Po[v]g = Q@™ [v™]gr. In particular,

Z E @[v] if and only if ™ F ¢™[v"], (7.1.1)

for all ¢ € £ and all assignments v into &. Note that (7.1.1) could be used to
give a semantic proof of Theorem 7.1.3.

Theorem 7.1.7. Let & be an L-model. Then for any (X, ¢,p) € L', we have
P E (X, 0,p) if and only if ™ E (X7, 0", p).

Proof. Let & = (Q,%,P) be an L-model and 7 a signature permutation, so
that 2™ = (Q7,%7,Q). Let (X,p,p) € £5. Then X C £° and ¢ € £°.
Suppose Z E (X,p,p). Then there exists Y C £° and ¢ € £° such that
PEY, X =Y U{y}, and PpgNig/Pipq = p. By (7.1.1), we have Z™ E Y.
Theorem 7.1.3 implies X™ = Y™ U {¢"}. And it follows from Q = Po h_! that
Q¢f. NYE./ Q. = p. Hence, ™ F (X™,¢™,p). Applying this with —m
gives the converse. O

Proposition 7.1.8. Let & be an L-model. Suppose that P ~ PT for every
signature permutation w. Then Th P satisfies the principle of indifference.

Proof. Let P = Th % and suppose P(¢ | X) = p. Then & £ (X, ¢,p), so
that Theorem 7.1.7 gives £™ E (X™, ™, p). By hypothesis, & ~ £™. Hence,
Theorem 5.3.24 implies & E (X7, o™, p). Therefore, P(¢™ | X™) = p. O

Proposition 7.1.9. Let P be an inductive theory with root Ty, and let T €
[To, Tp). If P satisfies the principle of indifference, then so does P |ir rp.

Proof. Let P" = P |7 1,). Proposition 3.5.10 implies that P’ is an inductive
theory. Suppose P'(¢ | X) = p and X™ € ante P’. Since P’ C P, we have
P(p | X) = p and X™ € ante P. By the principle of indifference for P, it
follows that P(¢™ | X™) = p. But X™ € ante P/, and so we have X™ < [T, Tp].
Therefore, P'(¢™ | X™) = p. O
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Lemma 7.1.10. Let P be an inductive theory with root Ty and w a signature
permutation. Let X C L% and assume X, X™ € ante P. Write X =T + 1 and
X™ =T+, where T,T" € [Ty, Tp| and ,9" € L°. Suppose P £ P. Then,
for all ¢ € Ty, we have Yo C (5™ and 1 C (5, P-a.s. In particular, if (5 € %,
then P(E > 0, and if (5™ € &, then P(5™ > 0.

Proof. Since (("™)" = (¢ € Tp C T(X™) = T(X)™, we have (*7 € T(X) C
Tp + 1. Hence, ¢p — (=™ € Tp, which implies Py N ((77) = 0. Therefore,
Yo C (5", P-as. In particular, if (5™ € X, then since Ptg > 0, this gives
P(,™ > 0. Similarly, since ¢ € Ty, we have (™ € T(X)™ = T(X™) C Tp + 9.
Hence, ¢’ — (™ € Tp, so that 1f, C (5, P-a.s. and (5 € ¥ implies P¢Z > 0. O

Let & = (,%,P) be a complete L-model. Let Ty C Th & and define
P =Th 2|1, 4 ). Let 7 be a signature permutation. Suppose P(¢ | X) = p
and X7 € ante P. Let ( € Ty and assume B = (J, € ¥. By Lemma 7.1.10,
we have PB > 0. We may therefore define the probability measures Pp on
(,X) by PsC=PCNB/PB. Let 5 = (2,%,Pg). Note that X F Th .
Similarly define 25/, where we assume B’ = (™ € .

Proposition 7.1.11. With the notation given above, if Pp ~ PL,, then
P(e™ | XT) = p.

Proof. Assume Pp ~ PF,. Write X =T +¢ and X™ =T+, where T, T’ €
[Ty, Th P] and ,v’ € L°. Since P(¢ | X) = p, we have Ppq N g/ Piyg = p.
But ¢q € B’ a.s., by Lemma 7.1.10, so that

_PoaNvanB' _ Pp panve
Py N B’ Pp g

which implies &g E (X, ¢,p). By Theorems 7.1.7 and 5.3.24, it follows that
Pp E (X7, 0", p). As above, since 95, C B, this gives

_Preb N _ Peg N NB _ PegNig
Ppvq PyonB P g,
Therefore, Z E (X7, ¢™,p), so that P(¢™ | X™) = p. O

7.2 Examples with a single object

In this section, we give several elementary examples involving the principle of
indifference. In each of these examples, we are primarily concerned with the
properties of a single object.

7.2.1 Either it’s true or it isn’t

The most naive misapplication of the principle of indifference is illustrated by
the following invalid reasoning. Imagine we have a book whose color is unknown
to us. It might be red or might not be red. Since we have no reason to think one
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way or the other, we should assign equal probabilities to both cases. Therefore,
the probability the book is red is 1/2.

Clearly, this cannot be correct, for we could also apply it to the color black,
and then to the color blue. Since probabilities must add up to one, it cannot be
the case that all three colors have probability 1/2.

To see formally that this argument is invalid, let L = {b, R}, where b is
a constant symbol that denotes the book, and R is a unary predicate symbol
that denotes the property of being red. Recall the notation, Jr,, for the set of
inductive theories with root Ty. We will assume only the principle of indifference.
That is, we take Tg = Taut, and define the inductive condition,

C={P € J7au | P(R(D) | Taut) exists and P satisfies (R10)}.

Proposition 7.2.1. The condition C is consistent and C ¥ (Taut, R(b),1/2).

Proof. Let A = {0} and define wy = (A4, L*?) by b*° = 0 and R“° = (). Define
wy similarly, but with R“1 = {0}. Let Q@ = {wp,w1} and ¥ = PQ. Fix
p € (0,1) and define & = (Q, X, P), where P{wp} = 1 — p and P{w;} = p. Let
P =ThZ € Jru. Note that R(b)q = {w1}, so that PR(b)q = p. Thus,
P(R(b) | Taut) =p.

We will show that P satisfies (R10). Suppose that P(¢ | X) = p and
X7 € ante P. In this example, the only signature permutation is the identity.
Hence, P(¢™ | X™) = p, and so P satisfies (R10). This shows that P € C
and therefore C is consistent. However, since P(R(b) | Taut) = p and p was
arbitrary, it follows that (Taut, R(b),1/2) ¢ Pc. O

7.2.2 A single coin flip

Let us return to the example in Section 5.4.3. We flip a coin with two sides,
and assume only that the sides are distinct and that the coin will land on one
of them. We also assume the principle of indifference.

Let L = {¢, 0,51}, where ¢, sg, and s; are constant symbols. We think of s;
and sy as denoting the heads and tails sides of the coin, respectively, and c as
denoting the result of our toss. Let Ty be generated by the sentences

$1:50 F S1
pa:Cc=95)Vc=s1

Let C={P € Jr, | P(c=s1 | Tp) exists and P satisfies (R10)}.
Proposition 7.2.2. The condition C is consistent and Pc(c =s1 | Tp) = 1/2.

Proof. Let A = {0,1} and define wy = (A,L*?) by s;° = i and ¢*° = 0.
Define wy similarly, but with ¢“* = 1. Let Q = {wp,w1}, ¥ = PN, and define
P = (Q,%,P), where P{wp} = P{w1} = 1/2. Since & E T, we may define
P =Th QJ[TO,Th:@] S jTU. Note that P(C =51 | T()) = ]./2

We will show that P satisfies (R10). Suppose that P(¢ | X) = p and
X7 € ante P. First assume ¢ = sy. Then sT = ¢ for some i € {0,1}. Let
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i’ =1—1, so that sT, =s;. We will apply Proposition 7.1.11. Let ¢ = (sp % s1).
Then

B = (4 = (c#s1)o ={wo}, and
B'=(q" = (c #si)a = {wi}.

Define h : g — ZE, by wo — w] and wi — w]. Since Pp{wo} = 1 and
B {wl} =Pp{w;} =1, the function h induces a measure space isomorphism.
Let g : A — A be the bijection defined by ¢g(0) = ¢ and g(1) = i’. Note
that if ¢ = 0, then © = (¢ s¢), and if ¢ = 1, then © = (¢ 59 s1). In either case,
gowy = w; o~ ! = wr. Hence, wl is the isomorphic image of wy under g.
Since Pg{wo} = 1, we have w ~ hw, Pg-a.s., so that h is a model isomorphism.
Proposition 7.1.11 therefore gives P(¢™ | X™) = p. The case ¢™ = s; is similar.
Now assume ¢™ = ¢. If 7 is the identity, then P(p | X) = P(p™ | X7).
Assume 7 = (s 51). Define h : & — P™ by w; — w]. Since P{w;} = 1/2 and
P™{wl} = P{wy} = 1/2, the function h induces a measure space isomorphism.
As above, if g : A — A is given by g(i) = 4/, then w} = wyon™! = gow;.
Therefore, w ~ hw, P-a.s., so that h is a model isomorphism. By Theorems
7.1.7 and 5.3.24, this gives P(¢™ | X™) = p. Altogether, this shows P satisfies
the principle of indifference, and so P € C. Therefore, C is consistent.
For the final claim, it suffices to show that P(c = s1 | Tp) = 1/2 whenever
P € C. Let P € C be given. Then P is an inductive theory with root Ty,
P(c=s; | Tp) = p for some p, and P satisfies the principle of indifference. Let
m = (sp s1), and note that T = Tp. Hence, by the principle of indifference, we
have P(c =sg | To) = p. But Ty - =(c = so A ¢ = s1), so that the addition rule
gives P(c =so Ve =s; | To) = 2p. On the other hand, To F ¢ = sg V ¢ = 51,
so that the rule of logical implication implies P(c = so V¢ = s1 | Tp) = 1.
By the rule of logical equivalence, we must have 2p = 1, or p = 1/2. Thus,
P(C:Sl|To):1/2. O

7.2.3 A single trial

Here we consider a single “trial” that can result in either success or failure.
Intuitively, this example is the same as the single coin flip in Section 7.2.2. With
the coin flip, the possible results (heads or tails) were represented by objects.
In this example, the possible results (success or failure) will be represented by
predicates. For this reason, the proof of consistency in this example will be
shorter.

Let L = {t, 5, F}, where t is a constant symbol and S and F are unary
relation symbols. We think of t as denoting the trial, and S and F' as denoting
the properties of success and failure, respectively.

Let Tj be generated by the sentence

v :Vx((Sx Vv Fz) A—=(Sz A Fr))

Let C ={P € Jg, | P(S(t) | Ty) exists and P satisfies (R10)}.
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Proposition 7.2.3. The condition C is consistent and Pc(S(t) | Tp) = 1/2.

