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1. General Form and Best Fitted Model (OLS Method)

𝑦 = 𝛽0 + 𝛽1𝑥1 + 𝛽2𝑥2 + ⋯ + 𝛽𝑘𝑥𝑘 + 𝜀 = 𝐸 𝑦 + 𝜀 (1)General Form: 

Observations:  (𝑦𝑖 , 𝑥𝑖1, 𝑥𝑖2, … , 𝑥𝑖𝑘), 𝑖 = 1,2, … 𝑛

 𝑦𝑖 =  𝛽0 +  𝛽1𝑥𝑖1 +  𝛽2𝑥𝑖2 + ⋯ +  𝛽𝑘𝑥𝑖𝑘 (2)

𝑦1

𝑦2

⋮
𝑦𝑛

=

1 𝑥11 𝑥12 … 𝑥1𝑘

1 𝑥21 𝑥22 … 𝑥2𝑘

⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯
1 𝑥𝑛1 𝑥𝑛2 … 𝑥𝑛𝑘

𝛽0

𝛽1

𝛽2

⋯
𝛽𝑘

+

𝜀1

𝜀2

⋮
𝜀𝑛

𝑌 = 𝑋𝛽 + 𝜀 (1’)

𝑦𝑖 = 𝛽0 + 𝛽1𝑥𝑖1 + 𝛽2𝑥𝑖2 + ⋯ + 𝛽𝑘𝑥𝑖𝑘 + 𝜀𝑖 = 𝐱𝑖
𝐓𝛽 + 𝜀𝑖=𝛽𝑇𝐱𝒊 +𝜀𝑖 (1’’)

 𝑌 = 𝑋  𝛽 (2’)

𝑋 = 𝑋0, 𝑋1, 𝑋2, ⋯ 𝑋𝑘 =

𝐱1
𝐓

𝐱2
𝐓

⋮
𝐱𝑛

𝐓

Residual: 𝑦𝑖 −  𝑦𝑖 =  𝜀𝑖

𝑅𝑆𝑆 =  

𝑖=1

𝑛

𝑦𝑖 −  𝑦𝑖
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Best Fitted Model - Ordinary Least Squares Method

Minimize the residual sum of squares 

𝑅𝑆𝑆 =  

𝑖=1

𝑛

𝑦𝑖 −  𝑦𝑖
2 =  

𝑖=1

𝑛

𝑦𝑖 −  𝛽0 −  𝛽1𝑥𝑖1 −  𝛽2𝑥𝑖2 − ⋯ −  𝛽𝑘𝑥𝑖𝑘
2

= 𝑌 −  𝑌
2

= 𝑌 −  𝑌
𝑇

𝑌 −  𝑌 = 𝑌 − 𝑋  𝛽
𝑇

𝑌 − 𝑋  𝛽 3

OLS estimates of the 𝛽𝑖’s:  𝛽 =  𝛽0,  𝛽1,  𝛽2, ⋯  𝛽𝑘
𝑇

= 𝑋𝑇𝑋
−1

𝑋𝑇𝑌 (4)

 𝑌 = 𝑋  𝛽 = 𝑋 𝑋𝑇𝑋
−1

𝑋𝑇𝑌 = 𝐻𝑌 (5)

Note.  𝑌 can be considered as the projection of 𝑌 into 𝐿(𝑋0, 𝑋1, … , 𝑋𝑘 ), the linear 

space spanned by 𝑋0, 𝑋1, … , 𝑋𝑘, and 𝐻 = 𝑋 𝑋𝑇𝑋
−1

𝑋𝑇 is the projection matrix (hat 

matrix). Thus,  𝑌 and 𝑌 −  𝑌 are orthogonal, or 

𝑌 2 =  𝑌
2

+ 𝑌 −  𝑌
2

(6)



Statistical Properties of OLS estimates

Consider 𝑌 = 𝑋𝛽 + 𝜀. Let 𝑝 = 𝑘 + 1, assume 𝑛 ≥ 𝑝. If
(A) 𝑥𝑖𝑗 are nonrandom constants and 𝑋 has full rank 𝑝, 

(B) 𝜀𝑖 are unobserved random disturbances with 𝐸 𝜀𝑖 = 0.

Then  𝛽 = 𝑋𝑇𝑋
−1

𝑋𝑇𝑌 is an unbiased estimate of 𝛽. 

If  additionally, 

(C) Var 𝜀𝑖 = 𝜎2 and  Cov 𝜀𝑖 , 𝜀𝑗 = 0 for 𝑖 ≠ 𝑗,

Then    𝐶𝑜𝑣  𝛽 = 𝐶𝑜𝑣  𝛽𝑖 ,  𝛽𝑗 = 𝜎2 𝑋𝑇𝑋
−1

.     (7)                            

In this case, an unbiased estimate of 𝜎2 is

𝑠2 =
1

𝑛 − 𝑝
 

𝑖=1

𝑛

𝑦𝑖 −  𝑦𝑖
2 =

𝑌 −  𝑌
2

𝑛 − 𝑝
=

𝑅𝑆𝑆

𝑛 − 𝑝
≜ 𝑀𝑆𝐸 (8)

(C*): 𝜀𝑖 are independent 𝑁(0, 𝜎2)



Statistical Properties of OLS estimates

Consider 𝑌 = 𝑋𝛽 + 𝜀. Let 𝑝 = 𝑘 + 1, assume 𝑛 ≥ 𝑝. If 
(A) 𝑥𝑖𝑗 are nonrandom constants and 𝑋 has full rank 𝑝, 

(C*) 𝜀𝑖 are independent 𝑁(0, 𝜎2)
Then

 𝛽~𝑁 𝛽, 𝜎2 𝑋𝑇𝑋
−1

(9)

𝑛 − 𝑝 𝑠2

𝜎2
=  

𝑖=1

𝑛

𝑦𝑖 −  𝑦𝑖
2/𝜎2 = 𝜒𝑛−𝑝

2 (10)

 𝛽 and 𝑠2 are independent.                (11)                      

From (9),  𝛽𝑖~𝑁 𝛽𝑖 , 𝜎
2𝑐𝑖𝑖 (12)

𝑐𝑖𝑖: diagonal element of  C =

𝑋𝑇𝑋
−1

 𝛽𝑖 − 𝛽𝑖

𝑠 𝑐𝑖𝑖
~𝑡 𝑛 − 𝑝 13

 𝛽−𝛽
𝑇

𝑋𝑇𝑋  𝛽−𝛽 /𝑝

𝑠2 ~𝐹𝑝,𝑛−𝑝 (14)



Example. Multiple linear regression with interest rates

Dataset: weekly interest rates from 2/16/1977 to 12/31/1993. 

There are 11 variables in the dataset: 

month, day, year, ff (Federal funds rate), tb03(3 month treasury-bill rate), cm10 (constant 

maturity 10-year Treasury bond rate), cm30 (constant maturity 30-year Treasury bond 

rate), discount, prime (prime rate), aaa (corporate AAA bond rate), and xxx.

