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Overview

o X = X" solves dX(t) = a(t) dt + -dW(t).

/Te(t, X' (1)) dt + h(x(-))

0

inf E MTZ(t, a(t)) dt + h(xa")*”)] — inf[

(n—00) x(+)

should lead to convergence of solutions u, to u of path-dependent PDEs

(81 + %@X) Un+inf [€(t,a) + adxus) =0 resp. Oru+inf[€(t,a) +adxu] =0
a a

on (0, T) x C([0, T]) with terminal condition u,(T,-) = u(T,-) = hon C([0, T]).
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e Setting and standing assumptions
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e Q = C([0, T],R%) with d = 1 (for simplicity) equipped with ||-|| .
@ X = (X(1))o<t<T canonical process on €, i.e.,

X(t,w) = w(t).

o F=TF
@ As distance on [0, T] x €, we use pseudo-metric do:

doo((t1,w1), (tQ,UJQ)) = |t1 — t2| + SUPsco, 7] |0J1(S A t1) — wz(S A\ 12)| .

u: [0, T] x Q — R semi-continuous (with respect to d.)

= u is non-anticipating: u(t,x) = u(t,x(- A t)).

Christian Keller (UCF) Large deviations & non-Markovian vanishing viscosity



Data and standing assumptions

Running cost
Let2=¢(t,a): [0, T] x R — [0, cc] be Borel measurable. Assume:
.. (L a)

@ lim inf

|la|—oco t |a|

@ For each t, £(t,-) is |.s.c., convex, and proper (i.e., £(t, a) < oo for some a).
o [ 4(t,0)dt < co.

= oo (Tonelli-Nagumo condition).

Example

(i) ((t, a) = &°.
(ii) (t, @) = |al*/2.

| 5\

Terminal cost
Let h = h(x) : C([0, T]) — [0, co] be Borel measurable.

h(x) = 0if x(t) = v/t and h(x) = oo otherwise.
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e The control problems
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Stochastic control problems

Infima here are taken over all a(-) : [0, T] x Q — R that are F-progressively measurable
and bounded.

Value function (given n € N)
Let (t,x) € [0, T] x Q. Define

Vn(t, X) ::L?Af)E{/tTé(s,a(s,WTt:)) ds+h<WTt:+/t'a(s,WTt’nx> ds)},

where W"* is a Wiener process starting at (¢, x), i.e.,

W (s,w) = x(s), s€]0,1.
Or in a more compact form:
;
Va(t, x) = i?f)Er,x,n [/ {(s,a(s)) ds+ h(X + A% — A%(1) |,
a(- ¢

where P x,n is the probability on (€2, F) such that (s,w) — X(s,w) = w(s) satisfies
@ /nX is a Wiener process starting at (t, x) and
° A%(s):= [y a(r)ar.
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Deterministic control problem

Value function

Let (o, x0) € [0, T] x Q. Define

xeXx1(ty,x)

.
Volto, xo) = inf [/ ot X' (1)) dt + h(x) | -

Here, X"'(1, xo) is the set of all x € Q such that
@ x = Xpon [0, ] and
) X|(t0,7') S W1’1(t0, T)
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0 Convergence results and the open problem
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Main convergence result

Theorem (adaption of Thm. 2.2 in Backhoff-Veraguas et al.)

If h € Cp(R2), then v, — Vo uniformly on compacta and vy is continuous.

Structure of proof: Use envelopes

Vi(to, Xo) := sup inf Vm(t,Xx), V*(fo,X0) := inf sup Vm(t, x).
( ) 5>0, (t:x)€0s(l9,%0), m(t,X) ( ) 8>0,  (t,x)€05(ty, %), m(t: %)
neN m>n neN m>n

Step 1: Show that . Weak (probabilistic) convergence argument.
Tonelli-Nagumo crucial for tightness. (Similar to proving existence of optimal control.)

Step 2: Show that . Truncation argument.
Step 3: Using concludes the proof.

No Lavrentiev phenomenon

(by definition)

Vo(to,Xo) inf |: Tf(t,X,(t)) at + h(X)

xex1:1(fy,X)

il [/Té(t, X (1)) dt + h(x)

xeXx 120 (ty,x) | J g,
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Applications: Limit theorems for BSDEs and PDEs

Non-markovian case (Thm. 2.7 in Backhoff—Veraguas et al.)
If he Cp(R2) & £ € C([0, T] x R), then the minimal supersolution ( Yy, Z,) of

AYa(t) = —sup [av/nZo(t) — £(t, @)] dt + Z(t) dW(t), Ya(T)=—h (ﬂ) NG

acRk ﬁ

satisfies

va(t, W/V/) = —Ya(t) | = vo(t,0) as n — o.