Proof. Let A = {0,1} and define wy = (A, L*°) by S¥° = {1}, F*° = {0}, and
t¥o = 0. Define wy similarly, but with t“* = 1. Let Q = {wp, w1}, ¥ = PO,
and define & = (Q, X, P), where P{wo} = P{w1} = 1/2. Since & F T}, we may
define P = Th e@J[TO’Th 2)€ jTo. Note that P(S(t) | T()) = 1/2

We will show that P satisfies (R10). Suppose that P(¢ | X) = p and
X™ € ante P. If 7 is the identity, then P(¢ | X) = P(¢™ | X™). If 7 is
not the identity, then 7 = (S F). Define h : & — &7 by w; — w], where
i’ =1 —1. Since P{w;} = 1/2 and P"{w]} = P{wy} = 1/2, the function h
induces a measure space isomorphism. If g : A — A is given by g¢(i) = i/, then
Wl =wy o 1 = gouw;, so that w; ~ wf. Therefore, w ~ hw, P-a.s., and h is a
model isomorphism. By Theorems 7.1.7 and 5.3.24, this gives P(¢™ | X™) = p.
Altogether, this shows P satisfies the principle of indifference, and so P € C.
Therefore, C is consistent. The proof that Pc(S(t) | To) = 1/2 follows as in the
proof of Proposition 7.2.2. O

7.2.4 Success is good

In this example, we again consider a single trial that can result in either success
or failure. This time, however, we include the qualitative information that
success is “good.” This produces an asymmetry between success and failure.
We will see that, because of this asymmetry, we can no longer conclude that
the probability of success is 1/2.

Let L = {t, S, F, G}, where t is a constant symbol, and S, F', and G are unary
relation symbol. We think of t as denoting the trial, S and F' as denoting the
properties of success and failure, and G as denoting the property of “goodness.”

Let Ty be generated by the sentences

1 :Vz((Sz Vv Fz) A =(Sz A Fz))
o : V(S — Gx)

Let C ={P € Jg, | P(S(t) | Tp) exists and P satisfies (R10)}.
Proposition 7.2.4. The condition C is consistent and C ¥ (Tp, S(t),1/2).

Proof. Let A = {0,1} and define wy = (A4,L*°) by S“° = G = {1},
Fvo = {0}, and t*° = 0. Define w; similarly, but with t** = 1. Let Q = {wo, w1 }
and ¥ = PQ. Fix p € (0,1) and define & = (2, %,P), where P{wo} =1—p
and P{w;} = p. Since & F Ty, we may define P = Th & |7, 4 )€ I1,,- Note
that P(S(t) | Tp) = p.

We will show that P satisfies (R10). Suppose that P(¢ | X) = p and
X7 € ante P. We may assume that 7 is not the identity permutation. Since
there is only one constant symbol, we have t™ = t. First assume G™ = F'. Let
¢ = Va(Sr — Gz). Then (™ = Vz(S™r — Fz). By Lemma 7.1.10, we must
have (f # 0, and so S™ # S. Therefore, S™ = G and F™ = S. But this implies
("™ = Vz(Fz — Sz), so that P(;™ = 0, contradicting Lemma 7.1.10. Hence,
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G™ # F. By reversing the roles of 7 and 7~! in this argument, we may also
conclude that F™ # G.

Now assume S™ = F, so that F™ = S and G™ = G. Then (™ = Va(Fz —
Gr), which gives P(% = 0, again contradicting Lemma 7.1.10. Therefore,
S™ # F. It now follows that F™ = F', S™ = G, and G™ = S. But this implies
wl' = w;, so that ™ = 2. Thus, by Theorem 7.1.7, we have P(¢™ | X™) = p,

and P satisfies the principle of indifference. This shows that P € C, so that C
is consistent. Since p was arbitrary, we have C ¥ (Tp, S(t),1/2). O

7.2.5 Goodness is independent

In Section 7.2.3, we considered a single trial, which could result in success
or failure. There, we used the principle of indifference to conclude that the
probability of success was 1/2. In Section 7.2.4, we added the assumption that
success is good. By doing so, we were no longer able to use the principle of
indifference.

This may feel counterintuitive. To assert that success is good seems quite
natural, and we might not expect this to invalidate our use of the principle of
indifference. One reason we might feel this way is that we may have an ingrained
sense that the property of goodness should not affect success or failure. But if
this is a fact we wish to assume, then we must make it explicit. In this example,
we will do exactly that. We will assume that whether or not t is a success is
independent of the fact that success is a good outcome.

Let L ={t, S, F,G} as in Section 7.2.4. Let Tj be generated by the sentence

¢ :Va((Sz VvV Fx) A—=(Sz A Fz))
Let C be the set of P € Jr, such that
(i) P(S(t) | To) exists,
(ii) P satisfies the principle of indifference, and
(iii) S(t) and Vz(Sxz — Gz) are independent given Tj.
Proposition 7.2.5. The condition C is consistent and
Pc(S(t) | To, Vo (Sz — Gz)) = 1/2. (7.2.1)

Proof. Let A = {0,1} and define wy = (A, L“°) by S¥° = {1}, F“o = {0},
G¥ = A, and t*° = 0. Define w; similarly, but with t“* = 1. Let Q = {wo, w1},
Y =P Q, and define & = (2,3, P), where P{wo} = P{w1} = 1/2. Since & k
Ty, we may define P = Th & |1, i 21€ I1,- Note that P(S(t) | Tp) = 1/2, so
that (i) holds. Also, P(Vx(Sx — Gx) | To) = 1, so that (iii) holds.

We will show that P satisfies (R10). Suppose that P(¢ | X) = p and
X™ € ante P. We may assume that 7 is not the identity permutation. Since
there is only one constant symbol, we have t™ = t. First assume S™ = G. Let
¢ =Vz—(Sz A Fz). Then (™ = Va—(Gx A F™x). Since, for all w € 2, we have
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G¥ = A and (F™)¥ # (), this gives (& = ), contradicting Lemma 7.1.10. Hence,
S™ # G. Similarly, F™ # G. We must therefore have 7 = (S F).

Define h : & — P™ by w; — w}, where ¢/ =1 —i. Since P{w;} = 1/2 and
P™{wl} = P{wy} = 1/2, the function h induces a measure space isomorphism.
If g: A— Ais given by g(i) = ¢/, then w} = wy om ! = gow, so that w; ~ w.
Therefore, w ~ hw, P-a.s., and h is a model isomorphism. By Theorems 7.1.7
and 5.3.24, this gives P(¢™ | X™) = p. Altogether, this shows P satisfies the
principle of indifference, and so P € C. Therefore, C is consistent.

Now let P € C be arbitrary. Let m = (S F). Then TJ = Ty, so that
P(S(t) | To) = P(F(t) | To), which implies P(S(t) | Tp) = 1/2. Since P was
arbitrary, we have Pc(S(t) | To) = 1/2. Therefore, (iii) and the definition of
independence give (7.2.1). O

7.2.6 Lowering the root

We will take one last look at the example of the single trial. As before, let
L ={t,S, F,G} as in Section 7.2.4. Let Ty be generated by the sentence

¢ :Ve((Sz Vv Fx) A —(Sz A Fz))

Let C be the set of P € Jp, such that
(i) P(S(t) | Tp) exists,
(ii) P satisfies the principle of indifference, and
(i) P(Vx(Sz — Gz) | Tp) = 1.

Recall that in the approach of Section 7.2.4, we could not use the principle of
indifference to determine the probability of success. The only difference between
that approach and the approach in this section is that here, we have moved the
sentence, Vz(Sx — Gx), out of the root and into T¢. As we discussed in Section
4.2.6, this means we are making a semantically stronger assumption about the
sentence, Va(Sz — Gz). As we will see, this stronger assumption is enough to
allow us to use the principle of indifference.

Proposition 7.2.6. The condition C is consistent and Pc(S(t) | Tp) = 1/2.

Proof. If P is the inductive condition constructed in the first part of the proof
of Proposition 7.2.5, then P € C. Hence, C is consistent. Let P € C be arbitrary,
and let 7 = (S F'). Then T] = Tp, so that P(S(t) | To) = P(F(t) | Tv), which
implies P(S(t) | 7o) = 1/2. Since P was arbitrary, we have Pc(S(t) | Tp) =
1/2. O

7.3 Examples with multiple objects

In this section, we give more elementary examples involving the principle of
indifference. Here, we will consider examples involving multiple objects.
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7.3.1 Three balls, two colors

Imagine an urn containing three balls, each of which is black or white. The urn
contains at least one white ball and at least one black ball. We will use the
principle of indifference to show that every possible color combination has the
same probability. The fact that there is at least one ball of each color is critical
to this example. As we will see in Section 7.3.2, removing this assumption
severely limits the inductive inferences that we can make.

Let L = {b1,ba,bs, Cy, C1}, where the by, are constant symbols denoting the
balls, and Cjy and C; are unary predicate symbols denoting the colors black and
white, respectively. Let Ty be generated by the sentences

Ci:by 7 by Aby # by Aby # by

(o : YV ((Coz vV Crz) A —(Coz A Crz))
Cs : Coby V Coba V Cobs

Ca: Ciby V Ciby Vv Crbg

As in Example 4.3.8, let di(n) denote the k-th binary digit of n, counting digits
from the right. For n € {0,...,7}, let

on = Cq, (n)b1 A Cay(nybz2 A Cgy(n)bs-

For example, 6 has the binary representation 110. Reading the digits right to
left, we have 0,1, 1. Hence, the sentence g asserts that ball b; is black, ball by
is white, and ball b3 is white. Let C be the set of P € J7, such that

(i) P(pn | Tp) exists for n € {0,...,7}, and
(ii) P satisfies the principle of indifference.

Proposition 7.3.1. The condition C is consistent and Pc(py, | To) = 1/6 for
ne{l,...,6}.

Proof. Let A = {1,2,3}. For n € {0,...,7}, define w, = (A, L*") by by" =k
and O = {k | di(n) = j}. Note that Cg" = (Cy")°. Also note that w, E om
if and only if m = n. Let Q = {wy, ..., wr}, ¥ =PQ, and define & = (Q, 3, P),
where P{wp} = P{w7} = 0, and P{w,,} = 1/6 for 1 < n < 6. Since & E Ty, we
may define P = Th '@J[TO,Th 2] S /jTo. Then P((po ‘ To) = P((p7 | To) =0, and
P(on | To) =1/6 for 1 < n < 6.

We will show that P satisfies (R10). Suppose that P(y | X) = p and
X™ € anteP. First assume CfJ = Cp. Let g : A — A be the bijection
that satisfies b, " = bgr. Let o be the permutation of {0,...,7} such that
di(on) = dgi(n). Define h : & — P™ by w, — wi,. Since 00 = 0 and
o7 = 7, we have P"{w7, } = P{w,n} = P{w,}. Hence, h induces a measure
space isomorphism. Also, wT, = wyp 0T 1 = gow,, so that w?, ~ w,, and h is
a model isomorphism. By Theorems 7.1.7 and 5.3.24, this gives P(¢™ | X™) = p.

Now assume CJ = C;. Define h : & — ™ by wr_, — wJ,. As above, h
induces a measure space isomorphism and w7, = w,, 0T 1 = gowys_,, so that
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again, P(¢™ | X™) = p. This shows that P satisfies (R10), and therefore, C is
consistent.

Now let P € C be arbitrary. Let m = (b; b2). Then T} is invariant under
m and o] = o, so by the principle of indifference, P(p1 | To) = P(p2 | Tp).
Similarly, using m = (by bs), we have P(ps | Tp) = P(ps4 | To). Now let
™ = (CQ Ol) Then Tgr = TQ and (pz‘; = P7—n- Thus, P((,D3 | To) = P((p4 | To),
P(ps | To) = P(p2 | To), and P(gs | To) = P(¢1 | Tp). It follows that for some
p € [0, 1], we have P(p,, | Typ) =pforalln e {1,...,6}. But Ty F =(vo V¢7), so
P(po | To) = P(p7 | To) = 0. Therefore, Zi:l P(pn | To) = 1, which implies
p=1/6. O

7.3.2 Two balls, two colors

Now imagine an urn containing two balls, each of which is black or white. There
are four possible color combinations. Unlike the example in Section 7.3.1, we
will not be able to use the principle of indifference to show that each combination
has probability 1/4. The most we can conclude is that the probability of two
whites is the same as the probability of two blacks.