Consider the six interest rates. We are interested in how the weekly changes in AAA bond 

rate are related to the weekly changes in 10-year Treasury bond rate (cm10), 30-year 

Treasury bond rate (cm30), prime rate (prime), Federal funds rate (ff) and 3 month 

treasury-bill rate (tb03)



 𝑎𝑎𝑎𝑑𝑓

= 0.325𝑐𝑚10𝑑𝑖𝑓 + 0.301𝑐𝑚30𝑑𝑖𝑓 − 0.004𝑓𝑓𝑑𝑖𝑓

+ 0.042𝑡𝑏03𝑑𝑖𝑓 − 0.017𝑝𝑟𝑖𝑚𝑒_𝑑𝑖𝑓



2. Statistical Inference
2.1 Confidence Intervals
a) Confidence intervals for a regression coefficient
A 100 1 − 𝛼 % confidence interval for 𝛽𝑖 is 
 𝛽𝑖 − 𝑡𝛼/2𝑠 𝑐𝑖𝑖 ≤ 𝛽𝑖 ≤  𝛽𝑖 + 𝑡𝛼/2𝑠 𝑐𝑖𝑖 (15)

b) Simultaneous confidence region for all regression coefficients
A 100 1 − 𝛼 % confidence region for 𝛽 is 

𝛽:
 𝛽−𝛽

𝑇
𝑋𝑇𝑋  𝛽−𝛽 /𝑝

𝑠2 ≤ 𝐹𝑝,𝑛−𝑝;1−𝛼 (16) 

c) Confidence interval for the mean response
For an input 𝐱, a 100 1 − 𝛼 % confidence region for 𝐸 𝑦 = 𝐱𝑇𝛽 = 𝛽𝑇𝐱 is 

 𝛽𝑇𝐱 − 𝑡𝛼/2𝑠 𝐱𝑇 𝑋𝑇𝑋 −1𝐱 ≤ 𝐸 𝑦 ≤  𝛽𝑇𝐱 + 𝑡𝛼/2𝑠 𝐱𝑇 𝑋𝑇𝑋 −1𝐱 (17) 

d) Prediction interval for a new observation
For an input value 𝐱, a 100 1 − 𝛼 % prediction interval for a future observation 𝑦 is 
 𝛽𝑇𝐱 − 𝑡𝛼/2𝑠 1 + 𝑋𝑇𝑋 −1𝐱 ≤ 𝑦 ≤  𝛽𝑇𝐱 + 𝑡𝛼/2𝑠 1 + 𝑋𝑇𝑋 −1𝐱 (18)

 𝛽𝑖 − 𝛽𝑖

𝑠 𝑐𝑖𝑖
~𝑡 𝑛 − 𝑝 13

 𝛽−𝛽
𝑇

𝑋𝑇𝑋  𝛽−𝛽 /𝑝

𝑠2 ~𝐹𝑝,𝑛−𝑝

(14)



F-tests of general linear hypotheses and ANOVA

Let 𝐸 𝜀 ≜ 𝐸𝜀1, 𝐸𝜀2, … , 𝐸𝜀𝑛
𝑇, then 𝐸 𝜀 = 0, 𝐸 𝑌 ∈ 𝐿 𝑋0, 𝑋1, … , 𝑋𝑘

𝑇 .
Assume X has full rank, 𝐿0 is a linear subspace of L with dim 𝐿0 = 𝑟 < 𝑝,  𝑌0 is the 

projection of Y into 𝐿0. Then, 

𝑅𝑆𝑆 𝐿0 = 𝑌 −  𝑌𝑜
2
, (19)

𝑅𝑆𝑆 𝐿0 − 𝑅𝑆𝑆 = 𝑌 −  𝑌𝑜
2

− 𝑌 −  𝑌
2

=  𝑌 −  𝑌0
2
, (20)

 𝑌
2
=  𝑌0

2
+  𝑌 −  𝑌0

2
(21)

Now we want to test 

𝐻0: 𝐸 𝑌 ∈ 𝐿0 (22)

Under 𝐻0,  𝑌 −  𝑌0
2
/(𝑝 − 𝑟) is an unbiased estimate of 𝜎2 and is independent of 𝑠2. 

Therefore, test statistic 

𝐹 =
 𝑌 −  𝑌0

2
/(𝑝 − 𝑟)

𝑌 −  𝑌
2
/(𝑛 − 𝑝)

=
𝑅𝑆𝑆 𝐿0 − 𝑅𝑆𝑆 /(𝑝 − 𝑟)

𝑅𝑆𝑆/(𝑛 − 𝑝)
~𝐹𝑝−𝑟, 𝑛−𝑝 (23)

3. ANOVA (analysis of variance) tests



Test of an individual parameter coefficient 

𝐻0: 𝛽𝑖 = 0

t-Test : 𝑡 =
 𝛽𝑖

𝑠 𝑐𝑖𝑖
~𝑡𝑛−𝑝 (24)

F-Test:   𝐹 = 𝑡2 =
 𝛽𝑖

𝑠 𝑐𝑖𝑖

2

=
 𝑌−  𝑌0

2

𝑌−  𝑌
2
/(𝑛−𝑝)

(25)

Testing the global usefulness of the model

𝐻0: 𝛽1 = 𝛽2 = ⋯ = 𝛽𝑘 = 0

𝐿0 𝑋1, … , 𝑋𝑖−1, 𝑋𝑖+1, … , 𝑋𝑝

𝐻0 ↔ 𝐿0 = 𝐿(𝟏),   𝑌0 =  𝑦𝟏 =  𝑌, and dim 𝐿0 = 1, 𝑝 − 𝑟 = 𝑘 + 1 − 1 = 𝑘

𝐹 =
 𝑌 −  𝑌

2
/𝑘

𝑌 −  𝑌
2
/(𝑛 − (𝑘 + 1))

~𝐹𝑘, 𝑛−(𝑘+1) (26)

𝐻0 ↔ 𝐿0 = 𝐿(𝟏)

𝑅𝑆𝑆 𝐿0 =  

𝑖=1

𝑛

𝑦𝑖 −  𝑦 2 = 𝑌 −  𝑌
2
, 𝑅𝑆𝑆 =  

𝑖=1

𝑛

𝑦𝑖 −  𝑦𝑖
2 = 𝑌 −  𝑌

2
,

𝑅𝑆𝑆 𝐿0 − 𝑅𝑆𝑆 = 𝑌 −  𝑌
2

− 𝑌 −  𝑌
2

=  𝑌 −  𝑌
2



Example (cont.)  ANOVA Table for Linear Regression

 𝑦 = 0.325𝑐𝑚10𝑑𝑖𝑓 + 0.301𝑐𝑚30𝑑𝑖𝑓 − 0.004𝑓𝑓𝑑𝑖𝑓 + 0.042𝑡𝑏03𝑑𝑖𝑓 − 0.017𝑝𝑟𝑖𝑚𝑒_𝑑𝑖𝑓



Example (cont.)  Partial F-Tests and the Corresponding ANOVA Tables



ii) Multiple Coefficient of Determination 𝑹𝟐

Adjusted Multiple Coefficient of Determination 𝑹𝒂
𝟐

𝑅𝑎
2 = 1 −

𝑛 − 1

𝑛 − 𝑘 + 1

𝑆𝑆𝐸

𝑆𝑆𝑦𝑦
= 1 −

𝑛 − 1

𝑛 − 𝑘 + 1
1 − R2 (28)

Note: 𝑅𝑎
2 ≤ 𝑅2

𝑅2 =
 𝑖=1

𝑛  𝑦𝑖 −  𝑦 2

 𝑖=1
𝑛 𝑦𝑖 −  𝑦 2

=
 𝑌 −  𝑌

2

𝑌 −  𝑌
2 =

𝑌 −  𝑌
2

− 𝑌 −  𝑌
2

𝑌 −  𝑌
2 = 1 −

𝑅𝑆𝑆

𝑆𝑆𝑦𝑦

=
𝑣𝑎𝑟𝑖𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑜𝑓 𝑌 𝑒𝑥𝑝𝑙𝑎𝑖𝑛𝑒𝑑 𝑏𝑦 𝑚𝑜𝑑𝑒𝑙

𝑇𝑜𝑡𝑎𝑙 𝑣𝑎𝑟𝑖𝑎𝑖𝑙𝑖𝑡𝑦 𝑜𝑓 𝑌
(27)

One model selection procedure is to choose the model with the largest 𝑅𝑎
2.