\

Markovian case (Prop. 6.4 in Backhoff—Veraguas et al.)

If h e Cyo(R) & £ € C([0, T] x R), then the maxim. visc. subsol. u, € USC(]0, T] x R) of

1 . .
Otln + ﬁc’)xxun 4k ;2% [6(t,a) +a-0xun] =0 on (0, T) xR,
un(T,x) = h(x) onR,

satisfies, for every (f, x0) € [0, T] x R,

-
i = [ ’ h(x(T))| .
nan;o Un(lo, %o) XEAC([thT];QVf;th x(tp) = xo |:/fo ‘ (t’ * (t)) (i)
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Open problem in Backhoff—Veraguas et al.

Is there a non-Markovian vanishing viscosity result in terms of (path-dependent) PDEs
on [0, T] x Q7

In other words: Are there “solutions” u, : [0, T] x Q — R of

1 .
Otn + ﬁaxxUn + ;2]& [¢(t,a)+a-Oxunl=0 on(0,T) x Q,
un(T,x)=h(x) onQ,
that converge to the “solution” u : [0, T] x Q — R of
oru + ig% [((t,a)+a-0xu] =0 on(0,T) x Q,
a

u(T,x)=h(x) onQ?
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e The path-dependent PDEs
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Relevant literature on path-dependent PDEs

@ In nearly the whole literature on (generalized solutions of) path-dependent PDEs,
linear growth in Oxu is required.
@ Only exception: Kaise, Kato, and Takahasi (2018)

@ Object of study: Calculus-of-variations problem with path-dependent terminal cost (as
we do here but they require h to be Lipschitz).

@ Main result: Existence and uniqueness of and among Lipschitz viscosity solutions of
corresponding path-dependent (1st order) HJB equation.
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Dini semi-solutions in the 1st order case

@ Given a € R, consider path A? € Q, t — at.
@ Givenu: [0, T] x Q - RU{+o0}, (f, %) € [0, T) x 2, and a € R, put

u(to+ 6, %(- A ty) + A% — A%(fh)) — u(to, Xo)

d_U(t(),Xo)(1,a) :hﬂ and
510 4
a_ pa o
d-u(to, %)(1, @) := im u(to + 6, xo(: MOH/:; A%(t)) — ulto, x0)

Recall the path-dependent PDE
ot + igﬂf@ [((t,a)+a-0xul =0 on(0,T) x Q, u(T,x)=h(x) onQ. (2
a

(i) u € LSC([0, T] x Q) Dini supersolution of (2) if u(T,-) > hand V (t, x0) € [0, T) x Q,
;21]; [d_u(to, x0)(1, @) + 4(t, a)] <O.

(i) u € USC([0, T] x Q) Dini subsolution of (2) if u(T,-) < hand V (&, X) € [0, T) x €,

;2]1‘; [d:-u(to, x0)(1, @) + £(to, @)] > 0.
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Dini semi-solutions in the 2nd order case

@ Given a € R, consider path A? € Q, t — at.
@ Given (f, %) € [0, T) x Q, W' is a Wiener process starting at (o, xo).
@ Givenu: [0, T] x Q2 —=R, (b, x)€[0,T)xQ, neN, aecR,put

- . _E [U (to + 4, W:Of:o + A% — Aa(to)) — U(to,Xo)]
dou(t, xo)(1,a,n" ) := '5?3 3

Recall the path-dependent PDE

1

O+ 2n

Oxx U + ig& [((t,a)+a-0xul=0 on (0, T)xQ, u(T,)=h. (3)
a

Definition
u € USC([0, T] x Q) Dini subsolution of (3) if u(T,-) < hand V (t, x) € [0, T) x Q,

inf [d2u(to, 0)(1,2,0™") + €(to, &)] > 0.
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A minimax-type notion of solutions in the 1st order case

@ Advantages: Allows state constraints (example follows) and discontinuity in time.
@ Disadvantages: Very weak notion.