Let L = {b1,b2,Cy,C1}, where the by are constant symbols denoting the
balls, and Cy and C; are unary predicate symbols denoting the colors black and
white, respectively. Let Ty be generated by the sentences

C:b 75 by
Co : Va((Coz V Crz) A —(Cox A Crx))

As in Example 4.3.8, let di(n) denote the k-th binary digit of n, counting digits
from the right. For n € {0, 1,2, 3}, let

Pn = Cdl(n)bl A Cdz(n)b2~

For example, 2 has the binary representation 10. Reading the digits right to
left, we have 0,1. Hence, the sentence , asserts that ball b; is black, and ball
b is white. Let C be the set of P € J7, such that

(i) P(¢pn | Tp) exists for n € {0,1,2,3}, and
(ii) P satisfies the principle of indifference.

Proposition 7.3.2. The condition C is consistent. Moreover, for any P € C,
we have P(yg | To) = P(ps | To) and P(p1 | To) = P(e2 | To).

Proof. Let A= {1,2}. For n € {0,1,2,3}, define w,, = (A, L") by b," = k and
Cym = {k | di(n) = j}. Note that Cg" = (C7")°. Also note that wy, [E ¢, if
and only if m = n. Let Q = {wy, ..., w7} and ¥ =P Q. Fixp € (0,1) and define
Z = (Q,%,P), where P{wo} = P{ws} = p/2, and P{w;1} = P{w2} = (1 — p)/2.
Since & £ Ty, we may define P = Th 2 |(g, 4 2] € J1,. Then P(gq | To) =
P3| Tp) = p/2, and P(p1 | To) = P(p2 | To) = (1 — p)/2. The proof that P
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satisfies (R10) follows as in the proof of Proposition 7.3.1. Hence, P € C and C
is consistent.

Let P € C be arbitrary. If m = (b b2), then Ty is invariant under 7 and
©T = 2. Hence, by the principle of indifference, P(p1 | Tp) = P(p2 | Tp).
Similarly, if 7 = (Cy C1), then T§ = Ty and ¢o = @3. Therefore, P(yg | Tp) =
P(ps | To). 0

Remark 7.3.3. The proof of Proposition 7.3.2 shows that C is indeterminate.
More specifically, for any p € (0,1), there exists P € C such that P(yg | Tp) =
P(ps | To) = p/2, and P(p1 | To) = P(p2 | To) = (1 — p)/2. Therefore,
Pc(pn | To) does not exist for any n € {0,1,2,3}.

This example can be generalized to any finite number of black and white
balls. Suppose there are N balls and let v, be the sentence which asserts
that exactly m of them are white. As above, the principle of indifference will
be unable to tell us the probabilities of ,,. The most it can say is that the
probability of 1, is the same as the probability of ¢n_,.

7.3.3 Random numbers

In this example, we consider a constant that could equal either 0 or 1. We will
not include everything we know about the numbers 0 and 1, but we will include
the fact that 0 < 1. This creates an informational asymmetry, like the one
we encountered in Section 7.2.4. As such, the principle of indifference will not
provide us with the probability that this constant is equal to 0.

Let L = {¢,0,1,<}, where ¢, 0, and 1 are constant symbols, and < is a
binary relation symbols. Let T be generated by the sentences

p1:0#1
p2:0<1
p3:c=0Vec=1

Let C={P €3Jg, | P(c=0] Tp) exists and P satisfies (R10)}.
Proposition 7.3.4. The condition C is consistent and C ¥ (Ty,c =0,1/2).

Proof. Let A = {0,1}. Define wy = (A,L“°) by 0“° = 0, 1“° =1, <% =
{(0,1)}, and ¢*° = 0. Define w; similarly, but with ¢** = 1. Let Q = {wo, w1}
and ¥ =P Q. Let p € (0,1) and define & = (2,3, P) so that P{wp} = p and
P{wi} = 1 —p. Since &Z F T, we may define P = ThZ |1, 11 ). Then
PeJp and P(c=011Tp) =p.

We will show that P satisfies (R10). Suppose that P(¢ | X) = p and
X™ € ante P. Note that <™ = < for all permutations w. First assume that
0"=1. Then (0<1)"=(1<1™). Butwk (1<s) forallwe Qandse L, so
this contradicts Lemma 7.1.10. Hence, 0™ # 1. By reversing the roles of 7 and
71 in this argument, we may also conclude that 1™ # 0.

It follows that if ¢™ = ¢, then 7 is the identity. We may therefore assume
that ¢™ = 0 or ¢™ = 1. Suppose that ¢™ = 0, so that 7 = (¢ 0). We will apply
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Proposition 7.1.11 with ¢ = (0 < 1). In this case, B = B’ = (& = {wo}. Hence,
the function h : g — L, that maps w; to w] it induces a measure space
isomorphism. Moreover, wy = w{, so h is a model isomorphism. Proposition
7.1.11 therefore implies P(¢™ | X™) = p. A similar argument gives the same
result in the case that ¢™ = 1. This shows that P satisfies (R10), so that C is
consistent. Since p was arbitrary, we have C ¥ (Tp,c = 0,1/2). O

7.3.4 Random numbers and definitions

In this example, we again consider a constant ¢ that could equal 0 or 1. This
time, however, we will expand our language by defining d = 1 —c¢. After making
this seemingly harmless addition, we will be able to infer that ¢ equals 0 with
probability 1/2.

This result may seem counterintuitive. It feels as if introducing a defined
constant should not affect the probabilities of a pre-existing constant. But this
feeling is rooted in the intuition that c is the original constant, and d is defined
in terms of ¢. However, in the expanded language, it is impossible to tell which
of ¢ and d is the original constant. They are simply two constants related by
d=1-—cand ¢ =1-—d. As such, when we refer to c in the expanded language,
we are equally ignorant about whether c¢ is the original random number, or its
inversion. Therefore, the probability that ¢ equals 0 in the expanded language
should be the average of its probabilities in the original language, which is
1/2. We will return to this idea at the end of the section, after formalizing the
example.

Let L and Ty be as in Section 7.3.3. That is, L = {¢,0,1,<} and T} is
generated by

p1:0#1
p2:0<1
ps:c=0Ve=1

Let d be a constant symbol and define
6(y):c=0Ay=1Ve=1Ay=0

Then Ty + &, where £ = 3ly §(y), so that § = (y = d <> 6(y)) is legitimate in Tp.
Let L' = {c,d,0,1,<} and define T = Ty + 6 C (L)%, so that T} is a
definitorial extension as in Definition 6.1.6. Let

C={P' €Ty | P'(c=0]Ty) exists and P’ satisfies (R10)}.
Proposition 7.3.5. The condition C is consistent and Pc(c =0 T5) = 1/2.

Proof. Let A = {0,1}. For i € {0,1}, define w; = (A, L“) by 0% = 0,
1¥i =1, <¥ = {(0,1)}, and ¢ =1i. Let Q = {wo, w1}, ¥ = PO, and define
P = (Q,%,P) so that P{wp} = P{w1} = 1/2. Note that & is the L-model
defined in the proof of Proposition 7.3.4, where p = 1/2. Also note that w E &
for all w € Q2. Since & F Tp, we may define P = Th & |1, 11, 2]
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Let w! = (A, (L')*) be given by s¥i = s for s € L and d = i/, where
i’ =1—1i. Let Q = {w},wi}, T' = P/, and define &’ = (¥, T,Q) so that
Q{w(} = Q{wi} = 1/2. Note that £’ is the L£'-model defined above Lemma
6.1.2. By Corollary 6.1.11, we have P’ = Th %’ iy, 7 217, Where P’ is the
definitorial extension of P given in Theorem 6.1.10. Note that P’ € Jry and
Plc=0|T3) =1/2.

We will show that P’ satisfies (R10). Suppose that P'(p | X) = p and
X™ € ante P’. As in the proof of Proposition 7.3.4, we have 0™ # 1 and
1™ # 0. First assume m = (¢ 0). As in the proof of Proposition 7.3.4, we can
use Proposition 7.1.11 with ¢ = (0 < 1) to conclude that P'(¢™ | X™) = p. A
similar argument covers the cases where 7 is (¢ 1), (d 0), or (d 1). If 7 = (c d),
then (w})™ = w},, so that ()™ ~ &', which also gives P'(¢™ | X™) = p. This
covers the case that 7 is a transposition.

Now suppose 7 is a 3-cycle. Assume m = (0 ¢ d). Then B = (§ = {w(}
and B’ = (5" = {wi}. Since (w])™ = wy, it follows from Proposition 7.1.11
that P’'(¢™ | X™) = p. A similar argument covers the cases where 7 is (0 d c),
(Led), or (1dc).

Finally, suppose 7 affects every constant symbol. If 7 = (¢ 0)(d 1), then
(W™ = wi, so that ()™ = &, which gives P'(¢™ | X™) = p. A similar
argument covers T = (¢ 1)(d 0). The remaining possibility is that 7 is a 4-cycle.
Assume 7 = (0 ¢ 1 d). As above, we have B = {w(} and B’ = {w]}, so that
Proposition 7.1.11 gives P'(¢™ | X™) = p. A similar argument covers the case
m = (0 d 1 c). Altogether, this shows that P’ satisfies (R10), so that C is
consistent.

Now let P’ € C be arbitrary. Let m = (¢ d). Then T} is invariant under .
Hence, P'(c = 0| Ty) = P'(d = 0 | Ty). But d = 0 =gy ¢ = 1. Therefore,
P'(c=0|T)) =P/ (c=1]|1T)), which gives P'(c=0|Tj) = 1/2. O

This example can be generalized to a constant ¢ that could equal 0, 1, or 2.
That is, let L = {¢,0,1,2} and let Ty be generated by

P1:0FLINOF2N1#2
P2 :0<1INO<2A1<2
p3:c=0Vec=1Vec=2

As in Section 7.3.3, we cannot use the principle of indifference to determine
P(c=n|1Tp). But we can create a definitorial expansion T{ using

bp=y=d<c=0ANy=1Vec=1Ay=0Vc=2Ay=2).
Informally, d = f(c), where f interchanges 0 and 1. As above, we could then use
the principle of indifference to conclude that P'(c =0 | T}) = P'(c = 1| T}).

It is tempting to think we can iterate this process. That is, suppose we
create a definitorial expansion Ty of T{; using

be=(y=ecc=0Ay=2Ve=1ANy=1Vec=2Ay=0).
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Informally, e = g(c), where g interchanges 0 and 2. We might now expect that
the principle of indifference gives P’(c = n | T}/) = 1/3. But it does not. In
fact, even our previous inference is no longer valid. That is, we can no longer
even conclude that P”(c = 0 | T)) = P"(c = 1| T§). This is because T} is
no longer invariant under 7 = (¢ d). In particular, T/ F d = 0 — e = 1, but
TVFe=0—e=1.

Remark 7.3.6. This example shows that definitorial extensions do not preserve
the principle of indifference. It is possible for P to satisfy (R10), but for its
definitorial extension P’ to not satisfy it. The converse is also possible. In other
words, Theorem 6.1.10 is another theorem that would fail if we included (R10)
in the definition of an inductive theory.

The juxtaposition of Propositions 7.3.4 and 7.3.5 may seem counterintuitive.
On the one hand, in £, we cannot infer the probability that ¢ = 0. On the other
hand, by passing to £, whose only difference is that it includes the defined
constant d, we are suddenly able to infer that ¢ = 0 with probability 1/2. It
seems that we must have added some new information by passing to £’. But
clearly we did not. It is the nature of a definitorial extension that it adds no new
logical information. The explanation is not that we have added new information.
Rather, we have altered the very meaning of ¢, in the way described in Section
6.1.6.

