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Loose ends Notation

If et L hf
demteramsinise

X A MCA

If uV qc gythT
tandem

L HG A MCA

X µ means µ Lex

X IG µ means µ LCXIG



Bayesian

S separablemetric sp 5 Bs
X Xn ne H S val stock process

If X is exchangeable then withprobability
one

TIE Sy converges weakly
to a random measure ee

Moreover L Xlv µ

Them 916FoundationsofModerneprobability Kallenberg 1997

Them II 4.1 RealanalysisandPobability Dudley 2004



III Anasymmetr idie

S o l d 5 PCs

X xn nee S val stock proc

Assume X is exchangeable

Let µ be
the unique random means on S

such that L Xiu µ

µ r M Cs is CF M Css m ble

M CS isomorphic to a d simplex



SIMPLICES

od te Rd t 30 od t I
a

standard 4 Cto 4 ta cRd
d simplex

surface measure on 8D

Notation f Hdt f do



Calculating
For t to t td and kE 0,1 d

let I Cto stkc.tk td

Ddc EtelRd tj3O Eod tjEi

corner d simplex

f Hdt

gg t q t t ta y ddt



Expf
to tf tf dt 53 tot.sc to t 5dt.dz

triangle in 422with vertices
0,0 Cl O CO 1

BJ J
t

tot.sc to t 5dt.dz

Fsf J toll to t.IT dtzdto

etc



µ r M Cs S o l d

Define 9 MCs Od by

Ucr visas Edb

Q is a bijection Q and 4 both nible

D Oo O Qd 4 µ a Dd val r V

Either µ or 0 can be regarded as our prior

off oge



Fn EN VKE 0 d

P Xn k I 0 Ok

L ol x Xn Again basic calculations

LCHX Xn dt tomtit toed LCE dt

where Nk I Xj Xj k
density of the
Dirichletdistribution

a k a the
multivariate

beta distribution



DIRICHLET DISTRIBUTION

a dd ECo

The Dirichlet distribution with parameter
x

denoted by Dir Ca is theprobability measure

onodproportiffft.la i tgd

Relationshiptobetadistribut

If O Oo Od m Dir do sad

and k c 0 d then 0k Beta au 9



L O DirCa LCE dt a todo
t toed dt

Lto IX Xn dt x tomtit toed LCE dt

todot
No I tddNd Idf

where Nk I Xj Xj k I

LCQ DirCao Ad

ILLO lxni.gl n Dir ao No xdtN



II Random object generator

s S standard Borel space

Imagine a machine that produces random

objects from S

X xn n EN S val stock proc

Assume X is exchangeable

Let µ be
the unique random means on S

such that L Xiu µ

µ r M Cs is CF M Css mible

What distribution to put on u



de is a random prob meas on CS 5

For each AES ieCA
is a r v

So u CA A c53 is a stock proc

What finite dimensional distributions do we want

If Bo Bd is a vible partition of S

we want the random vector

CBO je Bd

to have a Dirichlet distribution

But with what parameters



Definition

Let CS 5 be a m ble Sp and

X XIA AES a stool proc indexed by S

I i i l

nible partition of S we have

L X Bo HBD Dir x Bo x Bd

Think about observing only

In o
k1B Xn



firstdefiaedby omtergusoncl9737

ci Do Dirichlet processes exist yes
couldmaybe show with appropriate

version

of Kolmogorov extension
theorem

we will see the explicit slick breaking
construction

CiisDoes the parameter x uniquely determine

the finite dimensional distributions

L X Ao XCADD DEN Aj E's yes
calculations w Dirichlet dist SeeFerguson

Ciii Is every Dirichlet process
a random measure Cyed

will be seen from construction really



Sethuraman stick breaking construction

We will construct a random prob meas

on 15,5 of the form

y RkSuk
k

random points µ randompositiveweights

in s that sum to 1
createdby breaking aslick

of length 1

U Uz i id

L Uk a



Assume a G L

O W T l
L R Unit Osl R Rz Rs

L 1122112 Unifco I R

L 123112 Rz thief 0 I R Rz

i

L RalR R Unit 0 I E R

The Rk's are positive and sum to 1



Construction w o conditioning

V Vz iid Unit co D

Recursive Explicit
R V

R I R Vr R VkI C
Rz I R Ra Vs

i x s C QD
i

Ra h7 R F to
BetaCt Ns

himreshoot



oo

y IRKS Uk
k i

For fixed w Nws is a discreteprob meas

For fixed A XCA RkIacUn is a

random variable

So X is a probability kernel from A to S

i.e X A M s is nible
Doesevery

Dir

x is a random measure progwdwffat
is a

random
areas

ACA AES is a Dirichlet process
withparameter



X Dirichlet process on sis

with parameter a a pos finite
rheas on S

X an M s valued r V

L X a prob Meas on M CS

LCD c M M CS

Notation Dca LCD
a

distribution of a Dir proc
w param x

For AE M S x A Lex A P GEA

Em'ble set ofprob measures



These are all synonymous

X is a Dir proc w param x

LCH D a

y Dca

P
K aCS

prob meas
on S Ipos number

base Meas
stability

D a D Kp
1 9

Can think of Dir proc as being
determinedby two parameters



Back to random object generator

X Xz exchangeable S val r.r s

X Xn ne N

Lulu µ

Fix pos finite rheas d on S

Assume Lied D a

LH



P X E Al E PCX EA ly

ElseCA

L MCA MCA Dir ACA IAC

LCMCA Beta ACA aCAC

ElaCA a
LEFT p CA

so L X p basemeasure

LCXn I X Xn

L GelX Xn



LIM DCa

L GelX Xn CatE.Sx

P X ne EA X Xn

Efp Xm EA M X Xn Xi Xn

Efp Xm EA ly l Xi Xn

Effect IX Xn

atETS
a Etsy s



PCXue EA IX xn
a EiSx
a Etsy s

KPCA 8
K t n

A IT Eis xCA
K g

K my
stability 9

base empirical
areas distribution

K small learn quickly

K large learn slowly



I Sequence of mangled coins

The pressed penny machine is broken

Every penny comes out different

Get 10 pennies Flipeach 10 times

First 9 pennies 70 heads out of 90 flips

Seems the machine favors heads heavy pennies

10thpenny
1st 9 flips all tails

Prob ofhead on
10th flip

Propusiyofmacene VS propensityofpenny
Herated Dirichlet process

tobecontinued