4. Model Selection

4.1 Some Variable Selection Criteria
i)  Partial F-statistics



iii) Mallows’ 𝑪𝒑

Let 𝐾 be the largest possible number of predictors in the model. 
Let 𝑅𝑆𝑆𝑝 be the residual sum of squares when there are 𝑝 predictors in the model.

𝑠𝑝
2 = 𝑅𝑆𝑆𝑝/(𝑛 − 𝑝)

The Mallows’ 𝐶𝑝- statistic is defined as

𝐶𝑝 =
𝑅𝑆𝑆𝑝

𝑠𝐾
2 + 2𝑝 − 𝑛 (29)

when a subset of 𝑝 predictors is chosen from the full set 𝑥1, 𝑥2, … , 𝑥𝐾 .

Mallows (1973) suggested to choose the subset that has the smallest 𝐶𝑝. Overfitting 

or underfitting tends to increase the value of 𝐶𝑝. 



iv) Akaike’s information criterion (AIC)

𝐴𝐼𝐶 of the model is defined as

𝐴𝐼𝐶 𝑝 = log  𝜎𝑝
2 +

2p

n
(31)

The model selection procedure is to choose the model with the smallest 𝐴𝐼𝐶(𝑝).

v) Schwarz’s Bayesian information criterion (BIC)

BIC of the model is defined as 

𝐵𝐼𝐶 𝑝 = 𝑙𝑜𝑔  𝜎𝑝
2 +

𝑝 log 𝑛

𝑛
(32)

The model selection procedure is to choose the model with the smallest 𝐵𝐼𝐶(𝑝).

Let   𝐿 be the maximum value of the likelihood function for the model, and 𝑝 be the 
number of estimated parameters in the model.  

−2 log  𝐿 + 2𝑝 (30)



Collinearity, Multicollinearity and VIF

Collinearity or multicollinearity occurs when two or more predictors are highly 
correlated with one another. 

Suppose we have predictors 𝑥1, 𝑥2, … , 𝑥𝑝. Regressing 𝑥𝑗 on other 𝑝 − 1 predictors. 

Let 𝑅𝑗
2 be the 𝑅2-value of this regression, so 𝑅𝑗

2 measures how well 𝑥𝑗 can be 

predicted by other predictors. Then the VIF (variance inflation factor ) of 𝑥𝑗 is 

defined as

𝑉𝐼𝐹𝑗 =
1

1 − 𝑅𝑗
2 (33)

𝑉𝐼𝐹𝑗 tells nothing about the relation ship between the response and 𝑥𝑗. When 

collinearity happens, the usual remedy is to reduce the number of predictors in the 
model by one of the model selection criteria.



Example (cont.)  Collinearity & VIF





Example (cont.)  Model Selection & VIF





4.2 Linear Regression Model Selection Methods

Subset, shrinkage, and dimension reduction

4.2.1 Subset Selection Methods

1. Best Subset Selection

Problem: 
Computationally infeasible (2𝑝 models total) when p is very large. 



Example (cont.)  Best Subset Selection



2. Forward Selection

• Searches through at most 1+p(p+1)/2 models. 
• This method can be used even in the high-dimensional setting where n<p.
• It is not guaranteed to yield the best model containing a subset of the p predictors.



lm(formula = aaa_dif ~ cm10_dif)

Residuals:

Min       1Q   Median       3Q      Max 

-0.38945 -0.03299  0.00011  0.02933  0.40336 

Coefficients:

Estimate Std. Error t value Pr(>|t|)    

(Intercept) -0.0001094  0.0022208  -0.049    0.961    

cm10_dif     0.6157616  0.0121172  50.817   <2e-16 ***

---

Residual standard error: 0.06588 on 878 degrees of freedom

Multiple R-squared:  0.7463, Adjusted R-squared:  0.746

F-statistic:  2582 on 1 and 878 DF,  p-value: < 2.2e-16

lm(formula = aaa_dif ~ cm30_dif)

Residuals:

Min       1Q   Median       3Q      Max 

-0.34351 -0.03247 -0.00156  0.02961  0.40110 

Coefficients:

Estimate Std. Error t value Pr(>|t|)    

(Intercept) -0.0001208  0.0022570  -0.054    0.957    

cm30_dif     0.6853163  0.0137830  49.722   <2e-16 ***

---

Residual standard error: 0.06695 on 878 degrees of freedom

Multiple R-squared:  0.7379, Adjusted R-squared:  0.7376

F-statistic:  2472 on 1 and 878 DF,  p-value: < 2.2e-16

lm(formula = aaa_dif ~ ff_dif)

Residuals:

Min       1Q   Median       3Q      Max 

-0.64670 -0.05224  0.00148  0.05827  0.52606 

Coefficients:

Estimate Std. Error t value Pr(>|t|)    

(Intercept) -0.001103   0.004269  -0.258    0.796    

ff_dif 0.075642   0.009884   7.653 5.16e-14 ***

---

Residual standard error: 0.1266 on 878 degrees of freedom

Multiple R-squared:  0.06254, Adjusted R-squared:  0.06147

F-statistic: 58.57 on 1 and 878 DF,  p-value: 5.158e-14

lm(formula = aaa_dif ~ prime_dif)

Residuals:

Min       1Q   Median       3Q      Max 

-0.72082 -0.04904  0.00122  0.05389  0.53976 

Coefficients:

Estimate Std. Error t value Pr(>|t|)    

(Intercept) -0.001220   0.004338  -0.281    0.779    

prime_dif 0.107052   0.019884   5.384 9.36e-08 ***

---

Residual standard error: 0.1287 on 878 degrees of freedom

Multiple R-squared:  0.03196, Adjusted R-squared:  0.03086

F-statistic: 28.99 on 1 and 878 DF,  p-value: 9.363e-08

lm(formula = aaa_dif ~ tb03_dif)

Residuals:

Min       1Q   Median       3Q      Max 

-0.53179 -0.05148 -0.00133  0.04534  0.52397 

Coefficients:

Estimate Std. Error t value Pr(>|t|)    

(Intercept) -0.0007905  0.0036404  -0.217    0.828    

tb03_dif     0.2575684  0.0127245  20.242   <2e-16 ***

---

Residual standard error: 0.108 on 878 degrees of freedom

Multiple R-squared:  0.3182, Adjusted R-squared:  0.3174

F-statistic: 409.7 on 1 and 878 DF,  p-value: < 2.2e-16



lm(formula = aaa_dif ~ cm10_dif + cm30_dif)

Residuals:

Min       1Q   Median       3Q      Max 

-0.33450 -0.03139 -0.00049  0.03032  0.40748 

Coefficients:

Estimate Std. Error t value Pr(>|t|)    