It is tempting to think that a constant symbol such as ¢ stands for some
object. From that point of view, it must stand for the same object in both
L and £’. And in that case, it makes no sense to say that we altered the
meaning of c¢. But syntactically, ¢ does not stand for anything. Standing for an
object is a semantic notion. What ¢ stands for is relative to the model we are
using, and even then, it can vary from structure to structure within that model.
Syntactically speaking, ¢ is not denoting an object. Rather, it is a primitive
symbol that gains its meaning from the deductive and inductive facts that use
it.

In £’, we have changed those facts from T to Tj;. The meaning of ¢ in T} is
not necessarily the same as in Ty. To see this more clearly, simply rename ¢ and
din £ to ¢ and d'. It is then no longer surprising that P'(¢’ =0 | T§) = 1/2.
After all, in Tj, it is impossible to tell which of ¢’ and d’ is the original constant
from £, and which of them is defined in terms of that original constant. We are
indifferent about those two possibilities. Therefore, P'(¢’ = 0 | Tj}) should be
the average of P(c =0 | Tp) and P(c = 1| Tp), which is 1/2. By analogy with
measure-theoretic probability, it is as if we started with a {0, 1}-valued random
variable X, defined Y = 1 — X, and then let (X’,Y”) be a random permutation
of (X,Y). In that case, if (X', Y’) = (X,Y) and (X',Y’) = (Y, X) are equally
likely, then P(X’ = 0) = 1/2, regardless of the distribution of X.
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7.4 Indifference and exchangeability

For the remainder of this chapter, we will look at how the principle of indifference
relates to real inductive theories. For simplicity, and to match the intuition of
measure-theoretic probability models, we will take the approach presented in
Theorem 6.4.6. Namely, we will operate under the standing assumption that
ZFC is strictly satisfiable. This assumption will be in effect for the remainder
of this chapter.

In this short section, we show that, in the context of a measure-
theoretic probability model, exchangeability is a special case of the principle
of indifference. This result is given below in Theorem 7.4.2. In order to prove
it, we first establish Lemma 7.4.1, which we be useful several times throughout
the remainder of this chapter.

7.4.1 Permutations of real inductive theories

Let P C L™ be a real inductive theory in ZFC. Let 7 be an L-permutation such
that €™ = €. Define ' : L — L by

S if s € Lzpc,
sT =" if s ¢ Lzrc and s™ ¢ Lzgc, and
(STr)7T if s ¢ Lzrc and s™ € Lzpc.

Lemma 7.4.1. Suppose X,X™ € anteP. Then the function © is an L-
permutation that fizes Lzpc. Moreover, if X™ € ante P and ' satisfies (R10),
then 7 satisfies (R10).

Proof. Assume X, X™ € ante P. By construction, the function ' fixes Lzgc
and preserves the type and arity of extralogical symbols. The fact that 7’ is a
bijection is a consequence of the following:

ifs€ Lzec and s #s, then s™™ ¢ Lzgc and s™ ¢ Lzgc. (7.4.1)

To see this, let s € Lzpc with s™ #s. Since €™ = €, we have s # €. Hence, s is
an explicitly defined constant symbol. Let d(y) be its defining formula, and let
5" (y) be its reduction to £{€}, so that the only extralogical symbol in 6" (y) is
€. Let ¢ =Vy(y = s < 6"4(y)), so that ZFC I ¢. By Lemma 7.1.10, if & F P,
then ¥ C (5™ a.s., which implies & F (X,("7,1). Hence, P(("7 | X) = 1.
It follows that P(C AC™™ | X) = 1. But (7™ = Vy(y = s~ ™ < 6"4(y)), so that
ZFCF(A(C ™ <»s=s"T. Therefore P(s=s""| X) = 1. A similar argument
shows that P(¢"™ | X™) = 1 and P(s = s™ | X™) = 1. Finally, note that if
s,s’ € Lzrc \ {E}, then ZFC s #s'. Hence, s™™ ¢ Lzgc and s™ §§ Lzrc.

Now assume X™ € ante P and 7 satisfies (R10). Using the facts that
€™ = €, every s € Lzrc \ {€} is a constant symbol, and P(s =s" | X™) =1 for
all s € Lzec \ {€}, it follows by term induction and formula induction that

PO™ <67 | X™)=1forall 6 € L. (7.4.2)
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A similar argument shows that P(G’”/ < 07" | X)=1forall € L°. Applying
this to 67 gives P((™)™™ <« 6| X) = 1. But 7’ satisfies (R10), so this gives

PO™ < 6™ | X™)=1forall 0 € £°. (7.4.3)

To show that 7 satisfies (R10), suppose that P(p | X) = p. Since 7’ satisfies
(R10), we have P(¢™ | X™ ) = p. Also, (7.4.3) gives P(¢™ ¢ @™ | X™) =1
Hence, Proposition 3.2.14 implies P(¢™ | X™) = p.

Let # € X™. Then (™)™ € X7, so that P(( T X™) = 1. As
it was for ¢ above, this gives P((0~™)™ | X™) = 1. But (6~™)" = 6.
Hence, P(0 | X™) = 1 for all @ € X™. By the rule of deductive extension,
P(- | X’T’,X”) = P(- | X”,). In particular, P(p™ | X’T’,X”) = p. On the
other hand, the analogous argument using (7.4.2) shows that P(f | X™) = 1
for all # € X™. The rule of deductive extension therefore also shows that
P(-| X™,X™) = P(-| X™). Hence, P(¢™ | X™) = p. O

7.4.2 Exchangeability

Let (X, |i € I) be a collection of real-valued random variables defined on a
probability space, (S,T',v). We say that (X; | i € I) are exzchangeable if the
distribution of (X;(1y, . .., Xj(n)) is unchanged by a finite permutation of I. More
specifically, let o : I — I be a bijection with (i) = 4 for all but finitely many
i. Then

V(Mpet Xy € Vi} = v e A X)) € Vi), (7.4.4)

for all choices of n € N, i(k) € I, and V}, € B(R).

Let (X, | ¢ € I) be real-valued random variables on (S, T, v). Without loss of
generality, we may assume S = R, T' = @, .; B(R), and X;(z) = x;. Recall our
standing assumption that ZFC is strlctly satisfiable. Let & = (2, X, P) be the
model constructed in the proof of Theorem 6.4.6, and let P = Th & |zrc 11 2]

Theorem 7.4.2. With notation as above, the inductive theory P satisfies the
principle of indifference if and only if (X; | i € I) are exchangeable.

Proof. Assume P satisfies the principle of indifference. Let o : I — I be a
bijection with o(i) = 4 for all but finitely many i. Let 7 be the signature
permutation that fixes everything in Lzrc, and maps X, to XO_( y- Then 9™ =
for all Y € EZFC In particular, ZFC™ = ZFC. Let ¢ = /\k 1 Z(k) € Vi. Then

=N X +(i(k)) € V- By the principle of indifference,

P(Nj=1 Xiry € Vi | ZFC) = P(Ni—y Xoiny) € Vi | ZFC).

Therefore, by (6.4.2), we have (7.4.4).

Now assume X is exchangeable. Let m be an L-permutation and suppose
P(p | Y) = p. Since € is the only binary operation symbol in L, we have
€™ = €. By Lemma 7.4.1, it suffices to assume 7 fixes Lzrc, and to show that
both Y™ € ante P and P(¢”™ | Y™) =p
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Since 7 fixes Lzpc, it only affects C = {X, | ¢ € I}. Let 0 : I — I
be the bijection defined by X7 = X, ;) and define the bijection g : S —
by (92)0(;) = #;. Note that both g and g~' are measurable. We claim that
v =vog 1t To verify this, it suffices to check that v B = v ¢~ !B, when B is a
cylinder set of the form

B = m;cl:l{x es | To(i(k)) € Vk}.

In this case, we have

g_lB = ﬂzzl{x S (gx)a(i(k)) € Vi}
= ﬂzzl{x €S | Ti(k) € Vk}»

so that v B = v g~ !B follows from (7.4.4). Hence, v = vog?

pointwise isomorphism from (S,T',v) to itself.

Let h : S — Q be the function in the proof of Theorem 6.4.6 that maps
e Stow” e Let 7 = (Q7,X7,Q) and let hy : Q — Q7 be the function
that maps w to w™. Then &7 is the measure space image of (S,T',v) under
hroh. But hy oh = hog and g is a pointwise isomorphism, so &7 is the
measure space image of (S,T',v) under h. By the definition of &, this means
PT =P,

Now, since P(p | Y) = p exists, we have & F (Y,¢,p). By Theorem
7.1.7 and & = &7, it follows that & £ (Y™, ¢™,p). Therefore, Y™ € ante P
P@e™ |YT) =p. O

, so that g is a

7.5 Examples on an interval

In this section, we present examples of the principle of indifference that involve
an interval on the real line.

7.5.1 The interval [0, 1]

In our first example, we have a real number ¢, about which we know only that

€ [0,1]. We then ask what the principle of indifference has to say about the
distribution of ¢. At first glance, we might expect the principle to assign c a
uniform distribution, based on the fact that we are somehow “equally ignorant”
about where c lies in the interval [0, 1]. A little further thought, however, quickly
reveals that this cannot be the case. The principle of indifference requires an
informational symmetry, encoded in the permutation 7. In the coin flip of
Section 7.2.2, for example, we obtained the probability 1/2 by interchanging
the symbols for heads and tails. We could do this because our background
information, Ty, was symmetric with respect to this interchange.

In this case, however, our background information, Ty, will contain ZFC,
and the individual numbers in [0, 1] are most certainly not interchangeable with
respect to ZFC. For instance, in ZFC, we know that 0 is the additive identity and
1 is the multiplicative identity. That sentence is no longer true if we interchange
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0 and 1. To say that ¢ = 0 is a qualitatively different assertion than to say that
c=1.

In this way, the present example is less like the coin flip of Section 7.2.2
and more like the random number (either 0 or 1) in Section 7.3.3. In that
example, the principle of indifference did not narrow down the probabilities
at all. Every possible value for the probability of 0 was consistent with the
principle of indifference. Similarly, here, every possible distribution on ¢ will be
consistent with it.

To state this result, let Lzpc be the logical signature of ZFC, given by
(6.4.1). Let ¢ be a constant symbol not in Lzgc, let L = Lzrc U {c}, and
define Ty = ZFC + ¢ € [0,1]. Let C be the inductive condition consisting of all

inductive theories P C £'S with root Ty such that

(i) ¢ is Borel given Ty, and
(ii) P satisfies the principle of indifference.

Let v be an arbitrary Borel probability measure on R. Fix an Lzgc-structure
wo such that wy E ZFC. For each r € R, define w = w" to be the L-expansion
of wg given by ¢ = r*°. Let Q = {w" | r € R} and let h : R — Q denote the
map r — w”. Let &, = (Q,%,P) be the measure space image of (R, B(R),v)
under the function h.

If v[0,1] = 1, then &, F T, so may define the complete inductive theory
P, =ThZ, |1, h»,- By Theorem 6.4.6, we have P(c € V | Ty) = vV for
all V € B(R). In particular, ¢ is Borel given Tj under P, .

Proposition 7.5.1. For any such v, we have P, € C.