Recall the path-dependent PDE
ot + ignfk [((t,a) +a-0xul =0 on(0,T) x Q, u(T,x)=h(x) onQ. (4)
a

Definition
Letu: [0, T] x Q2 — [0, c<].
(i) u € LSC is minimax supersol. of (4) if u(T,-) > hand V (f, Xo) € dom(u) with &, < T,

inf lim
xeX 11 (tg,%0) 510

fo+o
u(to + 6, x) — u(to, Xo) +/ (s, X'(8)) ds] ' <o.
fo
(i) u € LSC is l.s.c.minimax subs. of (4) if u(T,-) < h&V(f, x0) € [0, T) x QVt € (o, T)

t
sup lim [u(t —8,x) — u(t, x) — / £(s, x'(s)) ds} s <o.
xex"1(ty,x0) 510 t—5
with (¢, x) € dom(u)
and fré £(s, X' (s)) ds < oo
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An example with state constraints

@ K := {t— +/t} (considered as a one-element subset of Q)
@ h:=o00-1ke
e ((t,a) = |a*?
Then
;
vo(b, %) =  inf [ |a|®? dt + oo - 1Kc(x)]
fo

xex1(fy,x)
T H— — 1/4 .
_[IleEr e =22 (T - (%) it xlion(D) = 172,
00 otherwise.
Note: If vo(fo, X0) < oo and fp < T, then, for every constant perturbation a € R,

d-vo(to, %)(1, @) = lim Vollo + 0, X0(t A fo) + A% = A%(lb)) = vo(lo, Xo) _

6.0 4

Thus the HJB inequality for Dini supersolutions
inf [dvo(to, %0)(1, &) + |a*?) <0  never holds.
a

Possible resolution: Allow non-constant perturbations in semi-derivatives (cf. last slide).
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Main wellposedness results

Recall the path-dependent PDEs
owu + ig& [((t,a)+a-0xul =0 on(0,T)xQ, u(T,y=honQ, (5)
a

o+ %axxu+ inf [((t,@) +a-0xu] =0 on (0, T)xQ, u(T,)=honQ. (6
a

Theorem (A)

(i) Leth: Q — [0, 0] be I.s.c. and proper (i.e., h(x) < oo for some x). Then v, is the
unique l.s.c. minimax solution of (5) that is bounded from below.

(i) Let h be u.s.c. and bounded. Let ¢ € C([0, T] x R,R). Then v, is the unique
maximal bounded Dini subsolution of (5).

Theorem (B)

Let h be u.s.c. and bounded. Let¢ € C([0, T] x R,R). Then v, is the unique maximal
bounded Dini subsolution of (6).
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Structure of proof of Theorem (A) (i)

Step 1: Minimax supersolution property “<=-" viability property

Wt X0) : VE> o 2 3x € X (1o, x0) ¢ | Ul X0) > / (s, X'(s)) ds + u(t, x).

f

Step 2: Minimax subsolution property “<—" monotonicity property

V(to, Xo) : Yt >ty 1 Vx € X" (t, %0) : | U(to, X0) < Z(s x'(8)) ds + u(t, x).

fo

Step 3 (existence): v, satisfies DPP “«<=" viability and monotonicity.
Step 4 (comparison): Follows from Steps 1, 2, and the terminal condition.
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Structure of proof of Theorem (B)

Step 1: Dini subsolution property “<—-" monotonicity property

t
V(107X0) V>t :VaeR: U(to,Xo) < E[()!XOvn |:/ E(S7 a) ds + U(t7X+ A? — Aa(to)):| .
i

Step 2 (existence): Use BSDEs and Feynman-Kac to show that v, satisfies one half of
DPP “<~=" monotonicity.

Step 3 (uniqueness, i.e., v, is maximal Dini subsolution): Follows from Step 1,
monotonicity, and approximation of bounded controls through elementary controls.
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Conclusion: A non-Markovian vanishing viscosity result

Let h € Cp(Q2) and ¢ € C([0, T] x R, R).
Then the maximal Dini subsolutions u, : [0, T] x Q2 — R of

Orln + %axxun + ;2& [¢(t,a)+a-Oxun) =0 on(0,T) x Q,
un(T,x) = h(x) onQ,
converge uniformly on compacta to the maximal Dini subsolution u : [0, T] x Q — R of
ot + égnfa [¢(t,a)+a-0xul=0 on(0,T) x Q,
u(T,x)=h(x) onq.
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