(Intercept) -9.376e-05  2.178e-03  -0.043    0.966    

cm10_dif     3.602e-01  4.452e-02   8.092 1.96e-15 ***

cm30_dif     2.968e-01  4.983e-02   5.956 3.73e-09 ***

---

Residual standard error: 0.06462 on 877 degrees of freedom

Multiple R-squared:  0.7561, Adjusted R-squared:  0.7556

F-statistic:  1360 on 2 and 877 DF,  p-value: < 2.2e-16

lm(formula = aaa_dif ~ cm10_dif + ff_dif)

Residuals:

Min       1Q   Median       3Q      Max 

-0.38831 -0.03274 -0.00004  0.02942  0.40080 

Coefficients:

Estimate Std. Error t value Pr(>|t|)    

(Intercept) -0.0001085  0.0022220  -0.049    0.961    

cm10_dif     0.6148371  0.0126467  48.616   <2e-16 ***

ff_dif 0.0013783  0.0053666   0.257    0.797    

---

Residual standard error: 0.06591 on 877 degrees of freedom

Multiple R-squared:  0.7463, Adjusted R-squared:  0.7457

F-statistic:  1290 on 2 and 877 DF,  p-value: < 2.2e-16

lm(formula = aaa_dif ~ cm10_dif + prime_dif)

Residuals:

Min       1Q   Median       3Q      Max 

-0.38616 -0.03308 -0.00001  0.02888  0.40659 

Coefficients:

Estimate Std. Error t value Pr(>|t|)    

(Intercept) -0.0001085  0.0022218  -0.049    0.961    

cm10_dif     0.6170039  0.0124153  49.697   <2e-16 ***

prime_dif -0.0048351  0.0104302  -0.464    0.643    

---

Residual standard error: 0.06591 on 877 degrees of freedom

Multiple R-squared:  0.7463, Adjusted R-squared:  0.7458

F-statistic:  1290 on 2 and 877 DF,  p-value: < 2.2e-16

lm(formula = aaa_dif ~ cm10_dif + tb03_dif)

Residuals:

Min       1Q   Median       3Q      Max 

-0.38605 -0.03301 -0.00041  0.02931  0.35910 

Coefficients:

Estimate Std. Error t value Pr(>|t|)    

(Intercept) -0.0001082  0.0022091  -0.049  0.96096    

cm10_dif     0.5864905  0.0151056  38.826  < 2e-16 ***

tb03_dif     0.0311095  0.0096768   3.215  0.00135 ** 

---

Residual standard error: 0.06553 on 877 degrees of freedom

Multiple R-squared:  0.7492, Adjusted R-squared:  0.7487

F-statistic:  1310 on 2 and 877 DF,  p-value: < 2.2e-16



lm(formula = aaa_dif ~ cm10_dif + cm30_dif + prime_dif)

Residuals:

Min       1Q   Median       3Q      Max 

-0.33433 -0.03164 -0.00067  0.03038  0.41073 

Coefficients:

Estimate Std. Error t value Pr(>|t|)    

(Intercept) -9.282e-05  2.179e-03  -0.043    0.966    

cm10_dif     3.615e-01  4.461e-02   8.102 1.81e-15 ***

cm30_dif     2.968e-01  4.985e-02   5.954 3.79e-09 ***

prime_dif -4.868e-03  1.023e-02  -0.476    0.634    

---

Residual standard error: 0.06465 on 876 degrees of freedom

Multiple R-squared:  0.7562, Adjusted R-squared:  0.7554

F-statistic: 905.7 on 3 and 876 DF,  p-value: < 2.2e-16

lm(formula = aaa_dif ~ cm10_dif + cm30_dif + ff_dif)

Residuals:

Min       1Q   Median       3Q      Max 

-0.33484 -0.03115 -0.00059  0.03062  0.39986 

Coefficients:

Estimate Std. Error t value Pr(>|t|)    

(Intercept) -9.069e-05  2.179e-03  -0.042    0.967    

cm10_dif     3.545e-01  4.512e-02   7.858 1.14e-14 ***

cm30_dif     3.002e-01  5.003e-02   6.000 2.88e-09 ***

ff_dif 4.122e-03  5.282e-03   0.780    0.435    

---

Residual standard error: 0.06463 on 876 degrees of freedom

Multiple R-squared:  0.7563, Adjusted R-squared:  0.7555

F-statistic: 906.2 on 3 and 876 DF,  p-value: < 2.2e-16

lm(formula = aaa_dif ~ cm10_dif + cm30_dif + tb03_dif)

Residuals:

Min       1Q   Median       3Q      Max 

-0.33612 -0.03134 -0.00153  0.03054  0.36055 

Coefficients:

Estimate Std. Error t value Pr(>|t|)    

(Intercept) -9.209e-05  2.165e-03  -0.043 0.966078    

cm10_dif     3.242e-01  4.543e-02   7.136 2.01e-12 ***

cm30_dif     3.025e-01  4.954e-02   6.106 1.53e-09 ***

tb03_dif     3.303e-02  9.488e-03   3.482 0.000523 ***

---

Residual standard error: 0.06421 on 876 degrees of freedom

Multiple R-squared:  0.7595, Adjusted R-squared:  0.7586

F-statistic:   922 on 3 and 876 DF,  p-value: < 2.2e-16



lm(formula = aaa_dif ~ cm10_dif + cm30_dif + tb03_dif + prime_dif)

Residuals:

Min       1Q   Median       3Q      Max 

-0.33579 -0.03130 -0.00121  0.03108  0.36489 

Coefficients:

Estimate Std. Error t value Pr(>|t|)    

(Intercept) -8.829e-05  2.162e-03  -0.041 0.967440    

cm10_dif     3.228e-01  4.539e-02   7.112 2.38e-12 ***

cm30_dif     3.035e-01  4.949e-02   6.133 1.30e-09 ***

tb03_dif     3.860e-02  1.002e-02   3.851 0.000126 ***

prime_dif -1.832e-02  1.074e-02  -1.707 0.088265 .  

---

Residual standard error: 0.06414 on 875 degrees of freedom

Multiple R-squared:  0.7603, Adjusted R-squared:  0.7592

F-statistic: 693.7 on 4 and 875 DF,  p-value: < 2.2e-16

lm(formula = aaa_dif ~ cm10_dif + cm30_dif + tb03_dif + ff_dif)

Residuals:

Min       1Q   Median       3Q      Max 

-0.33588 -0.03128 -0.00152  0.03079  0.36425 

Coefficients:

Estimate Std. Error t value Pr(>|t|)    

(Intercept) -9.622e-05  2.165e-03  -0.044 0.964558    

cm10_dif     3.268e-01  4.551e-02   7.181 1.48e-12 ***

cm30_dif     2.986e-01  4.970e-02   6.007 2.77e-09 ***

tb03_dif     3.810e-02  1.078e-02   3.533 0.000433 ***

ff_dif -5.894e-03  5.965e-03  -0.988 0.323391    

---

Residual standard error: 0.06422 on 875 degrees of freedom

Multiple R-squared:  0.7597, Adjusted R-squared:  0.7586

F-statistic: 691.7 on 4 and 875 DF,  p-value: < 2.2e-16

lm(formula = aaa_dif ~ cm10_dif + cm30_dif + tb03_dif + prime_dif + ff_dif)

Residuals:
Min      1Q  Median      3Q     Max 

-0.3356 -0.0313 -0.0014  0.0309  0.3673 

Coefficients:
Estimate Std. Error t value Pr(>|t|)    

(Intercept) -9.16e-05   2.16e-03   -0.04  0.96623    
cm10_dif     3.25e-01   4.55e-02    7.14  2.0e-12 ***
cm30_dif     3.01e-01   4.97e-02    6.05  2.1e-09 ***
tb03_dif     4.19e-02   1.10e-02    3.79  0.00016 ***
prime_dif -1.70e-02   1.09e-02   -1.56  0.11834    
ff_dif -4.32e-03   6.04e-03   -0.71  0.47480    
---
Residual standard error: 0.0642 on 874 degrees of freedom
Multiple R-squared:  0.76, Adjusted R-squared:  0.759 
F-statistic:  555 on 5 and 874 DF,  p-value: <2e-16



3. Backward Elimination

Searches through only 1+p(p+1)/2 models. Remove the least significant variable 
from the model, one-at-a-time.
It requires n is larger than p (so that the full model can be fit). In contrast, forward 
stepwise can be used even when n < p, and so is the only viable subset method 
when p is very large. 
It is not guaranteed to yield the best model containing a subset of the p predictors. 