Proof. Suppose P,(p | X) exists and let m be an L-permutation. As in the
proof of Theorem 7.4.2, we may assume the permutation 7 fixes all of Lzgc.
Since there is only one symbol in L \ Lzrc, the permutation 7 is the identity.
Therefore, it is trivially the case that P,(¢™ | X™) = P, (¢ | X). O

7.5.2 A point on a rod
Introduction

In this example, we consider a rigid rod of some unspecified length, and we let ¢
be a point that lies somewhere along the length of the rod. We then ask what,
if anything, the principle of indifference has to say about the distribution of the
point c.

A common approach to a problem like this would be to replace the rod with
the interval [0,1]. If we do that, then we have our answer, according to the
preceding example: the principle of indifference says nothing. But we should
ask ourselves why we feel justified in replacing the rod with [0,1]. When we
do so, we are introducing qualitative differences between points on the rod that
were not there originally. In other words, we are making assumptions that are
not indicated by the statement of the problem.
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Instead of replacing the rod with [0, 1], we should represent it by [0, 1]. For
instance, we could replace the rod with a smooth manifold with boundary, and
give it a Riemannian metric that indicates it has no curvature. If we did that,
then we would see informational symmetries that are not there when we simply
replace the rod with [0, 1].

Taking this approach would require us to formulate, in ZFC, a number of
new and complicated definitions. While this is certainly doable, we will avoid
these complications by simply replacing our rod with a subset M of the real
line, and assuming that M can be parameterized by some affine linear function
on [0,1]. We then let ¢ be an element of M.

To talk about the distribution of ¢, we need to have names for subsets of M.
For this, we will let ¢y and ¢; be the endpoints of M, arbitrarily labeled, and
name the Borel subsets of M relative to ¢g. That is, if B is a Borel subset of
[0, 1], then B, will be the image of B when [0, 1] is mapped to M in a way that
sends 0 to ¢g and 1 to ¢;.

Notation in ZFC

To make this precise, we first establish some new shorthand in Lzgc, the
language of ZFC. Let §(u,v,y) € Lzrc be given by
o(u,v,y) =(u g RV EZR) ANy =10
VuERAvERAY € REA (V2 €R)(y(x) = u-z +v).

Then ZFC + Vuv3ly é(u,v,y). Hence, we could explicitly define the function
symbol F by y = Fuv < 0(u,v,y), and then let f,, be shorthand for the term
Fuv. We do not, in fact, add the symbol F' to our extralogical signature, but
instead regard both F' and fy,, as shorthand. We also adopt the shorthand,
dom(f) and f™&(z), given by

dom(f) ={z € R| (Fy € R)(z,y) € [},
f8(z) = {f(z) | * € zndom(f)}.

Extralogical symbols and assumptions

To talk about our rod, we add new extralogical symbols to Lzgc, the signature
of ZFC. Let £ = {B € B([0,1]) | # € B C [0,1]} and let

C={M,c,co,c1} U{B. | Be&}

be a set of distinct constant symbols not in Lzpc. Let L = LzgcC.

In the language £, we want to build T, the assumptions we will be making
in our setup of the problem. Using ¢ar(u,v) = (u # 0 A M = flms([o,1])),
define the following sentences in L:

w1 : (Fuv € R) our(u,v)
po:ce M
w3 (Guv € R)(om(u,v) Acg =vAeg =u+0)
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Also, for any B € &£, define
pp(@): (Guv € R)(pa(u,v) Ao =v Az = f®(B))

Then let Ty = ZFC + {¢1, 2,03} U{¢p(B:) | B € £}.

The sentence ¢; says that M is a “rod.” That is, M can be parameterized
by the interval [0, 1]. Another way to think of this is that M is a closed interval,
but its location, length, and orientation are left unspecified.

The sentence 5 says that c is an element of M. This is the only information
about ¢ contained in Tj.

The sentence 3 says that c¢g and ¢; are the two distinct endpoints of M. But
it does not specify which is the left endpoint and which is the right. Thinking
of M as a rod, it does not even make sense to ask which end is left and which
is right, for the orientation of the rod is arbitrary. It therefore makes sense that
we would not include such information in Tj.

The sentence ¢ (B,) defines the symbol B, so that B, is the representative
of B in M, relative to cg. For instance, if B = [0,1/2], then B, is the subset of
M that extends from ¢y to the midpoint of M.

Inductive hypotheses and conclusion

Now let C be the inductive condition consisting of all inductive theories P C £'S
with root T such that

(i) P(c € B, | Tp) exists for all B € £, and
(ii) P satisfies the principle of indifference.

Theorem 7.5.2. The condition C is consistent. Moreover, if P € C, then
P(c € B, | To) = P(c € (pB). | To), (7.5.1)
for all B € B([0,1]), where p: [0,1] — [0,1] is given by pr =1 —r.

The proof of Theorem 7.5.2 will be given at the end of this subsection.
Proving consistency is what will require the most work. This consistency proof
will show, in fact, that (7.5.1) is the only restriction on the distribution of ¢. In
particular, the principle of indifference does not require the distribution to be
uniform. This is because the only points on the rod that are interchangeable
with respect to Ty are points that are equidistant from the ends. To say that
c lies twice as far from one endpoint than the other is a qualitatively different
statement than saying that c lies at the midpoint. These two locations are not
symmetric with respect to everything we know about the rod.

A model for the rod

Our proof of consistency will utilize an L£-model, & = (Q,3,P), which we
construct as follows. Let vy be a probability measure on (R, B(R)) such that
vp[0,1] = 1 and vy is continuous. That is, vo{r} = 0 for all r € R. Let
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S=RxRx{0,1} and I = B(R) @ B(R) @ B{0, 1}, and define the probability
measure v on (S,T) by

vB x B'x {n}=(1/2)(v B)(v B').

Let wg be an Lzpc-structure such that wg = ZFC. If x = (r,t,n) € S, hen let

w = w® be the L-expansion of wy defined by M¥ = [t,t +1]“°, ¥ =t +r
L [t itn=0,  _ [te1= ifn=o0,
o = . €1 = .
t+ 1 ifn=1, to ifn=1,

and

BY = nB* ifn=0,
TpBY° ifn =1,

where 7; : R — R and p: R — R are defined by mr =t +r and pr =1 —r.
Let Q = {w” | x € S}, let h: S — Q denote the function = — w”, and let
& be the measure space image of (S,T,v) under h.

Lemma 7.5.3. With notation as above, we have P = T.

Proof. Since each w € ) is an extension of wy, we have & F ZFC. Note that

w E om[190,t40] for all w € Q. Hence, (p1)q = , so that & E ;. Also,

h=Y(p2)a = [0,1] x R x {0, 1}, so that P(ps)q = 10[0,1] = 1. Thus, & F ¢,.
Note that

wo E (¢ = fil}¥(B)) B, 1, 1], (7.5.2)
wo [ (z = fun®(B))[mpB™, =1, t +1°°], (7.5.3)

forall Be £. Fix Be &. Let x = (r,t,0) and w = w”. Then w E pp[19°,147],
wEc=1tand wE ¢ =1+t Also, by (7.5.2) and the definition of BY,
we have w E (B, = fmg(B))[14°,t<0]. Tt therefore follows that w E 3 and
w E ¢p(By). Sumlarly, ifz=(rt1) and w = w", then w E @y [—1%°, ¢ + 1*°],
wEeo=t+l,andw Ecg = -1+t+1. ThlS time using (7.5.3) and the
definition of B,‘;’, we have w E (B, = fme(B))[=1*°,¢ + 1*°]. Therefore, in
this case also, we obtain w E ¢3 and w E ¢p(Bx). O

Narrowing down the permutations

By Lemma 7.5.3, we may define the inductive theory P = Th 2 |1, 11, 2
We will show that C is consistent by showing that P € C. The difficult part
of proving this is showing that P satisfies the principle of indifference. In
preparation for this, we first prove two lemmas that narrow down the possible
permutations that need to be checked.

Lemma 7.5.4. If P(p | X) =p and X™ € ante P, then s™ =s for all s € Lzgc
and m{c,co,c1} = {¢,co,c1}.
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Proof. Assume M7™ € Lzpc. Let s = M7™. By the argument following (7.4.1),
we have P(s = M | X) = 1. Note that

hl(s= M)g ={(r,t,n) € S|s*° = [t,t +1]“"}.

Since t # ¢’ implies ZFC - [t,t 4+ 1] % [¢/, ¢ + 1], and since wg E ZFC, there can
be at most one ¢ € R such that s*© = [t,t + 1]°. Hence, we may choose ¢y € R
such that h™1(s = M)g C R x {to} x {0,1}. Since vo{to} = 0, this implies
P(s = M)g =vh (s = M)q = 0. Therefore, P(s = M | Tp) = 0. By (3.2.5)
and deductive transitivity, P(s = M | X) = 0, a contradiction. This shows that
MT™ ¢ Lzpc. Similar arguments show that s™ ¢ Lzpc for all s € C. That is,
if s é Lzfrc, then s™ ¢ Lzrc. By contraposition, if s € Lzpc, then s™" € Lzgc.
Hence, by (7.4.1), we have s™ = s for all s € Lzgc.

Now assume ¢™ ¢ {c,cog,c1}. By the above, ¢™ ¢ Lzec. Hence, either
¢™ =M or ¢™ = B, for some B € £. In either case, w E ¢™ € R for all w € Q.
Therefore, (¢" € R)q = . Now, note that Tp - ¢ € R. Let d(y) € L{€} be
a reduced defining formula for R, so that ZFC, F Vy(y = R > d(y)). Then
¢ € Ty, where ¢ = Jy(6(y) A c € y). We then have (™ = Jy(d(y) A c™ € y),
so that To F ¢™ <> ¢™ € R. It follows that (§ = (¢™ € R)q = 0, P-a.s. Thus,
P(Z =0, contradicting Lemma 7.1.10. This shows that ¢™ € {c,cg, ¢ }. Similar
arguments show that ¢ € {c¢,co,c1} and ¢f € {c¢,co,c1}. We therefore have
m{e,co,c1} = {e,co, 01} O

Remark 7.5.5. The above proof relies on the fact that vy is a continuous
measure. Since we are only concerned with the relative positioning of M and
¢, we are free to randomize the location of M. By choosing a vy which is
continuous, we are randomizing M so that it has probability 0 of sitting at
any fixed location. This allows us to narrow down the possible permutations
in the principle of indifference, and thereby simplify our proofs. Without this
construction, the results still hold, but the proofs would be more complicated.
Namely, we would need to consider the possible that M and B are interchanged
for some interval B.

In Section 7.2.2, we saw how to deal with this extra complication in the finite
setting. There, we needed to deal with the possibility that the symbol for the
result of the coin toss, ¢, was interchanged with one of the symbols for heads
and tails.

Lemma 7.5.6. Let P(p | X) = p and X™ € ante P. Assume 7 is not the
identity. Then s™ =s for all s € L, except for the following:

(a) c§ = c1,
(b) T = co, and
(¢) Bf = (pB). for all B € €.

Proof. By Lemma 7.5.4, we have s™ = s for all s € Lzpc. We first show that
M™ =M. Let s = M™ and assume s # M. By Lemma 7.5.4, we have s = B,
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for some B € £. Let ( = B, € M AB, # M € Ty. By Lemma 7.5.4, we
must have M ~™ = B/ for some B’ € £&. Then (*™ = M C B, AM # B.. But
w M C B, for all w € Q. Therefore, (™ = 0, contradicting Lemma 7.1.10.
Hence, M™ = M.

We next show that ¢™ = ¢. Let s = ¢™ and assume s # ¢. By Lemma 7.5.4,
we have s € {cg, c1}. Suppose s = ¢y. Let

p(@,y) = Guv € R)u £ 0 Ay = fI5(0,1) Az = uVa =u+0)).

