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REVIEWI
sis is a standard Borelspace if I a metric

d on S s.t CS d is complete and separable

and B B S

Er Wsp.iBwd

Is I
o l n l P o l n l

Thur 8.3 6 Measweted Cohn 2013



Standard Borel spaces are important for us

They give us

De Finelli
exchangeable conditionally i i d

Glivenko Cartelli Varadarajan
exchangeable LEESy see a s

where Xue u
regular conditional distributions

E I f X IG fix LCXIG dx



From now on we fix a metric d so that

IS d is complete separable and S Bcs

M Cs set of prob measures on CS 5

M Cs o alg generated by projections
Prohorov metric on MCs

metrizes weak convergence
B M Css Borel o alg on CMCs d

Mics C B M Cs pf at end

Why work with BCM CSD



If S d is completeandseparable then

M Css IT is complete and separable

Mfs B MilSD is a standardI
Tum 3 1.7 MarkovProcesses Ethier Kurtz 1986

Dirichletprooesses

p E M S base measure

K o stability constant

X D Kp Dir proc on 5 with parameter Kp



X Bo X Bd Dir Kp Bo Kp Bd
Dirichlet distributionpartition

X RkSq setuuraman stick breaking construction

I i i d Uk P
random positiveweights that sum to 1

X is a random measure i e

X r M Cs is CF M Css M ble

X is also CF.BCM.cm visible pf atend



We will consider X Kp as an

M S B M Cs val r v

Therefore D Kp the law of X is a prob

Meas on a standard Borel space

This is important if we want to construct

w n D l k DlKp which is a Dir proe

on M CS

we want our Dir processes to be on

standard Barrelspaces



seqeenaofbentcor.us

H H H H T
H T H H H
TH H TH

H H T H H

Pressedpenny
mache T T T H T

is broken Mangles T H H H H

everypenny to H T T H H
differently

Estimate prob of heads

for coin 5



H H H H T H H T H H to H T T H H

H T H H H T T T H T prob heads
T H H T H T H H H H for Coin 5

Machine seems to produce coins weighted

toward heads
24 out of 35 flips are heads

6 out of 7 coins have majority H

Even if all coins had prob of heads

0.6 e.g still 43 chance of at least

I coin in 7 getting 4 tails in 5 flips
Intuitively Coin 5 s flipsshould matter

more than other coins How to balance



Xi i j EH o i ral r v s

Xij result of j
th flip of ith coin

o tails I heads

Xi Xij j EN X Xi ie H

X Xz exchangeable

For fixed i Xii X iz exchangeable

Oi o I val r v

Xii X iz cord i id given Qi

with P Xis L Hi fi



m m N

tm Xi Oi a s

So Qi f Xi for some rible f
that doesn't depend on i

Q Oz exchangeable

w M on val r v

Qi Oz loud i i d given

WPOi c A lot wCA

ILetw beadiri.chtpnresT



Must choose a base measure p on on

and a stability constant K O

s.twD Kp

For simplicity let p be uniform

A uniform r v is a Dirichlet process on 0,13

So ut D kDa



IPCXK.me.tt Xij Ieien.kjem

I E k e n

First issues

i P X L Xz I l E Oz P X E I I f P Xa I 1oz

aisP X I l ut O PCX I I o

Not immediatelyobvious



i P X L Xz I lo Oz PCX.FI It P Xa I 1oz

aisP X I l ut O PCX L I o

Conje

iPCXijaij.ki Em IEj t n l Q Oz

IT PCXij ai Iti ideas atend
i e i e n
le je m

Implies Ci condition inside on FI

Implies ii since

w lim th Ij Sq EOCA Oz



with the conjecture established Cor assumed
can prove

P XK.me 11 Xij Kien le em

I Ef.dk Xij leien.iejem
I E k en

pfsketdi.AE
Xi a ai I e i En IEj Em

Let mica
Oi if a I

l Qi if a o



P Xx one I A ELPCXK.me I Al Qi Oz

El II II micaD or
OTOH

ELGk1a E I ELOK ta l Q Q

El II II micaD ok a

so itsenoughtounderstandy
LCOu n.fm Xij.leiEn.lejem



Explicit formulas for

Q On1 Xi I e i en le j e m

are not tractable see AntoniaK4974 and

Berryand Christensen
1979 even the case n 2

occupies nearly a page in the latter paper

How to estimate

L O k l OT Ok I Xki n Xkm

is manageable

Regard original problem as a Bayesian

missing data problem



requires
Approaches iteration

lil Gibbs sampler German German1984 µais data augmentation Tanner Wong 1987

ciii sequential imputation and aroifferacion

importancesampling Kong Liu Wong 1994
9 Liu 1996

fopic of Part 4 if
there ever is a Part 4



The M Cs C BCM Css

Pf sketch

Suffices to show Macv VCA is Borel rible

I AES Tia is Borel riblets is a X system

Suffices to show L contains open sets

Let U e s be open Choose cont fnT 1a p
w

e g
Unlv f fn dir is cont I vible

Un TA pw I Tia M ble

https://math.stackexchange.com/a/294845



Three If XED Kp then X S Mics is

CF BLM GD nible

Pfsketch

x y e ont x 5 EM s cart nible
II Xk

II RFU is CF BCM.is M ble

II Rk

X is CF.BCM.co m'ble

pointwise limit of m ble functions a



Conjectures

PCXi Aij I ti em
IEj t n l Q Oz

IT PCXij ai Itil e i e n
k je m

Pf sketch that doesn't work

X is a separatelyexchangeable

array of
r v s the distribution of Xij i je 3

is invariant under separatepermutations of
i adj



By a result of Aldous andHoover F ni ble

f o 134 IR and indep Uco D r v s

x Ei Yj bij such that Xij fK Ei Nj Gig a s

Proved independently by Aldous and Hoover between
1979 and 1985 Also appears as Cor 7.23 in Probabilistic
SymmetriesandluvariancePrinciples by Kahlenberg zoos The
version here is taken from Multirariatesamplingrandthe
EstimationProblenforExchangeabletrrai Kallenberg
Journal ofTheoreticalProbability Vol 12 No 3 1999



In.IE Xij Oi a s

true Xi
Im fc2 Ei.zj.fi f f fCaEi xg dxdya.si

i Oi f fo fCaEi xg dxdya.si
i c ok Ei

P Xi Aig Ki em IEj t n l Q Oz

EfPCXij aij.lt i em IEj En la E IE z Q Oz



Given a Ez the Xi's are indep NO

I PCXij aij.kiem.lejtnlx3 IE

xij aijld.E.BZ
le je m

P X L148 Ez ELXi la Ei Ez

Eff a i Rj hi Id Ei Ez

J f f ca Ei x g dxdy Oi PCXij l Ifi

Thus PCXij old E Ez L fi PCXij OlOi

Put it all together I



How to fix

Xij Xzj X3j loud inelep given

with II Xi El Xi lui

EIELXig.IQ Oz let

ECE Xi la E Ez IT

Eloi tu
x coCdx



OTOH

Xis Xzj Xs cord indep given a z

I f E Xi El Xi Ian

f f f ca x y

dxdyi.fofofca.x.nj.gldxdy J x atCdx Vj

Perhaps can show it's possible to choose
so

they don't depend on j Then they're
absorbed into a

Xi Fla Ei Lij