Example (cont.)  Backward Elimination

So we begin with

 𝐚𝐚𝐚𝐝𝐟 = −0.00009159 + 0.3248 𝐜𝐦𝟏𝟎𝐝𝐢𝐟 + 0.3006 𝐜𝐦𝟑𝟎𝐝𝐢𝐟 − 0.004322 𝐟𝐟𝐝𝐢𝐟 + 0.03303 𝐭𝐛𝟎𝟑𝐝𝐢𝐟 - 0.01703 𝒑𝒓𝒊𝒎𝒆𝐝𝐢𝐟

Then remove: 𝐟𝐟𝐝𝐢𝐟



## remove ff_dif from the full model##

aaa_dif = 0.323cm10_dif + 0.304cm30_dif + 0.0386tb03_dif + p0.0183r

ime_dif

Coefficients:

Estimate Std. Error t value Pr(>|t|)    

(Intercept) -8.83e-05   2.16e-03   -0.04  0.96744    

cm10_dif     3.23e-01   4.54e-02    7.11  2.4e-12 ***

cm30_dif     3.04e-01   4.95e-02    6.13  1.3e-09 ***

tb03_dif     3.86e-02   1.00e-02    3.85  0.00013 ***

prime_dif -1.83e-02   1.07e-02   -1.71  0.08826 .  

---

Residual standard error: 0.0641 on 875 degrees of freedom

Multiple R-squared:  0.76, Adjusted R-squared:  0.759

F-statistic:  694 on 4 and 875 DF,  p-value: <2e-16

> ##remove prime_dif from the full model##

> summary(lm(aaa_dif ~ cm10_dif + cm30_dif + tb03_dif + ff_dif)) 

Coefficients:

Estimate Std. Error t value Pr(>|t|)    

(Intercept) -9.62e-05   2.16e-03   -0.04  0.96456    

cm10_dif     3.27e-01   4.55e-02    7.18  1.5e-12 ***

cm30_dif     2.99e-01   4.97e-02    6.01  2.8e-09 ***

tb03_dif     3.81e-02   1.08e-02    3.53  0.00043 ***

ff_dif -5.89e-03   5.96e-03   -0.99  0.32339    

---

Residual standard error: 0.0642 on 875 degrees of freedom

Multiple R-squared:  0.76, Adjusted R-squared:  0.759

F-statistic:  692 on 4 and 875 DF,  p-value: <2e-16

> ##remove tb03_dif from the full model##

> summary(lm(aaa_dif ~ cm10_dif + cm30_dif + prime_dif + ff_dif))

Coefficients:

Estimate Std. Error t value Pr(>|t|)    

(Intercept) -8.83e-05   2.18e-03   -0.04     0.97    

cm10_dif     3.55e-01   4.51e-02    7.86  1.1e-14 ***

cm30_dif     3.01e-01   5.01e-02    6.02  2.6e-09 ***

prime_dif -7.88e-03   1.07e-02   -0.74     0.46    

ff_dif 5.32e-03   5.53e-03    0.96     0.34    

---

Residual standard error: 0.0647 on 875 degrees of freedom

Multiple R-squared:  0.756, Adjusted R-squared:  0.755

F-statistic:  679 on 4 and 875 DF,  p-value: <2e-16

> ##remove cm30_dif from the full model##

> summary(lm(aaa_dif ~ cm10_dif + tb03_dif + ff_dif+prime_dif))

Coefficients:

Estimate Std. Error t value Pr(>|t|)    

(Intercept) -0.00011    0.00221   -0.05   0.9603    

cm10_dif     0.58501    0.01511   38.71   <2e-16 ***

tb03_dif     0.04213    0.01127    3.74   0.0002 ***

ff_dif -0.00738    0.00614   -1.20   0.2301    

prime_dif -0.01533    0.01111   -1.38   0.1678    

---

Residual standard error: 0.0655 on 875 degrees of freedom

Multiple R-squared:  0.75, Adjusted R-squared:  0.749

F-statistic:  658 on 4 and 875 DF,  p-value: <2e-16

> ##remove cm10_dif from the full model##

> summary(lm(aaa_dif ~ cm30_dif + cm30_dif + tb03_dif + ff_dif))

Coefficients:

Estimate Std. Error t value Pr(>|t|)    

(Intercept) -0.000117   0.002226   -0.05     0.96    

cm30_dif     0.636003   0.016654   38.19  < 2e-16 ***

tb03_dif     0.051462   0.010924    4.71  2.9e-06 ***

ff_dif -0.003424   0.006125   -0.56     0.58    

---

Residual standard error: 0.066 on 876 degrees of freedom

Multiple R-squared:  0.746, Adjusted R-squared:  0.745

F-statistic:  856 on 3 and 876 DF,  p-value: <2e-16

Since ff_dif is least significant in 
the full model, remove it.
aaa_dif = 0.323cm10_dif + 
0.304cm30_dif + 0.0386tb03_dif + 
p0.0183rime_dif



##remove cm10_dif from the full model##

> summary(lm(aaa_dif ~ cm30_dif + tb03_dif + prime_dif)) 

Coefficients:

Estimate Std. Error t value Pr(>|t|)    

(Intercept) -0.00011    0.00222   -0.05    0.960    

cm30_dif     0.63628    0.01658   38.39  < 2e-16 ***

tb03_dif     0.05436    0.01005    5.41  8.1e-08 ***

prime_dif -0.01970    0.01103   -1.79    0.074 .  