Then ¢(z,y) says that x is an endpoint of y. Therefore, ¢ = ¢4 (co, M) € T.
Since (~™ = ¢*(c, M), we have

h g™ ={(rt,n) €S |r=0orr=1}
={0} xRx{0,1} U{1} x R x {0,1}.

Since v is continuous, this gives @Cﬁ” = vh—lg};” = 0, contradicting Lemma
7.1.10. Hence, s # cg. A similar argument shows s # ¢;. Thus, ¢™ = c.

We next show that ¢ = ¢;. Assume not. Then, by Lemma 7.5.4, we have
¢ = co and ¢ = ¢;. We will show that Bl = B, for all B € £, contradicting
the assumption that 7 is not the identity permutation. Let B € £ and let

= BT. Since M™ = M, Lemma 7.5.4 implies s = B, for some B’ € £.
Note that ¢ (x) € L{€,M,co}. Let ¢ = ¢'¢(B.) € Tp. Since M™ = M and
¥ = co, we have (™ = ¢%4(B,). Lemma 7.1.10 implies (% # 0. Hence, we
may choose z = (r,t,n) € S such that w E (™, where w = w”. Therefore,
there exists a and b in the domain of w such that w [ parla,b], ¢§ = b, and
w E (B, = fme&(B))[a,b]. By the construction of w, we have

wE Vuw € R)(om(u,v) 2 u=1Vu=—1).

Hence, a € {1*°, —1“°}.
Suppose n = 0. Then b = ¢ =t*°. If ¢ = —1“°, then

wE (M = fi5([0,1]) (=1, £],

which implies M¥ = [t —1,¢]“°. But M* = [t,t+1]*°, and so we have
0 = 10, Thus, w £ (B = Ap(B)I 0], Butwn F (5 = fun) 1, £
and also wy E 7'™8(B) = 7B. Hence, w E B, = 7B, which gives
(B.)¥ = 7;B“". On the other hand, by the definition of w, and since n = 0, we
have (B.)¥ = (1:B’)*°. Therefore, (TtB )° = 7.B“°, which implies 7, B’ = 7, B,
so that B’ = B. Hence, s = B, = B,. A similar proof in the case n = 1 also
yields s = B,. Thus, B] = B,, completing the proof that c¢f = c;.

By Lemma 7.5.4, we must have ¢J = ¢g, so that both (a) and (b) hold. For
(c), let B € £ and let s = BT. As above, s = B, for some B’ € £. Also as
above, let ¢ = ¢*4(B.) € Tp. Then w [ (™ if and only if w E ¢p(B.)™, and

op(B.)™ = (Juv € R)(ppr(u,v) Acp = v A B.L = fimg(B)).

The above argument, with ¢; in place of ¢y, shows that B’ = pB. O



208 CHAPTER 7. PRINCIPLE OF INDIFFERENCE

Proof of main result

With all of the above preparation, we are now ready to prove Theorem 7.5.2.
Proof of Theorem 7.5.2. Let P be the inductive theory defined above. Since

(c€By)a=BxRx{0}UpB xR x {1},
we have P(c € B, | Ty) = P(c € B.)q = (vo B + vo pB)/2. Hence, P satisfies
(i) in the definition of C. Suppose P(¢ | X) = p and X™ € ante P. If 7 is the
identity, then it is trivially the case that P(¢™ | X™) = p. Assume 7 is not the
identity. Define g : S — S by g(r,t,n) = (r,t,1 —n). Then g is a pointwise
isomorphism from (S,I',v) to itself. Recall that h is the function that maps
x = (r,t,n) to w®. Recall also the function h,, used in Section 7.1.4 in the
construction of £7. By Lemma 7.5.6, we have h, = hogoh~!. Thus, Q" = Q
and
Poh ! =Pohogoh ™' =vogoh™ =voh™' =P,

so that ™ = . By Theorem 7.1.7, we have & F (X™,¢",p), so that
P(o™ | X™) = p. This shows that P satisfies (ii), and hence, P € C. Therefore,
C is consistent.

Now let P € C. Let 7 be the permutation described in Lemma 7.5.6. Since 7
fixes Lzpc, we have ZFC™ = ZFC. Since M™ = M and ¢™ = ¢, we have T = ¢
and ¢35 = @2. Now,

ZFC,u €R,v ERF (pp(u,v) Aco =vAer =u+v)
< (em(~u,u+v) Ney =u+vAco=—u+ (u+w)).

Therefore, ZFCo - ¢F > 3. Similarly,

ZFC,u € R,v € R, 3 (par(u,0) Ao = v A B. = f13%(B))
< (em(—u,u+v)Aeg =u+vA(pB). = I_rg%u_‘_v(ﬁ)).

Therefore, ZFC, p3 F ¢p(B.)™ <> ¢p(Bx). Altogether, this implies T] = Ty, so
that
P(c € B, | To) = P((c € B.)" | Tp) = P(c € (pB)« | To),

by the principle of indifference. O

7.5.3 Adding a defined constant

Let us return to example of Section 7.5.1, in which we have a constant ¢, about
which we only know that ¢ € [0,1]. We saw that in this case, the principle of
indifference has nothing to say about the distribution of c.

From here, let us proceed as in Section 7.3.4. That is, let us expand our
language by defining d = 1 — ¢. After making this seemingly harmless addition,
we turn our attention back to ¢, and ask again what the principle of indifference
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has to say. This time, we find the same result that we obtained in (7.5.1). That
is, the distribution of ¢ must be symmetric under the reflection r — 1 — r.

However, as in Section 7.3.4, this result is misleading. In adding d to our
language, we are also compelled to expand Ty to a larger theory T which
includes the definition of d. In the expanded theory T§, the implicit meaning
of ¢ has changed. In T}, we can no longer determine which of ¢ and d is the
original number, and which is its reflection. Just as in Section 7.3.4, it is as if ¢
is equally likely to be the original as it is to be the reflection. It is no surprise,
then, that ¢ must have a symmetric distribution.

In other words, by adding d, we have changed the problem. We no longer
have a single unknown number in [0,1]. We now have two unknown numbers
that are reflections of one another, and we are unable to definitively identify
the original. We have simultaneously added information (by adding a second
number) and lost information (by losing track of which was the original). So
although (7.5.1) still holds, the situation is not the same. In this case, (7.5.1)
is answering a different question.

To make this precise, let ¢ and d be constant symbols not in Lzrc and let
L = Lzrc U{e,d}. Let f(r) =1 —r and define

Ty = ZFC + {c € [0,1],d = f(c)}.

Note that we did not bother to express things in terms of a definitorial extension.
It is the case, however, that Ty is a definitorial extension of ZFC + ¢ € [0, 1],
and d is defined by Vy(y = d <> y = f(c)).

Let C be the inductive condition consisting of all inductive theories P C £S
with root Ty such that

(i) ¢ is Borel given Ty, and
(ii) P satisfies the principle of indifference.

Proposition 7.5.7. The condition C is consistent. Moreover, if P € C, then
P(c €V |Ty) = P(c € f™&(V) | Tv), (7.5.4)
for all V€ B([0,1]).

Proof. Let S =[0,1] and T" = B([0,1]). Let v be a probability measure on (5, T")
such that v pV = vV for all V € T, and v is continuous. That is, v{r} = 0 for
all r € S. Let wp be an Lzgc-structure such that wy E ZFC. For each r € S,
let w = w" be the L-expansion of wy given by ¢* = r*0 and d¥ = 1 —r“°,
Let Q@ = {w" | r € S}, let h : § — Q denote the function r — w”, and let
P = (2,%,P) be the measure space image of (S,T',v) under h. Then & E Ty,
so we may define the inductive theory P = Th & || 11, 2]

By construction, ¢ is Borel given Ty. Suppose P(¢ | X) = p and X7 €
ante P. If 7 is the identity, then it is trivially the case that P(¢™ | X7) = p.
Assume, then, that 7 is not the identity.

Let s = ¢™. Assume s € Lzpc. By the argument following (7.4.1), we
have P(s = ¢ | X) = 1. Note that h™1(s = ¢)g = {r € S | s*0 = r*o}.
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Since r # 1’ implies ZFC F r # 1/, and since wy E ZFC, there can be at
most one r € R such that s¥° = r“°. Since v is continuous, this implies
P(s =c | Ty) = vh™ (s = ¢)g = 0, which contradicts P(s = ¢ | X) = 1.
This shows that s ¢ Lzgc. Similarly, d™ ¢ Lzpc. It follows from (7.4.1) that
s™ = s for all s € L. Also, since 7 is not the identity, we have ¢™ = d and
d™ =c.

Now define g : S — S by gr = 1 —1r. Then g is a pointwise isomorphism
from (S,T,v) to itself and h, = hogoh™!. As in the proof of Theorem 7.5.2, it
follows that ™ = &. Hence, by Theorem 7.1.7, we have & E (X™, ¢, p), so
that P(¢™ | X™) = p. This shows that P satisfies the principle of indifference,
and hence, P € C. Therefore, C is consistent.

Now let P € C. Let 7 be the permutation described above. Then T§ = Tj,
so that

PlceV |Ty)=P((ce V)" |Ty) = P(d eV |Tp),

by the principle of indifference. But Ty Fd € V <> ¢ € fmg(z). Hence, (7.5.4)
follows from the rule of logical implication and Proposition 3.2.14. O

There is nothing special about the function f(r) = 1 — r in this example.
What is essential is that f is measurable and f o f = ¢, where ¢ is the identity.

For example, let
1-2z if0o<a<
F@)=9y1 1 1o
5 51‘ 1 3 <Tr<
If we change the definition of d from d = 1 — ¢ to d = f(c), then we can
adapt the above proof so that we obtain (7.5.4) in this case as well. However,
the resulting distribution of ¢ would no longer be symmetric under reflection.
Instead, it would be symmetric under f. In particular, after defining d = f(c),
the principle of indifference would tell us that

P(c€[0,1/3] | To) = Plc € [1/3,1] | To) = 1/2.

This is decidedly different from the situation obtained when f(r) =1 —r. We
can therefore see clearly that the act of defining d is not a harmless one. As
described above and in Section 7.3.4, when we introduce d via definition, we
change the background assumptions in Ty, which in turn changes the meaning
of c¢. The principle of indifference, therefore, can produce different distributions
for ¢, depending on the definition of d.

7.6 Examples in the plane

In this section, we present examples of the principle of indifference that are
situated in the Euclidean plane, R2.
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7.6.1 A point on a circle

In our first example in this section, we consider a circle of some unspecified
diameter, and we let ¢ be a point that lies somewhere along the circumference
of the circle. As with a point on a rod in Section 7.5.2, we do not simply
want to replace the circle in the statement of the problem with the unit circle,
St = {(z,y) € R? | 22 + y® = 1}. Instead, we want to replace the circle with
a subset M C R? that can be parameterized in the usual way by the radian
angles in [0, 27).
To make this precise, define e : R x R? — R? by

0. — (€08 f —sin@ r1

e(0,r) = sin cos@) \rqy )’

so that e rotates r counterclockwise by an angle of § radians. For ¢t € R? and
BCR2 lett+B={t+r|rec B} For €R,let [0] =6 — 27 |0/2r]|, where
|0/27 | is the greatest integer less than or equal to §/27. Then [0] € [0, 27) and
e([0],r) = e(8,r) for all r € R%

In ZFC, we use R? as shorthand for R x R. We extend + in ZFC so that it
also denotes vector addition in RZ, and we extend - so that it also denotes scalar
multiplication. As we did for R and B(R), we add an explicitly defined symbol
r for each r € R?, and an explicitly defined symbol V for each V € B(R?). If
h : R™ — R™ is Borel measurable, where m,n € {1,2}, then we can explicitly
define h in ZFC.