---

Residual standard error: 0.0659 on 876 degrees of freedom

Multiple R-squared:  0.746, Adjusted R-squared:  0.746

F-statistic:  859 on 3 and 876 DF,  p-value: <2e-16

> 

> ##remove cm30_dif from the full model##

> summary(lm(aaa_dif ~ cm10_dif + tb03_dif + prime_dif))

Coefficients:

Estimate Std. Error t value Pr(>|t|)    

(Intercept) -0.000105   0.002207   -0.05  0.96222    

cm10_dif     0.585989   0.015095   38.82  < 2e-16 ***

tb03_dif     0.036429   0.010224    3.56  0.00039 ***

prime_dif -0.017531   0.010957   -1.60  0.10995    

---

Residual standard error: 0.0655 on 876 degrees of freedom

Multiple R-squared:  0.75, Adjusted R-squared:  0.749

F-statistic:  876 on 3 and 876 DF,  p-value: <2e-16

> ##remove tb03_dif from the full model##

 summary(lm(aaa_dif ~ cm10_dif + cm30_dif + prime_dif))

Coefficients:

Estimate Std. Error t value Pr(>|t|)    

(Intercept) -9.28e-05   2.18e-03   -0.04     0.97    

cm10_dif     3.61e-01   4.46e-02    8.10  1.8e-15 ***

cm30_dif     2.97e-01   4.98e-02    5.95  3.8e-09 ***

prime_dif -4.87e-03   1.02e-02   -0.48     0.63    

---

Residual standard error: 0.0646 on 876 degrees of freedom

Multiple R-squared:  0.756, Adjusted R-squared:  0.755

F-statistic:  906 on 3 and 876 DF,  p-value: <2e-16

> 

> ##remove prime_dif from the full model##

> summary(lm(aaa_dif ~ cm10_dif + cm30_dif + tb03_dif))

Coefficients:

Estimate Std. Error t value Pr(>|t|)    

(Intercept) -9.21e-05   2.16e-03   -0.04  0.96608    

cm10_dif     3.24e-01   4.54e-02    7.14  2.0e-12 ***

cm30_dif     3.03e-01   4.95e-02    6.11  1.5e-09 ***

tb03_dif     3.30e-02   9.49e-03    3.48  0.00052 ***

---

Residual standard error: 0.0642 on 876 degrees of freedom

Multiple R-squared:  0.759, Adjusted R-squared:  0.759

F-statistic:  922 on 3 and 876 DF,  p-value: <2e-16

Remove prime_dif
aaa_dif = 0.0000921+0.324cm10_dif + 0.303cm30_dif + 0.033tb03_dif



> ##remove cm10_dif from the full model##

> summary(lm(aaa_dif ~ cm30_dif + tb03_dif))

Coefficients:

Estimate Std. Error t value Pr(>|t|)    

(Intercept) -0.000114   0.002226   -0.05     0.96    

cm30_dif     0.636747   0.016594   38.37  < 2e-16 ***

tb03_dif     0.048448   0.009498    5.10  4.1e-07 ***

---

Signif. codes:  0 ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 ‘ ’ 1

Residual standard error: 0.066 on 877 degrees of freedom

Multiple R-squared:  0.745, Adjusted R-squared:  0.745

F-statistic: 1.28e+03 on 2 and 877 DF,  p-value: <2e-16

> ##remove cm30_dif from the full model##

> summary(lm(aaa_dif ~ cm10_dif + tb03_dif))

Coefficients:

Estimate Std. Error t value Pr(>|t|)    

(Intercept) -0.000108   0.002209   -0.05   0.9610    

cm10_dif     0.586491   0.015106   38.83   <2e-16 ***

tb03_dif     0.031110   0.009677    3.21   0.0014 ** 

---

Signif. codes:  0 ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 ‘ ’ 1

Residual standard error: 0.0655 on 877 degrees of freedom

Multiple R-squared:  0.749, Adjusted R-squared:  0.749

F-statistic: 1.31e+03 on 2 and 877 DF,  p-value: <2e-16

> ##remove tb03_dif from the full model##

> summary(lm(aaa_dif ~ cm10_dif + cm30_dif))

Coefficients:

Estimate Std. Error t value Pr(>|t|)    

(Intercept) -9.38e-05   2.18e-03   -0.04     0.97    

cm10_dif     3.60e-01   4.45e-02    8.09  2.0e-15 ***

cm30_dif     2.97e-01   4.98e-02    5.96  3.7e-09 ***

---

Signif. codes:  0 ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 ‘ ’ 1

Residual standard error: 0.0646 on 877 degrees of freedom

Multiple R-squared:  0.756, Adjusted R-squared:  0.756

F-statistic: 1.36e+03 on 2 and 877 DF,  p-value: <2e-16

Remove tb03_dif
aaa_dif =0.0000938+0.36cm10_dif + 0.297cm30_dif



> ## remove cm10_dif from the full model ##

> summary(lm(aaa_dif ~ cm30_dif))

Coefficients:

Estimate Std. Error t value Pr(>|t|)    

(Intercept) -0.000121   0.002257   -0.05     0.96    

cm30_dif     0.685316   0.013783   49.72   <2e-16 ***

---

Signif. codes:  0 ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 ‘ ’ 1

Residual standard error: 0.067 on 878 degrees of freedom

Multiple R-squared:  0.738, Adjusted R-squared:  0.738

F-statistic: 2.47e+03 on 1 and 878 DF,  p-value: <2e-16

> 

> ## remove cm30_dif from the full model ##

> summary(lm(aaa_dif ~ cm10_dif))

Coefficients:

Estimate Std. Error t value Pr(>|t|)    

(Intercept) -0.000109   0.002221   -0.05     0.96    

cm10_dif     0.615762   0.012117   50.82   <2e-16 ***

---

Signif. codes:  0 ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 ‘ ’ 1

Residual standard error: 0.0659 on 878 degrees of freedom

Multiple R-squared:  0.746, Adjusted R-squared:  0.746

F-statistic: 2.58e+03 on 1 and 878 DF,  p-value: <2e-16

Remove cm30_dif
aaa_dif =-0.000109+0.615762cm10_dif



aaa_dif =-0.000109+0.615762cm10_dif

aaa_dif =0.0000938+0.36cm10_dif + 0.297cm30_dif

aaa_dif = 0.0000921+0.324cm10_dif + 0.303cm30_dif + 0.033tb03_dif

aaa_dif = 0.323cm10_dif + 0.304cm30_dif + 0.0386tb03_dif + p0.0183rime_dif

 𝐚𝐚𝐚𝐝𝐟 = −0.00009159 + 0.3248 𝐜𝐦𝟏𝟎𝐝𝐢𝐟 + 0.3006 𝐜𝐦𝟑𝟎𝐝𝐢𝐟 − 0.004322 𝐟𝐟𝐝𝐢𝐟 + 0.03303 𝐭𝐛𝟎𝟑𝐝𝐢𝐟 - 0.01703 𝒑𝒓𝒊𝒎𝒆𝐝𝐢𝐟

4. Hybrid Approaches 
Hybrid versions of forward and backward stepwise selection. 

coef(regfit.fwd, 3)

(Intercept)    cm10_dif    cm30_dif    tb03_dif 

-9.21e-05    3.24e-01    3.03e-01    3.30e-02 

> coef(regfit.bwd, 3)

(Intercept)    cm10_dif    cm30_dif    tb03_dif 

-9.21e-05    3.24e-01    3.03e-01    3.30e-02 

> coef(subsets, 3)

(Intercept)    cm10_dif    cm30_dif    tb03_dif 

-9.21e-05    3.24e-01    3.03e-01    3.30e-02 



4.2.2 Shrinkage Methods

Idea: Fit a model containing all 𝑝 predictors using a technique that shrinks the 
coefficient estimates towards zero thus reduce the variance of the coefficient estimates. 
1. Ridge Regression

The OLS method estimates  𝛽𝑖 minimize
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𝜆  𝑗=1
𝑘 𝛽𝑗

2 is a shrinkage penalty. 𝜆 ≥ 0 is a tuning parameter. It controls the bias-

variance trade-off. Ridge regression is particularly useful to mitigate the problem 
of multicollinearity in linear regression, which commonly occurs in models with large 
numbers of parameters.