We now create our extralogical signature L and our root Ty as we did in
Section 7.5.2. Define 6(u, v, w,y) € Lzrc by

S(u,v,w,y) = (WERVVER*Vw gR) Ay =10
VuERAvER?AwERAY € (RHE
A (Vo € R)(y(z) = u-e(w,z) +v).

Then ZFC + Vuvw3ly §(u, v, w, y). Hence, we could explicitly define the function
symbol F by y = Fuvw < 6(u,v,w,y), and then let f,,,, be shorthand for the
term Fuvw. We do not, in fact, add the symbol F' to our extralogical signature,
but instead regard both F' and fy,, as shorthand. We also adopt the shorthand,
dom(f) and f™&(z), given by

dom(f) = {z € R? | (3y € R?)(=z,y) € [},
f8(z) = {f(2) | « € 2 Ndom(f)}.
Let E={B € B(S') |0 c B CS'} and let
C={M,c}U{B.|Beé&}

be a set of distinct constant symbols not in Lzpc. Let L = LzpcC.
Let oo =c € M and
onm(u,v,w) =u>0Aw € [0,2m) A M = fime(st)).

uvw
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For B € &, define

vp = (FJuw € R)(Fv € Rz)
(ear(u,v,w) A{(1,0)} = fan&({(1,0)}) A B. = f,03(B)),

and let Ty = ZFC + {¢ .} U{pp | B € £}.

In this presentation, we have streamlined our construction of T, compared
to what was done in the rod example of Section 7.5.2. For instance, we do not
have a separate sentence which says that M is a circle. Rather, that fact is
contained in each sentence pp. The sentence ¢, says that ¢ is a point on the
circle M. And the sentences pp say that B, is a Borel subset of M that is
geometrically related to {(1,0)}. in the same way that B is related to {(1,0)}.
In the rod example, we first named our endpoints and then named our Borel sets
relative to them. Here, we are first naming a point to serve as the initial and
terminal point of a parameterization, and then naming our Borel sets relative
to that point.

Now let C be the inductive condition consisting of all inductive theories
P C £'8 with root Ty such that

(i) P(c € B, | Tp) exists for all B € £, and
(ii) P satisfies the principle of indifference.

Proposition 7.6.1. The condition C is consistent and, for every B € £, we
have Pc(c € B, | Ty) = m(B), where m is the uniform measure on S*.

The proof of Proposition 7.6.1 will come at the end of this subsection.
The proof follows the same lines as the proof of Theorem 7.5.2. We first
prove consistency by building an L£-model, & = (Q,%,P), as follows. Let
1o be a probability measure on (S, B(S')) such that 1 is continuous. That
is, vo{r} = 0 for all 7 € S*. Let S = St x St x [0,27), T' = B(S), and
v =1y X Vg X mg, where my is the uniform measure on [0, 27).

Let wy be an Lzpc-structure such that wy [ ZFC. If x = (r,t,60) € S, then
let w = w® be the L-expansion of wy defined by M“ =t +S'™°, ¥ =t + r*o,
and BY =t + e(6, B)“".

Let @ = {w® | z € S}, let h : S — Q denote the function = — w®, and let
Z be the measure space image of (S,T, ) under h.

By a proof similar to that of Lemma 7.5.3, we have & E Ty. We may
therefore define the inductive theory P = Th & |1, 71 2

Lemma 7.6.2. Let P(p | X) = p and X™ € ante P. Then s™ = s for all
s € Lzrc U{M, ¢} and there exists 0y € [0,2m) such that Bl = e(6y, B).« for all
Bef.

Proof. Applying the methods used in the proof of Lemma 7.5.4 and the first
part of the proof of Lemma 7.5.6, we obtain that s™ = s for all s € Lzrc U{M, c}.
Hence, we must have {(1,0)}7 = B? for some B® € £. Let ( = (3ly € R*)(y €
{(1,0)}.) € Typ. By Lemma 7.1.10, the set (§ is nonempty. Choose w € (j.
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Then w E (3ly € R*)(y € BY). Write w = w®, where z = (r,t,0) € S.
Then there exists a unique b in the domain of wy such that b €0 (R?)*° and
b ew (B =t+e(f,B°)°. Thus, wy = (3y € R*)(y € t +¢e(h, BY)). This
implies |B°| = 1, so that we may write B = {rg} for some 79 € S'. We
therefore have {(1,0)}7 = {ro}«.

Now let B € £ be arbitrary. Then BT = B/ for some B’ € £. By Lemma
7.1.10, we may choose x = (r,t,0) € S such that w = w” £ ¢F. Note that

0% =zrc (Bluw € R)(3w € R?)
(o, 0,) A fro}. = FIE(LLO)) A B, = fIm5(B)).

Choose 0y such that ro = e(fp, (1,0)). Then

{ro}s =t+e(0,{ro})™ =t +e((6o + 0, {(1,0) ",

so that
wE ({ro}s = fan&({(1,0)})[1*°, £, [0 + 0]).

Since w E ¢, we must have

wE (Bl = fiE(B)[1, 0, [0 + 0],

which implies
t+e(0, B =t+e([6p+ 0], B),

and therefore B’ = e(6y, B). O

Proof of Proposition 7.6.1. Let P be the inductive theory defined above. If
x = (r,t,0), then
w'ECcE B, iff t+r° € t+e(d,B)
if wEt+ret+e(d B)
iff t+ret+e(d B)
ifft ree(d B).

Thus, h™'(c € B.)g = {(r,t,0) | r € e(0, B)}. Note that r € e(0, B) if and only
if e(—0,r) € B. Hence,

vh™!(c € Bi)a = / Lp-1(ceB.)a AV
S

27
_ / / 15(e(—0, 7)) mo(df) vo(dr)
st Jo

8 (B)vo(dr) = m(B).

Since P =v o h™!, it follows that P satisfies (i) in the definition of C.
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Suppose P(¢ | X) = p and X™ € ante P. Let 6y be as in Lemma 7.6.2
and define g : S — S by g(r,t,0) = (r,t,[0 + 6]). We may use g as in the
proof of Theorem 7.5.2 to show that P™ = &, so that Theorem 7.1.7 yields
P(o™ | X™) = p. This shows that P satisfies (ii), and hence, P € C. Therefore,
C is consistent.

Now let P € C be arbitrary. Given 0y € R, let m be the L-permutation
satisfying s™ = s for all s € Lzgc U {M,c} and BT = e(y, B). for all B € €£.
Then T§ = Tp, so by the principle of indifference, we have

P(c € B, | Ty) = P(c € e(6y, B). | To) (7.6.1)

for all B € £. Let us adopt the shorthand notation, (, = () and S} = M. Since
P(c € B, | Tp) exists for all B € &, we may define m’ : B(S') — [0,1] by
m/(B) = P(c € B, | Ty). Note that if B, B’ € B(S') and BN B’ = 0, then
To + —(c € B.Ac € B,). Hence, Theorem 3.2.24 implies that m’ is a probability
measure on (S!,B(S)). By (7.6.1), we have m/(B) = m/(e(fy, B)) for all
B € B(S') and all §y € R. This implies m’ = m, so that P(c € B, | To) = m(B).
Since P was arbitrary, Pc(c € By | To) = m(B). O

7.6.2 Bertrand’s paradox
Introduction

In 1888, Joseph Bertrand posed the following problem (see [2]). Consider an
equilateral triangle inscribed in a circle. Let ¢ be a chord of the circle, chosen
at random. What is the probability that the chord is longer than a side of the
triangle?

It is considered a “paradox” because Bertrand presented three different
solutions, all purporting to use the principle of indifference, that gave three
different answers: 1/3, 1/2, and 1/4. Of course, this is only “paradoxical” if we
have the prior expectation that the principle of indifference ought to produce
a unique answer. We have already seen, however, that this is not always the
case. The principle of indifference is a tool that can narrow down the possible
distributions in certain circumstances, but it does not necessarily determine for
us a unique distribution. In the example of the rod from Section 7.5.2, for
instance, the principle tells us that the distribution must be symmetric under
reflection. But beyond that, it leaves open a whole range of possibilities.

Something similar happens with Bertrand’s chord. We will show below that,
according to the principle of indifference, the distribution of the chord must be
rotationally invariant. But beyond that, it has nothing more to say. Hence, all
three of Bertrand’s solutions (which are all rotationally invariant) are consistent
with the principle of indifference. But so are many distributions that Bertrand
did not consider. In fact, in Theorem 7.6.3, we show that for any p € [0, 1], it
is consistent with the principle of indifference to say that the answer is p.
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Notation in ZFC

To precisely formulate the problem, we first establish some new notation and
shorthand. Let D = {(z,y) € R? | 22 + y? < 1}. Using the notation of Section
7.6.1, define

OP* (2, u,v,w) tu > 0Aw € [0,2m) Ax = fm8(D)

uvw

Then ¢b™ (z,u,v,w) says that z is a disk in the plane and that u, v, and w are
the constants in a parameterization of z. Also define

pp(2) : Guw € R)(Fv € R (x, u,v,w)

Then ¢p(z) simply says that x is a disk in the plane.

Let @4,i(x) be a formula which says that x is a nondegenerate equilateral
triangle in the plane. The exact details of this formula are not relevant for our
purposes and will be omitted. In what follows, we will similarly omit the details
of other formulas whose descriptions are given only verbally.

Let @seq(x) be a formula which says that = is a line segment in the plane
whose length is positive and finite. Let pins(z,y) = wui(z) A on(y) A {(z,),
where ((z,y) is a formula which says that the triangle x is inscribed in the circle
that is the boundary of y. Similarly, let @ch(z,y) = @seg(®) A @n(y) A ((2,Y),
where ((z,y) is a formula which says that the endpoints of the line segment x
lie on the boundary of the disk y.

Define

51cn(xa y) : _'Satri(x) A _‘(Pscg(x) A Yy = @ \ Cptri(x) A C(xa y) \ Sascg(x) A Cl(xa y)

Here, ((x,y) is a formula which says that y is the length of each side of the
equilateral triangle x, and ¢’(z,y) is a formula which says that y is the length
of the line segment z. Then ZFC F Va3ly djen(x, y). We could therefore define
the function symbol F by y = Fz ¢ &ien(z,y) and let len(z) be shorthand
for the term Fz. We do not actually add F' to our extralogical signature, and
instead leave both F' and len(z) as shorthand. In this way, len(x) is a function
informally described by

the length of x if z is a line segment,
len(x) = { the length of a side of x if z is an equilateral triangle,
0 otherwise.

A first pass at setting up the problem
Let C' = {D, 7,4} and L' = LzrcC’. Define the deductive theory T} C (£')° by
Té = ZFC + SQ]D)(D) + SDins(Ta D) + chh(‘ga D)

Then T} includes all facts in ZFC together with the following three assumptions:
D is a disk in the plane, 7 is an equilateral triangle inscribed in D, and £ is a
chord of D.
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Define the inductive condition C’ as the set of inductive theories P C (£')1S
with root Tj) such that

(i) P(len(¢) > len(r) | T{) exists, and
(ii) P satisfies the principle of indifference.

Let P C (£')'S be any inductive theory with root Tj. Suppose P(p | X) = p
and X7 € ante P. As in Remark 7.5.5, since we are only concerned with the
relative positions of D, 7, and ¢, we may assume that P(D = B | T}) = 0 for all
B € B(R?). We may also make similar assumptions for 7 and . It then follows
as in the proof of Lemma 7.6.2 that = must be the identity permutation, so that
P(¢™ | X™) = p. In other words, every inductive theory in (L)' satisfies the
principle indifference. This means that the principle of indifference has nothing
to say in this setting. It offers no restrictions, so that P(len(¢) > len(r) | Tj)
could be anything we like.