2. The LASSO (least absolute shrinkage and selection operator)

The LASSO Ridge regression coefficient estimates  𝛽𝐿 minimize

𝑅𝑆𝑆 + 𝜆  

𝑗=1

𝑘

𝛽𝑗 =  

𝑖=1

𝑛

𝑦𝑖 − 𝛽0 −  

𝑗=1

𝑘

𝛽𝑗𝑥𝑖𝑗

2

+ 𝜆  

𝑗=1

𝑘

𝛽𝑗 (35)

• The lasso shrinks the coefficient estimates towards zero. 
• The 𝑙1 penalty has the effect of forcing some of the coefficient estimates to 

be exactly equal to zero when λ is sufficiently large. 
• The lasso performs variable selection. 



3. The Elastic Net

The Elastic Net regression coefficient estimates  𝛽𝐸𝑁 minimize

𝑅𝑆𝑆 + 𝜆2  

𝑗=1

𝑘

𝛽𝑗
2 + 𝜆1  

𝑗=1

𝑘

𝛽𝑗

=  

𝑖=1

𝑛

𝑦𝑖 −  𝛽0 −  

𝑗=1

𝑘

 𝛽1𝑥𝑖𝑗

2

+ 𝜆2  

𝑗=1

𝑘

𝛽𝑗
2 + 𝜆1  

𝑗=1

𝑘

𝛽𝑗 (36)

• The Elastic Net overcomes some limitations of the LASSO.
• The elastic net method includes the LASSO and ridge regression. 
• Double shrinkage leads to increased bias and poor predictions. (To improve the 

prediction performance, the inventor suggested multiplying the estimated 
coefficients by (1 + 𝜆2)).



4.2.3 The Dimension Reduction Methods
Let 𝑍1, 𝑍2, … , 𝑍𝑀 represent M < k linear combinations of our original p predictors: 

𝑍𝑚 =  

𝑗=1

𝑘

𝜙𝑗𝑚𝑋𝑗 , 𝑚 = 1, 2, … , 𝑀 37

Fitting (1’’)       𝑦𝑖 = 𝛽0 + 𝛽1𝑥𝑖1 + 𝛽2𝑥𝑖2 + ⋯ + 𝛽𝑘𝑥𝑖𝑘 + 𝜀
is converted to fitting 

𝑦𝑖 = 𝜃0 + 𝜃1𝑧𝑖1 + 𝜃2𝑧𝑖2 + ⋯ + 𝜃𝑀𝑧𝑖𝑀 + 𝜀 (38)
If 𝜙1𝑚, 𝜙2𝑚, …, 𝜙𝑘𝑚are chosen wisely, then fitting (38) using least squares can 
lead to better results than fitting (1’’) using least squares.
From (37), 

 

𝑚=1

𝑀

𝜃𝑚𝑧𝑖𝑚 =  

𝑚=1

𝑀

𝜃𝑚  

𝑗=1

𝑘

𝜙𝑗𝑚𝑥𝑖𝑗 =  

𝑗=1

𝑘

 

𝑚=1

𝑀

𝜃𝑚𝜙𝑗𝑚𝑥𝑖𝑗 =  

𝑗=1

𝑘

𝛽𝑗𝑥𝑖𝑗

Where 

𝛽𝑗 =  

𝑚=1

𝑀

𝜃𝑚𝜙𝑗𝑚 (39)



1. Principal Components Regression

Principal Components Analysis (PCA)

An unsupervised learning approach for deriving a low-dimensional set of features. 
The first principal component (𝑍1)direction of the data is that along which the 
observations vary the most.

The second principal component 𝑍2 is a linear

combination of the variables that is uncorrelated

with 𝑍1, and has largest variance subject to this 

constraint…

Principal Components Regression Approach

The principal components regression (PCR) approach involves 

• Constructing the first M principal components, 𝑍1, . . . , 𝑍𝑀.

• Using these components as the predictors in a linear regression model that is fit using 
least squares. 



2. Partial Least Squares (PLS): A supervised alternative to PCR.

Attempts to find directions that help explain both the response and the predictors.

• PLS computes the first direction 𝑍1 by setting each 𝜙𝑗𝑚 equal to the coefficient from 
the simple linear regression of 𝑌 onto 𝑋𝑗. (One can show that this coefficient is 
proportional to the correlation between 𝑌 and 𝑋𝑗. )

Hence, in computing 𝑍1 =  𝑗=1
𝑘 𝜙𝑗1𝑋𝑗, PLS places the highest weight on the variables 

that are most strongly related to the response.

• To identify the second PLS direction we first adjust each of the variables for 𝑍1, by 

regressing each variable on 𝑍1 and taking residuals. Using this residual to compute 𝑍2. 

𝑍2 is orthogonal to 𝑍1. 

• Repeat this procedure to identify multiple PLS components 𝑍1, . . ., 𝑍𝑀. 

• Then use least squares to fit a linear model to predict Y using 𝑍1, . . . , 𝑍𝑀.

In practice PLS often performs no better than ridge regression or PCR. 



5. Regression Diagnostic

5.1 Analysis of Residuals
Recall

 𝜀𝑖 = 𝑦𝑖 − 𝑦𝑖 = 𝑦𝑖 −  𝛽𝑇𝑥𝑖

 𝜀 =  𝜀1,  𝜀2, … ,  𝜀𝑛
𝑇 = 𝑌 − 𝐻𝑌 = 𝐼 − 𝐻 𝑌, 𝐶𝑜𝑣  𝜀 = 𝜎2 𝐼 − 𝐻

𝑉𝑎𝑟  𝜀𝑖 = 𝜎2 1 − ℎ𝑖𝑖 , 𝐶𝑜𝑣  𝜀𝑖 ,  𝜀𝑗 = −𝜎2ℎ𝑖𝑗 𝑓𝑜𝑟 𝑖 ≠ 𝑗

H = 𝑋 𝑋𝑇𝑋
−1

𝑋𝑇 is the projection matrix (hat matrix).

Standardized Residuals

 𝜀𝑖
′ =

 𝜀𝑖

𝑠 1 − ℎ𝑖𝑖

(40)

𝑠2 =
1

𝑛−𝑝
 𝑖=1

𝑛 𝑦𝑖 −  𝑦𝑖
2 is an unbiased estimate for 𝜎2. 𝑠 = 𝑠2.

The standardized residuals  𝜀𝑖′ have zero means and approximately unit variance if 
the regression model indeed holds.



Jackknife (Studentized) Residuals
If one 𝜀𝑖 is much larger than others, it can deflate all  𝜀𝑗′ by increasing 𝑠2. In this 

scenario, we omit the i-th observation (𝑥𝑖 , 𝑦𝑖) then refit the model, use this new 
model and denote the predicted response at 𝑥𝑖 as  𝑦(−𝑖)

 𝜀𝑖
∗ =

𝑦𝑖 −  𝑦(−𝑖)

 𝑉𝑎𝑟 (𝑦𝑖 −  𝑦 −𝑖 )

, 𝑖 = 1,2, … , 𝑛 (41)

 𝑉𝑎𝑟 𝑦𝑖 −  𝑦 −𝑖 = s(−𝑖)
2 1 + 𝐱𝑖

𝑇 𝑋 −𝑖
𝑇 𝑋(−𝑖)

−1
𝐱𝑖 is an unbiased estimate for 

𝑉𝑎𝑟 𝑦𝑖 −  𝑦 −𝑖 = Var 𝑦𝑖 + Var  𝑦 −𝑖 = 𝜎(−𝑖)
2 1 + 𝐱𝑖

𝑇 𝑋 −𝑖
𝑇 𝑋(−𝑖)

−1
𝐱𝑖

Note. It is not  necessary to refit the model and compute, because

 𝜀𝑖
∗ =   𝜀𝑖

′ 𝑛 − 𝑝 −  𝜀𝑖
′ 2

𝑛 − 𝑝 − 1
(42)



(a) Normal Probability Plot

A simple method of checking the normality assumption of ε is to contrast a Q-Q plot 
of the quantiles of studentized residuals versus standard normal quantiles.