This, however, is misleading. We have omitted a critical assumption.
Namely, we failed to interpret the fact that the chord is “chosen at random.”
We will interpret this additional assumption as simply saying that the location
of the chord has a probability distribution. We leave the exact nature of this
distribution unspecified. To formulate this additional assumption, we must
expand our extralogical signature and our root.

The complete setup and conclusion

Let € ={B € B(D) | ) C B C D} and let
C=C'U{B,|Be&}={D,rt)U{B,|BeE&).

Let L = LzpcC. For each B € £, define

vp(z): (Fuw e R)(Fv € R2)
(@B (D, u,v,w) A{(1,0)}, = fin({(1,0)}) A B. = f,25(B))

Then let

To =Ty + {¥p(B.) | B € £}
= ZFC+ ¢p(D) + @ins(7, D) + ¢an(, D) + {¢5(B.) | B € £}.

Our root, Ty, says that all the facts in ZFC hold. It also says that D is a
disk in the plane, 7 is an equilateral triangle inscribed in D, and ¢ is a chord
of D. Regarding the subsets of D, it says that {(1,0)}. is a singleton set on
the boundary of D that serves as a fixed point of reference. The sets B, are
then Borel subsets of D that are geometrically related to {(1,0)}, in the same
manner as B is related to {(1,0)}.

Define

Omid (%, Y) © " Pseg (@) Ny = DV Pgeg(x) A ((2,y)
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Here, ((z,y) is a formula which says that y is the midpoint of the line segment
x. Then Ty F 3y dmia (¢, y). We could therefore define the constant symbol ¢ by
Yy = ¢ > dmia(4,y). We do not actually add ¢ to our extralogical signature, but
instead leave it as shorthand. With this construction, ¢ denotes the midpoint of
the segment ¢. We can therefore talk about the location of ¢ using the sentence
c € B,, where B € £.

Let
BY? = {(z,y) e R? | /a2 + 32 < 1/2} € £.

Then T F len(¢) > len(r) «> ¢ € Bi/?. Hence, for any inductive theory P C £15
with root Ty, we have

P(len(f) > len(7) | Ty) = P(c € (BY?). | Ty), (7.6.2)

by Proposition 3.2.14.
Define the inductive condition C as the set of inductive theories P C L8
with root Ty such that

(i) P(c € B, | Tp) exists for all B € £, and
(ii) P satisfies the principle of indifference.

Our main result now follows. For this, recall the notation e(f,r) from Section
7.6.1.

Theorem 7.6.3. The inductive condition C is consistent and every P € C
satisfies
P(c € B, | Tp) = P(c € e(6,B). | To) (7.6.3)

for all B € € and all § € R. Moreover, for every p € [0,1], there exists P € C
such that
P(len(¢) > len(r) | Tp) = p.

Proof. We begin by proving consistency. Let T C R? be the equilateral triangle
inscribed in D with one corner situated at (1,0). Given r € D with |r| < 1, let
L, be the chord of D whose midpoint is r.

Let vy be a probability measure on (D, B(D)) such that vy is continuous.
That is, vo{r} = 0 for all r € D. Let S = D x D x [0,27), I' = B(S), and
v =1y X Vg X myg, where myg is the uniform measure on [0, 27).

Let wy be an Lzpc-structure such that wo | ZFC. If z = (r,t,0) € S, then
let w = w® be the L-expansion of wg defined by D¥ = ¢t +D“°, 7% = t 4+ T,
“ =t+L,“°, and BY =t +e(f, B)*".

Let Q@ = {w® | x € S}, let h : S — Q denote the function z — w?, and
let &Z = (Q,%,P) be the measure space image of (S,T',v) under h. By a proof
similar to that of Lemma 7.5.3, we have & F Ty. We may therefore define the
inductive theory P = Th & |1, 4 2]

For each z = (r,t,0) € S and w = w”, it follows that w E ¢ € B, if and
only if r € e(f, B). Thus, h=(c € B.)q = {(r,t,0) | r € e(6, B)}. Since e is




218 CHAPTER 7. PRINCIPLE OF INDIFFERENCE

measurable, P(c € B, | Ty) = P(c € B.)a = vh™1(c € B.)q exists, so that P
satisfies (i) in the definition of C.

Suppose P(¢ | X) = p and X™ € ante P. Using methods like those in the
proofs of Lemmas 7.5.4 and 7.5.6, it follows that s™ = s for all s € LzpcU{D, 7, ¢},
and there exists 0y € [0,27) such that BT = e(fp, B)« for all B € £. Define
g:S— Sbyg(rt0) = (rt, [0+ 60]). As is the proofs of Theorem 7.5.2 and
Proposition 7.6.1, we can use g to show that 2™ = 2. It therefore follows that
P(o™ | X™) = p, so that P satisfies the principle of indifference. Hence, P € C
and C is consistent.

Now let P € C be given. Fix §y € R and B € £. Let 7 be the L-permutation
such that s™ = s for all s € Lzrc U {D, 7, ¢}, and B] = e(6y, B). for all B € £.
Then T] = Ty, so (7.6.3) follows immediately from the principle of indifference.

Finally, let p € [0,1]. By (7.6.2), it suffices to show that there exists P € C
such that P(c € (BY/?), | Ty) = p. Let 1 be a continuous probability measure
on (D, B(D)) such that vo(B'/?) = p. Construct P as in the first part of this
proof. Since r € e(f, B) if and only if e(—6,r) € B, it follows that

P(c€ (B'Y?), | Ty) =vh™'(c € (B'?).)q
2
= /D/o 1g1/2(e(=0,7)) mo(df) vo(dr).

But 151/2(e(—0,7)) = 151/2(r), so P(c € (BY?), | Ty) = vo(BY?) = p. O
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Index of Terms

a-sequence, 14 Karp’s — theorem, 73, 129
addition rule, see rule conditional expectation, 179
admissible, 36 connected, 47
almost everywhere, 17 strongly —, 46
almost surely, 18 consequence relation, 71, 81, 85, 128
antecedent, 35 consequent, 35

formula, 50 consistent, 31, 48, 62, 121

generalized —, 52 continuity rule, see rule
assignment, 125, 126 contradiction, 31, 121

image of an —, 127 countable additivity, 43
axiom, 32, 122 countably axiomatizable, 46
basis, 47 Dedekind cut, 161
Bayes’ theorem, 41 definitorial extension, 148, 150
Bertrand’s paradox, 214 dependent, 97
Boolean derivability relation

algebra, 16 predicate —, 115

function, 69 propositional —, 29, 48, 63

measure space, 17 dialog set, 96

o-algebra, 16 distribution, 171, 172, 177
bound renaming, 116 Dynkin system, see A-system
C-substitution, 117 entire, 36
cardinal, 15 equation, 108

limit —, 16 equivalent, 34, 59

strongly inaccessible —, 16 exchangeable, 200

successor —, 16 expansion, see structure
cardinality, 15 expected value, 171
central limit theorem, 174 explicit definition, 145, 146
closed, 45 extralogical signature, 21
complete, 44 extralogical symbol, 21
completeness

deductive —, 75, 132 falsum, 28, 121

for inductive conditions, 85 formula, 27, 108

inductive —, 83 defining —, 145, 146
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prime —, 108
reduced —, 146
frame of reference, 139
natural —, 141
real —, 165, 168, 169
free eliminator, 120
free occurrence, 114

ground term, see term

inclusion-exclusion, 40
inconsistent, 31, 121
independent, 97, 98
measure —, 99
indicator function, 20
induction
formula —, 28, 110
transfinite —, 14
inductive condition, 62
determinate —, 63
indeterminate —, 63
inductive model, see model
inductive statement, 35, 121
invariant, 182
isomorphism theorem
deductive —, 127
inductive —, 134

A-system, 19

law of large numbers, 173
law of total probability, 180
length, 110

lift, 53

measurable function, 19
measure space, 17
complete —, 18
completion of a —, 19
image, 21
isomorphism, 20
model, 70, 126
isomorphic —, 70, 127
strict —, 69
multiplication rule, see rule

negligible set, 18
null set, 17

INDEX OF TERMS

ordinal, 13
arithmetic, 15
limit —, 14
successor —, 14

m-A theorem, 19
m-system, 19
Peano arithmetic, 132
permutation
signature —, 182
variable —, 117
power set, 15
pre-theory, 46
prime term, see term
principle of indifference, 185
probability, 35
kernel, 175
space, 17
proof, 32, 122
pushforward, 20

rank of a formula, 110

rank of a measurable set, 18

reduct, see structure

root, 49, 62

rule
of deductive extension, 45
of deductive transitivity, 37
of inductive extension, 44
of logical equivalence, 36
of logical implication, 36
of material implication, 37
the addition —, 37, 40
the continuity —, 37, 42
the multiplication —, 37, 41

o-algebra, 17
completion of a —, 19
o-compactness, 30, 74, 117, 131
satisfiable, 70, 76, 84, 126, 134
strictly —, 70, 125
scope, 114
semi-closed, 44
sentence, 27, 111
shrinks nicely, 175
soundness
deductive —, 71, 130
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for inductive conditions, 85
inductive —, 83
standard structure of arithmetic, 23
string, 24
structure, 21
domain of a —, 21
expansion of a —, 22
isomorphic image of a —, 22
isomorphism, 22
reduct of a —, 22
subformula, 28, 110
substitution, 112

free —, 115
tautology, 31, 121
term, 107

Borel —, 171

ground —, 108
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independent —, 172
integrable —, 171
jointly Borel —, 172

prime —, 107
real —, 171
theory
deductive —, 33, 121
inductive —, 48

real inductive —, 162, 163, 169

variable
bound —, 110
free —, 111

individual —, 107
propositional —, 27
verum, 28, 121
von Neumann hierarchy, 156
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Index of Symbols

N
Np

/
0

w
wi

B

B

(&)

1a, 1a(w)

N

N/

PV

f

fﬁn

1 (in F)

T (in F)
o', 0

X o (in F)
X }—ﬁn 2 (in ]:)
Tautr

Ar

~r

T(X),Tx (in F)
T+S

= 34’

=x

[Ty, T1]

]:‘IS

(X, 9,p)

Ple| X)=p
ante P

~(Q: X), 7(Q), 7q
P(Q),Pq

QF (X,.p)

X — Xo

13
13
14
14
15
15
17
17
20
22
23
27
27
27
28
28
28
29
29
31
31
32
34
34
59
34
35
35
35
36
36
39
48
48
49

len ¢
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50
51
52
53
62
63
63
63
67
67
70
70
70
70
71
74
76
76
81
84
85
89
96
103
107
107
107
107
108
108
108
109
110
110
110

var ¢
bnd ¢
free ¢
£0
t(Z)
©(7)

sym ¢

con ¢

o(t/x)
XFe(in L)

X Fan ¢ (in £)
LC

T (in £)

1 (in £)
T(X),Tx (in £)

Th Z (in L)
f@':[: (X#%p)
(C]

—

;rd7 er
ZFCqyn
ZFC_
ZFC

110
110
111
111
111
111
111
111
112
115
116
117
121
121
121
121
121
122
122
125
125
126
126
128
133
133
133
134
134
146
146
146
155
155
155
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ZFC, 155 Dlim 168 E[t] X, s] 179
L_ 162 [t X 171 PteV|X,s) 179
Lzrc 165 E[t] X] 171

wh, Wi 165 e x 172
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