Definition. The quantile-quantile (Q-Q) plot of a distribution G versus another 
distribution F plots the pth quantile 𝑦𝑝 of G against the pth quantile 𝑥𝑝 of F for 0 < p 
< 1.

(b) Plot of Residuals against the Fitted Values

It is used to detect if the model is adequate. In general, if the plot of residuals spreads 
uniformly in a rectangular region around the horizontal axis, then there are no 
obvious model defects. 

However, if the plot of residuals exhibits other patterns, one can use the patterns to

determine how the assumed model can be amended.

(c) Plot of Residuals against the Regressors

In multiple regression, it is also helpful to plot the residuals against each regressor. 
The patterns displayed in these plots can be used to assess if the assumed relationship 
between the response and the regressor is adequate.







(d) Partial Residual Plot

A partial residual plot is used to visualize the effect of a predictor on the response

while removing the effects of the other predictors. The partial residual for the jth
predictor variable is



5.2 Influence Diagnostics

“influential” observations

The hat matrix H = 𝑋 𝑋𝑇𝑋
−1

𝑋𝑇plays an important role in finding influential 

observations. The elements of H are ℎ𝑖𝑗 = 𝑥𝑖
𝑇 𝑋𝑇𝑋

−1
𝑥𝑗.

Since  𝑌 = 𝐻𝑌,  𝑦𝑖 = ℎ𝑖𝑖𝑦𝑖 +  𝑗≠𝑖 ℎ𝑖𝑗𝑦𝑗 , ℎ𝑖𝑖 is the leverage of the ith observation. 

Cook’s distance 

𝐷𝑖 =
 𝜀𝑖
′ 2

𝑝

𝑉𝑎𝑟(  𝑦𝑖)

𝑉𝑎𝑟(  𝜀𝑖)
=

 𝜀𝑖
′ 2

𝑝

ℎ𝑖𝑖

1 − ℎ𝑖𝑖
(43)

where  𝜀𝑖
′ is the standardized residual, measures the influence of 𝑦𝑖. Observations with 

large 𝐷𝑖 (e.g., 𝐷𝑖 ≥ 4/𝑛) are considered to be influential on the OLS estimate  𝛽.





6 Resampling Methods

6.1 Cross-Validation

6.1.1 The Validation Set Approach

Randomly split the data set into two parts: training and validation

Fit models on the training dataset, then evaluate their performance on the validation 

dataset (model assessment) by comparing their MSE.



6.1.2 Leave-One-Out Cross-Validation (LOOCV)

Take the i-th observation (𝑖 = 1, 2, 3, … , 𝑛) as the validation dataset and keep all the 

other n-1 observations as the training dataset. 

𝐶𝑉(𝑛) =
1

𝑛
 

𝑖=1

𝑛

𝑀𝑆𝐸𝑖

For least squares linear or polynomial regression, 

𝐶𝑉(𝑛) =
1

𝑛
 

𝑖=1

𝑛
𝑦𝑖 −  𝑦𝑖

1 − ℎ𝑖𝑖

2

Where  𝑦𝑖is the ith fitted value from the original least squares fit, ℎ𝑖𝑖is the i-th diagonal 

element for the hat matrix 𝐻 = 𝑋 𝑋𝑇𝑋
−1

𝑋𝑇.



6.1.3 k-Fold Cross-Validation

Randomly dividing the dataset into k groups (folds), of approximately equal size. Treat 

the i-th (𝑖 = 1, 2, 3, … , 𝑛) fold as the validation set, fit the model on the other k-1 folds. 

𝐶𝑉(𝑘) =
1

𝑘
 

𝑖=1

𝑘

𝑀𝑆𝐸𝑖

6.2 The Bootstrap

Obtaining data sets by repeatedly sampling observations from the original data set.



7.1 Minimum-Variance Linear Predictors

7. Extension to Stochastic Regressors

Assume Y and X1, X2, …, Xk are all random variables. Consider the problem of predicting 

Y by
 𝑌 = 𝛽0 + 𝛽1𝑋1 + 𝛽2𝑋2 + ⋯ + 𝛽𝑘𝑋𝑘 (44)

The coefficients 𝛽0, 𝛽1, … , 𝛽𝑘 can be determined by minimizing

𝑆 𝛽0, 𝛽1, … , 𝛽𝑘 = 𝐸 𝑌 − 𝛽0 + 𝛽1𝑋1 + 𝛽2𝑋2 + ⋯ + 𝛽𝑘𝑋𝑘
2

From data (𝑦𝑡, 𝑥𝑡1, 𝑥𝑡2, … , 𝑥𝑡𝑘), the minimum-variance estimates for the coefficients are 

 𝛽1

 𝛽2

⋮
 𝛽𝑘

=  

𝑡=1

𝑛

𝑥𝑡𝑖 −  𝑥𝑖 𝑥𝑡𝑗 −  𝑥𝑗

−1  

𝑡=1

𝑛

𝑥𝑡1 −  𝑥1 𝑦𝑡 −  𝑦

⋮

 

𝑡=1

𝑛

𝑥𝑡𝑘 −  𝑥𝑘 𝑦𝑡 −  𝑦

(45)

 𝛽0 =  𝑦 − (  𝛽1  𝑥1 +  𝛽2  𝑥2 + ⋯ +  𝛽𝑘  𝑥𝑘) (46)



7.2 Inference in the Case of Stochastic Regressors

The estimates are consistent and asymptotically normal under certain regularity 

conditions. Crucial: 𝐱𝑡 = 𝑥𝑡1, 𝑥𝑡2, … , 𝑥𝑡𝑘
𝑇 is uncorrelated with 𝜀𝑡. (insufficient)

Stronger: 𝐱𝑡 and 𝜀𝑡 are independent. (too strong for financial time series)

Rule of thumb: 

Even when the 𝐱𝑡 are random, we can treat them as if they were nonrandom in 

constructing tests and confidence intervals for the regression parameters, by 

appealing to symptotic approximations under certain regularity conditions. 

Martingale difference assumption

𝐸 𝜀𝑡|𝑥𝑡 , 𝜀𝑡−1, 𝑥𝑡−1, … , 𝜀1, 𝑥1 = 0 for all 𝑡, (47)

lim
𝑡→0

𝐸 𝜀𝑡
2|𝑥𝑡 , 𝜀𝑡−1, 𝑥𝑡−1, … , 𝜀1, 𝑥1 = 𝜎2 with probability 1. (48)

If we assume that for some nonrandom constants 𝑐𝑛 such that lim
𝑛→∞

𝑐𝑛 = ∞, 

𝑋𝑇𝑋 /𝑐𝑛converges in probability to a nonrandom matrix ≠ 0 (49)

then the distributional properties of the OLS estimates still hold asymptotically 

under some additional regularity conditions.
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Thank you!


